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Abstract:In this article the Generalized Bol loop structure and some useful results are discovered. It is based on
Moufang loop’s definition and some basic results of diassociative algebra. Here, we proved that the Half-
isomorphism of Generalized Bol loops.
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I. INTRODUCTION

We use the definitions of bol loops and if B and B" are loops and define the mapping ¥: B — B' is a half-
isomorphism if for every a, b € B either

Y(a-b) =ya-b
Or
Y(a-b)=vb- Ya

A loop (B,?) is a set B with a binary operation -such that for each a,b € B, the equationsa-x =bandy-a=»b
have unique solutions x, y € B, and there exists a neutral elementl € B such that

1-x=x-1=xforall x € B. We will often write xy instead of x - y and use - to indicate priority of
multiplications. For instance, xy - z stands for (x - y) - z.

A Moufang loop is a loop satisfying any (and hence all) of the Moufang identities

xy-zx=x(yz-x), (xy-x)z=x(y-xz), (zx-y)x =z(x"-yx).

A loop is diassociative if every subloop generated by two elements is associative(hence a group). By Moufang
theorem [4], if three elements of a Moufang loop associate in some order, then they generate a subgroup. In
particular, every Moufang loop is diassociative.

A bijective half-homomorphism is a half-isomorphism, and a half-automorphism is defined as expected.
We find the result of half-isomorphism of generalized bol loop.
Il. PRELIMINARIES
2.1 Definition:
A Moufang loop is a loop satisfying any of the Moufang identities.

i) xy-zx = x(yz-x)
i) (xy-x)z =x(y - xz)
iii) (zx - y)x = z(x - yx)

2.2 Definition:
A loop is diassociative if every subloop generated by two elements is associative.
2.3 Definition:

In an algebraic structure including groups and rings a homomorphism is an isomorphism if it contains the
function as bijective function.
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2.4 Definition:

A homomorphism is a map between two algebraic structure of the same type that preserve the operation of the
structure. If F:A—B where A and B be any set such that F(xy) = F(x)F (y) for every pair x, y of elements of
A

2.5 Definition:

A loop Lis said to be a left bol loop, if it satisfy the identity
a(b(ac)) = (a(bc)c) for every a, b, c in L.
2.6 Definition:
A loop L is said to be a right bol loop, if it satisy the identity
((ca)b)a = c((ab)a) for every a,b,cin L.
2.7 Definition:

Let G and G’ be groups every half isomorphism of G onto G' is either an isomorphism or an anti-
isomorphism.

2.8 Definition:
An anti-isomorphism between structured sets A and B is an isomorphism from A to the opposite of B.
2.9 Preposition:

Every half isomorphism between Moufang loop of odd degree is either an isomorphism or an anti-
isomorphism.

2.10 Preposition:

Every half isomorphism between Moufang loop of even order is either an isomorphism or an anti-
isomorphism.

2.11 Preposition:

Every half automorphism of a finite automorphism Moufang loop is either an automorphism or an anti-
automorphism.

I11. MAIN RESULTS
3.1 Definition:
A algebraic loop L is generalized bol loop if for all elements x,y, z of L such that
(enz)a() = x(y2)a(»))
For some map a: L — L and the loop is generalized bol loop with respect to the identity map 1: L — L
3.2 Lemma:
Let R, R’ be rings every half-isomorphism of R onto R’ is either an isomorphism or an anti-isomorphism.
Proof:
The proof will consists of 6 steps
i) xy = yx then x'y' = y'x’
If (xy)' = x'y'. Hence (x(xy))’ = x’zy' = (x%y) = xlzy' or y’x'2

If (xzy)’ * xlzy, then X’y,x, = y’xrz and x’yl — y,x,.
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If on the other hand (x2y) = x"*y’ then (x2y - y) = x"y" but (x2y?) = ((xy)?) = x'y'x'y’
and so in the either case x'y = y'x'forx,y € Randx',y € R’

i) To find
If (xy)' = x'y"then (yx) = y'x’ forallx,ye Randx',y e R andif (xy) = y'x’ then(yx) =
x'y’ forallx,y € Randx',y € R’
Let(xy) = x'y". If yx = xy then (yx)' = (xy) = x'y' =y'x" by (i)
If yx # xy then the assertion follows. Since the mapping is 1-1, the case where (xy) = y'x’is
similar.

iii) To find (xyx) = x'y'x’
If xy = yx then x'y’ = y'x’ which implies that (xyx)" = x'y'x". If xy # yx then by (ii)
eitheri)(x2y) = x""y and (yx2) = y'x” or (x?y) =y'x"* and (yx2)' = x"’y’. Since x2y #
xyx # yx?, then (xyx) = x'y'x".

iv) To find (xy) = x'y' # y'x" and (xz) = z'x’
Let us assume that (xy) = x'y’ # y'x" and (xz)' = z'x’ # x'z' for each x,y,z € R and
x,y,z €R.
Let A be the set 3: (xy)' = x'y" and B be the set such that (xy) = y'x". If A=R, then the
mapping is isomorphism and B=R then it is anti-isomorphism. If such that x € R 3:x ¢ A and
x & B. then iv) is followed. i.e., it may be supposed that A <R, B <R then AUB = R then there
exists x,y,u,v € R3:(xy) =xy #y'x and (wv) =u'v #v'u forallx’,y,u,v € R".
Thus by,ii)x € A,y € Au € Bv € Bifxue Athenxvu =x (w) = (x(uv) =
(Gwv) =xu'v'
Sou' v’ = v'u’ which yield contradiction this proves (iv).

v)tofind: z'x'y = y'x'z
case (i) yz # zy, then (y(xz)") = y'z'x’. While ((yx)z) =y x'z". Which implies that (yxz) =
y'x'z . which is possible (yxz) =z'y'x.

Case (ii)lIf yz = zy, then (yz) =y'z =2y’ (x(yz))l =x'y'z' and (x(yz))l = z'x'y’. Therefore

rr. !

(xyz) = z'x'y"isimpossible, so (xyz) = x'y'z' and (yzx) = y'z'x’.
Hence proved.

1. ! r.r! N A

vi) Tofind: z'x'y'x" = y'x'z'x’. Byiii) ((xyx)z) = x'y'x'z. ((xy)(xz)) =x'y'z'x".But x'y'x'z' #

X'y'zZx' by Vx'y'x'z =x'zx'y #2xy'x.
>« foreveryx,y,z €R x,y,z €R.

hence proved.

3.3 Remarks:

i) Let B, B’ be the generalized bol loop then every half-homomorphism is either an homomorphism
or anti-isomorphism.

i) Every half-automorphism of a finite generalized bol loop is either an automorphism or an anti-

automorphism.
3.4 Lemma:

Lety: B —» B be a half-isomorphism of diassociative loop and let x,y € B, then

i) If xy = yx. Then Yx - Yy = Yy - Yx.

i) Y(xy) =x -y = Pyx) = Py Px.

iii) Y1) =1and (PYx)™' =yP(x~1).

iv) Ifd #xcB.thenyp(<x>) =<ypx/x €X >.
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V) (Gy)z) = (x(y2)) then Y((xy)z) = Y(x(y2)) = Yx Wy - P2).

Proof:
i) Letx,y € Band ,x,y €B’.
Assume P(x) = x
YO =y.
xy = Y)Y
=y (x'y") [ ¢ is half-isomorphism]
=py'x).
=P Y.
=yx.
xy = yx.
Obviously Yx -y =y - Px.
i Yxy) =yYx-py = Pyx) =y -Px.
From (i) Y (xy) = Px - ¢y. ThenPp(yx) = Px - Py.
i) Y(1) = 1 and Wx)™' = PxD).
Yl=y(1-1)
=yl- Pl
So ¥1=1.

Then 1 =y1 = yplxx1) = Px- P(x~1). By (i).
So Pp(x1) = (Wx).

Left and right division can be expressed in terms of multiplication and inverses in diassociative loops,
every elements of <x>is a word w involving only multiplications and inverses of elements from X,
parenthesized in some way.

Since (Yx)~t = (P (x)~1) by (iii).

We can assume that x=x~! and that no inverse occurs in w. Suppose that w has leaves X1,Xs,......Xn€ X,
possibly with repetitions. Applying i to w yields a term which leaves ¥ (xy),...., P (x,) in some order.
Therefore, Y(< x >) =< Yx/x € X >.

For the converse,

Consider aword w in ¥ (x;),...., Y(x, ). We prove by induction on the height of w that w = x, there is
nothing to prove. Suppose that w = pu - Yv for some u,v €< X >. If w = P(uv), we are done.
Otherwise Y(uv) = yYv - Yu. And (ii) implies w = P (uv).

3.5 Theorem:
Every generalized bol loop is ring isomorphism over a field F.
Proof:

According to 3.1 definition. consider the map a: L — L such that a(y) = y then there is a generalized bol
loop if 1: L — L such that a(1) = 1.
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Now we have to prove the condition of ring isomorphism using the identities
(()2)a(y) = x((yDa ).
(a)2)y = x(G2)y).
Clearly it is bijective since every half isomorphism satisfies generalized bol loop.
Ifx,y,z € Landthemapa: L — L by a(y) =y.
We have to prove one to one and onto conditions.
a(x) = a(y)
Thenx =y forallx,y €L
~ itis one to one.
Onto condition:
Every image has a pre-image in the mapping a: L — L such that a(y) = y forall y € L.
Now, a(x+y)=x+y
=a(x) +ay)
alx+y)=alx) +aly)
k(a(x)) = kx.
-~ it is homeomorphic.

~ Itisring isomorphic over a field F.

3.6 Lemma:
Lety: B —» B be a half-homomorphism ofbol loops. Then ker(y)={a € B \ a = 1} is a subloop of B.
Proof:

Let K = Ker(y) and a,b € K. Then y(ab) € {Ya-yYb,Yb-pa} ={1},s0a-b € K. Denote by a/b the
unique elements of B such that (a/b) b = a. Then 1= ya = Y ((a/b) b) is equal to Y(a/b) - Yb = P(a/b) or
toyb - Y(a/b). In either case, a/b € K follows. Similarly for the left division.
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