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Abstract: Let G be a connected simple graph. A dominating setS € VI(G) is a fair dominating set in G if for
every two distinct vertices ¥ and ¥ from V{:G}\S, IN(u)n S| = [N(w) N S|, hat is, every two distinct
vertices not in 3 have the same number of neighbors from3- A fair dominating setS E V(G) s a fair secure
dominating set if for each Y € V(GIN\S, there exists V€5 such that YV E E(G) and the
set (s\{rhu {“_ lisa dominating set of G- The minimum cardinality of a fair secure dominating set of
G, denoted by e (G, is called the fair secure domination number of &« In this paper, we initiate the study of
the concept and give some realization problems. In particular, we show that given positive integers k m,
and M= 2 sych that 1= K= m= n—1 there exists a connected nontrivial graph & with

[V(G)| =1 sych that ¥ral6) =K gng Yisa(G) =m. Further, we show the characterization of the fair
secure dominating set in the join of two nontrivial connected graphs.
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I. INTRODUCTION

Domination in graph was introduced by Claude Berge in 1958 and Oystein Ore in 1962 [1]. Following an
article [2] by Ernie Cockayne and Stephen Hedetniemi in 1977, the domination in graphs became an area of

study by many researchers. A subset SofVit)isa dominating set of G if for every ¥ € VIGI\ 5. there exists
% €5 gych that *v \in E(G). that is: N[5]1 = V(G)- The domination number ¥(G) of & is the smallest

cardinality of a dominating set of G. Some studies on domination in graphs were found in the papers
[3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20].

One variant of domination is the secure domination in graphs. A dominating set 3 of V(&) s a secure
dominating set of ¢ if for each U € VIEI\ 5. there exists YES5 such that 4V € E(G) and the
set SANIwHU {ulisa dominating set of G The minimum cardinality of a secure dominating set of G
denoted by ¥=(&) s called the secure domination number of &+ A secure dominating set of cardinality ¥=() is

called a ¥=-set of &+ Secure dominating set was introduced by E.J. Cockayne et.al [21]. Secure dominating sets
can be applied as protection strategies by minimizing the number of guards to secure a system so as to be cost
effective as possible. Some variants of secure domination in graphs were found in the papers
[22,23,24,25,26,27,28,29].

In 2011, Caro, Hansberg and Henning [20] introduced fair domination and K_fair domination in graphs. A
dominating subset S of VIE) is a fair dominating set in G if all the vertices not in > are dominated by the same
number of vertices from =+ that is, W) n 5|=INW) N S| for every two distinct vertices * and ¥
from V(G)\ 5 and a subset 5 of V(G is a ¥ -fair dominating set in & if for every vertex ¥ € viG) WS
IN(w) N5| = k. The minimum cardinality of a fair dominating set of G denoted by ¥rd (&) s called the fair

domination number of &+ A fair dominating set of cardinality ¥4 (€) is called ¥ -set. Some studies on fair
domination in graphs were found in the paper [31,32].

In this paper, we introduce the study of fair secure dominating set. A fair dominating set> S V(6] s a fair
secure dominating set if for each “ & VIEI\'S | there exists YE5 such that 4v €E(E) and the
set S\ U {ulis, dominating set of G- The minimum cardinality of a fair secure dominating set of G,
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denoted by 722 (€} s called the fair secure domination number of &. A fair secure dominating set of
cardinality ¥7=¢ (&) is called ¥7sd -set.

For the general terminology in graph theory, readers may refer to [33]. A graph G is a
pair (V&) E(G)). where V(&) is a finite nonempty set called the vertex-set of & and £(C) is a set of
unordered pairs {#: ¥} (or simply %) of distinct elements from V(&) called the edge-set of &+ The elements of
V(&) are called vertices and the cardinality V(G of VIE) is the order of &+ The elements of £(C) are called
edges and the cardinality |ECG)| of E(C) is the size of G- If V(G = L then C is called a trivial graph.
If E(G) =@. then G is called an empty graph. The open neighborhood of a vertex ¥ € V(G) is the set
Ng(v) = {u & V(G):uv € E(G)} The elements of 'z (V") are called neighbors of ¥ The closed neighborhood
of V€ V(G) is the set Vslvl = Na(w) U {v}. 1t ¥ S V(G). the open neighborhood of ¥ in G is the
set Vs (¥) = UvexNa(v) The closed neighborhood of ¥ in @ is the set Nel¥] = UpexNglvl = N () u ¥,
When no confusion arises, e [¥] [resp. Nz (1] will be denoted by V[*] [resp N (x].

Il. RESULTS

Remark 2.1 [29] If & # K. then ¥72(6) = min{yira (6} where the minimum is taken over all
integers ¥ where 1 = k= V()| — L.

Figure 1: A graph G with v174(G) = 3, 1274(G) = 3 and y374(G) =4

Example 2.2 Consider the graph in Figure [1]. Then the set 51 = {¥1:Vs: ¥s} js a Yisd st of O+ the set
52 = {viva,vshis a Y2ra-set of © and the set 52 = (V2 V4. Vs, Vel js a Yzrd-set of &+ Hence, Yira (G) = 3
V2pa(G) = 3 vapa(G) =4 gng ¥72 () = 3 Fyrther, observed that1 is also a Ys-set of & Therefore, 51 is
a¥fzd -set of G+ Hence, =2 (6] = 3.

Remark 2.3 A fair secure dominating set of a graph G s a fair dominating set and a secure dominating set of
G

From the definition of a fair secure domination number ¥ird (&) of G- the following result is immediate.

Remark 2.4 Let & be any connected graph of order ™ = 2-Then

(1 =y (6 = n—1 5y
(i) ]_rI:G:] = Vid Gl = ¥rad (&)

A complete graph of order ™ denoted by Kn, isthe graph in which every pair of its distinct vertices are joined
by an edge.

Remark 2.5 Let™ = 2 The¥fsa (K} =1
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The complement of a graph £n- denoted by Ky is a graph with V(En) = V(Ex) such that two vertices in
K are adjacent if and only they are not adjacent in &n-

The path F= of order ™ is the graph with distinct vertices ¥z Vze- -+ Un and edges ViVz: VzVae--e Vn-1Vn- In this
case, £ is also called a Vi-Vn path or the path £ (v ¥ )-
E
¥rsd (Ba) ={ni1 .
Remark 2.6 Let™ = 2 Then z

if niseven

nis odd

The next result says that the value of the parameter ¥frd (6) ranges over all positive integers from L2...n
where ™ is the order of &-

Theorem 2.7 Let®, ™ and™ =2 pe positive integers such that+ = & = m = n— L. Then there exists a
connected nontrivial graph & with V(61 = 7 sych that ¥72 (&) = & ang ¥rza (6} = m.

Proof: Consider the following cases:

Case 1. Suppose that L = k =m = n—1.

Let G = Ku- Clearly, IV(G)] = n ang ¥72 (61 = 1 = ¥752 (G).

Case 2. Suppose that L =k =m = n—1.

Let G ={(v)+(VE,_,_JUVIE)) quch that m=7+1. Then 4=1{v} is a fair dominating set

of 6 and B=UIUV(E) s the minimum fair secure dominating set of ©- Thus,
Vel =1+n—r—-D+r=nyulC)=|4d=1=k ghq¥me(C) =Bl =1+r=m

Case 3. Suppose that L <& =m = n—1.

Let & =H =1 where & is a connected graph (of order ¥ = 1) andis a complete graph (of order " = 1),
1fn =k + 1) then the set V(H) is a minimum fair dominating set and a minimum fair secure dominating
set of a graph @+ Hence Y72 (G = [V(H)| =k =m =174 (C) gng

VG = V(H = )| = [V(H) + z WU =VE)I+IVEIVODI=k+kr =k(1+r)=n

PEV(H)

Case 4. Suppose that L < & <m <n—1.

Lot V®B) = (pzmen ), VB = Dudarnde} with =2 n—2=r+s=m r=1 s=1 g

* =5 Then let @ be a graph obtained from 1 = {vi) + & and Hz = {v2) + F with v1vz € E(G) (see Figure
2).

Figure 2: A graph G with 1 < k <m <n— 1.
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The set A = {v1.v2} is a ¥rd set and B = V(BIUV(E) s a ¥rsd set of G- Thus, IV (E)| =r+s+2=n
7a(G) =14l =2=k anq ¥pa(G) = |B| =7 +s=n—-2=m

This proves the assertion. ®

The following result is a direct consequence of Theorem 2.7.
Corollary 2.8 The difference ¥f=¢ (6} = %72 (€) can be made arbitrarily large.

Proof: Let™ =2 + 2and & =1 — % where " is a positive integer and ¥ is a nonnegative integer. By Theorem
2.7\ref, there exists a connected graph G such that rsa (G) = 2r
and v (6) =2 s, Vza (G} —ypa(G) =2r—2=(n-2)-2=n—-4=k showing
that ¥7=a (&) = ¥72 (C) can be made arbitrarily large. ®

Theorem 2.9 Let & be a connected graph of order ™ Z 2, Then ¥r:a (&} = L i and only if & = K-

Proof . Clearly, ¥s¢ (Kn) = L. suppose now that ¥7=¢ (&) =1 etS = {*] pe a secure dominating set in &
Suppose that © is not complete. Then there exist ¥Z € V{G) sych that ¥2 # E(C) 1t follows that
ErvlzDulyl={r}isnot a dominating set of & This implies that < is not a secure dominating set,
contrary to our assumption. Thus, & =&, ®

The cycle €n of order #, =3 | js the graph with distinct vertices Vi:Vzee- Yn and edges
YV, Palizhes Vp—1 V. V.

n - -
€) = Z if niseven
fed Ao =t if nisodd

Remark 2.10 Let™ = 3. Then 2

A graph G s called a bipartite graph if its vertex-set V(&) can be partitioned into two nonempty subsets W and
V= such that every edge of G has one end in ¥t and one end in Y= The sets ¥ and V= are called the partite sets
of &+ If each vertex in 't is adjacent to every vertex in V= then © is called a complete bipartite graph.
If VL] = m and V=] = 1 then the complete bipartite graph is denoted by Kinn-

m if m=nand m=4
Vog Bmp) =ym i m<n=zd
Remark 2.11 Let™ = 2 and ™ = 2. Then 4 if mz4andnz=4

A star graph 5= = K1 + Ky js a complete bipartite Xtn where # = 1.
Remark 2.12 ¥7=d (5n) =% fop g = 1.

Let ™ = L-The fan of order ™ T 1, denoted by f- is the graph K1 + F-

1 if n=lorn=2
22 if  n=0(mod 3)
¥fed F) = ?'T+5 if n=1(mod3)
n+4
=] - i =2
Remark 2.13 Let™ = 1 Then — if n=2(mod3)
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Let ™ = 3. The wheel of order ™ T L. denoted by "2 , is the graph ¥1 + Cx

n—2 if n=3orn=4%

22 if n=0(mod3)
¥fed W, = ?‘T*'-‘) if n=1(mod3)
' 2 if n=2
Remark 2.14 Let™ = 3- Then — if n=2(mod 3)

The join of two graphs & and # is the graph & + H with vertex-set V{6 + H)} = V(6) UV{H) and edge-set
E(G+H)=EGIVEHIVU fur:u e V(G).ve V(H)}L

We are needing the following results for the characterization of the fair secure dominating set in the join of
two connected graphs.

Remark 2.15 Let & and & be connected graphs. Then VIE) and VIH) are fair dominating sets of G +H.

Lemma 2.16 Let & and # be connected non-complete graphs. 1fS = V(&) or 3 is a *-fair dominating set of G
where & =151 = 2 thena nonempty proper subset 3 of V(& + H) s a fair secure dominating set of G+ H.

Proof: If 2 = V{G).then ¥ is a fair dominating set of & + # by Remark 2.15. Since ¥ is connected non-
complete graph, 5122 |et v.2€5 ang u € VIG + HI\ 5. Then u € V(H) gng uv € E(6 + H). gjnce
ze5=V(6) gnqu € V(H) zue S\ {v}) Ulu} s a dominating set of & + H- Thus, 5 is a fair secure
dominating set of & + -

Suppose that 5 is a ¥ -fair dominating set of & where X =151 22 | gtu e V(6 + HI\ 5 jfueV(E)\ 5
then Werw() NS = NG NS =k =15 ¢ ueV(H) then INeawld NS =15l Thys for any
wv e VG +HINS INewxlud NS = INeow W) 0S| that is, S is a fair dominating set of & + 5 Let
xeVIE+HINS (fxeVIGINS  then INe(x) N 51 =k gince 5 is a K -fair dominating set of &+ Since
k=5] INsG) n S| =5 This implies that ¥e() N5 =5 tnat is, ¥ € E(E) for all Y €5 . Since
k=151 = 2. it follows that 5\ (v # @ and for every * € VIEI\ 5 there exists € (5 \ {}) such that
xz € E(G) This means that * * {*} is a dominating set of &, that is, Nl Uil s 4 dominating set
of & and hence a dominating set of @ + H. |fx € V(H) then*v € E(C + H)for all v €5, Sinces \ {¥}is a
nonempty subset of V(&) and fx} e V{H) it follows that (EhIvh U {2} isa dominating set of & + H. Thus,
3 is a fair secure dominating set of G+Hm

Lemma 2.17 Let © and & be connected non-complete graphs. 1fS = VIH) or ¥ is a k-fair dominating set of H
where & =15 = 2. then a nonempty proper subset 3 of V(& + H) s a fair secure dominating set of G+H

Proof: 1f3 = V{H).then ¥ is a fair dominating set of G+H by Remark 2.15. Since H s connected non-
complete graph, !S1 =2 et v.2€5 gng u€VIE +HINS | Then u€V(G) gng uv € E(6 + H).
Since 2€5 =V(H) gnqu € V(6) zue (5\{vD) U{u} js a dominating set of & + H- Thus, 5 is a fair
secure dominating set of G+ H.

Suppose that ¥ is a k-fair dominating set of H where K = 151 22 | gtu e V(6 + H)I\ S jfu e VIH)\ 5
then [Novz @) 0S| =[Nz () 0S| =k =S|, |t u €V(6) | then Nowx @) NSI =S| Thus for any
uv V(G +HINS |Ngz(u) N5| = |Ngnz(w) S| that is, S is a fair dominating set of & +H | Let
xeVE+HINS fxeVIHINS then INx(x) N S| =k gince 5 is a K -fair dominating set of #. Since
k=151 Nzl 0S| =151 This implies that Nzl) NS =5 that is, ¥V € E(H) for all vES
Since ¥ = 151 = 2 't follows that 5 \ 1} # @ and for every ¥ € VIH) \ 5 there exists = € (5 \ {v}) such that
*z € E(H). This means that > " {*} is a dominating set of , that is, END Uil a dominating set of
H and hence a dominating set of & T H. 1f ¥ € V() then ¥v € E(G + Hl for al| ¥ €5 Since s " {V} is a
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nonempty subset of V(H) and &3 = V() it follows that 5\ {v}) U {x} s 4 dominating set of & + H. Thus,
5 is a fair secure dominating set of ¢ + 5. ®

Lemma 2.18 Let & and & be connected non-complete graphs. If ¢ = V(&1 is an "-fair dominating set of &,
Se = V(H) s an < -fair dominating set of ¥, and ¥ —5=13sl= 5% | then a nonempty proper
subsetS = g Y 5x of V(G + H} js a fair secure dominating set of & + -

Proof: Since & is an *-fair dominating set of G for every 4 € VG, 3, [N (w) nSg|=r Since Sx is an 5-
fair dominating set of H, for every V E VIHD SH, INz(w) N Sy == . Now, S < V(G) implies that
VIEIN\S =0 etueVIEI\ S5 Thenu € VG + I\ 5 |(Ngyn(w) 0 55)| = I5a] and

INg.w(ud N 5| = |Ngx(d 0 (S5 US|

NGz (2d NS U (Ng (0 0 Sy
|(Ngz () N S| + | (Wgum(ad 055
(NG N 52 + |55

r+ [Sql

Similarly, since Sy = V(H) ’ VIHI\ S5, =0 _ Let VE V(HI\ 5 . Then VE ViG +HI\S ’
[(Ngawl) N 5)] = 5] and

INg, () N5l = [Ng,xz(v) 0 (55U Sy))

|(Weore () N S5) U (NG (v) NSy
|(Ngare () N S5)] + [(Ngrzr (0] 01 5)
1561 + | V@) N1 S)|

1551 + s

11 + (r = 55| + 1Sx])

4 |5

Thus, for every w7 € VG +HI\ 5 |Ngyu) N 5| = INe.w(w) N5| Hence, 5 is a fair dominating set of
G+H Now, let# V(G +HINS rueVIG)\ S5 then there exists ¥ € 5# such that ¥ € E(G + H).

Since Sz is a dominating set of &, 3\ = usIN v} js 4 dominating set of & t+H
Thus, D ululis o dominating set of & + H. [fu € V(H) 3k, then there exists ¥ € & such that
uv € E(G + H)  SinceSx is a dominating set of #, 5\ (v} = (55 US4)\ {v} s a dominating set of & + &,
Thus, W {v1) U{u} is a dominating set of & + H . Hence, 5 is a secure dominating set of G +H
Accordingly, 3 is a fair secure dominating set of C+Hm

The following result is the characterization of the fair secure domination in the join of two connected graphs.

Theorem 2.19 Let & and ¥ be connected non-complete graphs. Then a nonempty proper subset 3 of
VG + H) js a fair secure dominating set of G+ Hifand only if one of the following statement is satisfied.

I

(t} 5 =V{C) or ¥ is a *-fair dominating set of & where ¥ = 15l
(i) § = V(H) or 5 i a k-fair dominating set of # where & = 15|
(it} § = 55U 54 where 56 © V(G) is an "-fair dominating set of &, and & = V(H) is an 5-fair dominating
setof H and ¥ — =361 — |54

2.
2.

W

Proof: Suppose a nonempty proper subset 5 of V(& + H) js a fair secure dominating set of & T H. Consider
the following cases:

Case 1. Consider that ¥ N V{H) = 0. Then 5 S VIG) 15 = V() then the proof of statement () is satisfied.
Suppose that S =V(G) = et ueVIGINS gng vFu guch that wvEVIE +HINS  Then,
Weonlu) NS = INeow () NS] ince S is a fair dominating set of ¢ +H  jf veVE\S
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then INs(w) N5] = [Ng(v) 0 51 =k for some positive integer &+ This implies that < is a K-fair dominating set
of G- 1F ¥ € V(H) then oz (w) N 5| = S| since INa() 15| = [Nazs () 0 5], it follows that

k= |N:(w) NS = |Neyyd N S| = |Ney () N5 =|S]

Now, suppose k=1 since # is a connected non-complete graph, there exist distinct
vertices © ¥ € V(H) sych that *¥ & E(H) Let$ = (v} Then* V(6 + HI\ S gng S\ D) U {x} = {x}js
not a dominating set of &  H since *¥ & E(C + H). This contradict to our assumption that < is a secure
dominating set of & T - Thus, ¥ * 1 and so ¥ 2 2- This complete the proof of statement (%}-

Case 2. Consider that SN V(G) =0 Then 3 S VIH) |f3=V(H) then the proof of statement (i) js
satisfied. Suppose that 5 = V(H) | et w € VIH)\S ang v # u gych that wv € VG + HI\ 5. Then,
oozl NS = INew(v) N5 gince 5 is a fair dominating set of & +H  if v€VIEHINS  then
Nz () N S| = [Nz () 0S| = K for some positive integer X This implies that S is a ¥-fair dominating set
of H. I1f vEV(E) | then Wourlw) NS = 15| gince INxlw) N S| = INorld NS it follows that
k= INgluw) n5| = |Neowld N5| = |Neow) NS =15l Now, suppose & =1 Since & is a connected
non-complete graph, there exist distinct vertices ¥ € V(G) sych that *¥ € E(G). et 5= {v}
Then *€VIG+HINS ang BNIHDUEI={x} js not a dominating set of G+H since
xy & E(G + H)-This contradict to our assumption that % is a secure dominating set of © + . Thus, ¥ # L and
so & 2 2- This complete the proof of statement {i)-

Case 3. Consider that SNV(G) =0 gng SNVIH) 0. | o S =5NV(6) ang Sz =5SNV(H) | Then
3 =35V 3% where 36 © V(&) and 5w = V(H) Suppose that to the contrary, 35 is not a fair dominating set of
G. Then there exists distinct vertices * and ¥ in V() \. 5z such that |Ns(w) n Sgl = [Nz(w) N Sg)Thys,

INg.z(ud N 5] = |Ngoz () 0 (Sg U Sy

NGz () N S U (Ng (20 1 Sg)

Nz ) n 550 US4l gineeu e VG S

NG () 0 S5+ |Sx]

INg(v) N Sg| +[Sal

[Nz () N Sz0 U 54

|(Ngass (@) N S) U (Nga @) 0 Sl since v € VG \ S
INg.r(v) N (55U Sy

INgyw(v) N S).

1 | A S | B T |

This contradict to our assumption that Fis a fair dominating set of G + H. Therefore, ¥ must be a fair
dominating set of G. Similarly, Sk is a fair dominating set of H. Thus, for every vertex % € VG Se.
Ws(w) N Ss1=7 for some positive integer T+ and for every vertex ¥V € VIH)\ Sy [Nx(w) 0 Sy| =5 gor
some positive integer = This implies that S5 is an 7'-fair dominating set of G and S# is an S-fair dominating set
of H- Now, let # € VIG) \ S5 ang v € VIH) \ 4. Then,

INgou(ud NS = |Ng, @) N (S5 U Sy

(W () N 55D U (N, () 0150
[Nz () N5z U S,

(NG () n Sg| + 15

= r+|5xl and,

INe.zw) N S| = [Ngox W) N (50 55)]

|(Neez(w) NS U NGz (0] 0 5y
S U (W () n 5y

IS¢l + [Nz (v) N Sy

|56l + 5.
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Since ¥ is a fair dominating set of & +H | Wgez(u) N 5] = [Ngyu(w) N S| that js, v +15x] = 15| + 5
Hence, " — 5 = 151 = 13&| proving statement (#it)-

For the converse, if statement (£} [(i) or (i1 ]] is satisfied, then < is a fair secure dominating set of & + # py
Lemma 2.16 [Lemma 2.17 or Lemma 2.18]. ®

Corollary 2.20 Let G and # be a connected non-complete graphs. If S¢ is an *-fair dominating set of G ordais
an 5-fair dominating set of  with [5s| — 152] = * =5 then ¥r=2 (G +H) < min{r.s.r+s}

Proof: Suppose that S5 is an 7'-fair dominating set of G ifr =15l = L then“s is a fair secure dominating set
of G + H by Theorem 2.19(1) Thus, ¥7s2 (& + H) = |Sg| = 7.

1f7 =151 =1 then consider that S# is an S-fair dominating set of . 1< = 1S&| = 1 then 5 is a fair secure
dominating set of G + H by Theorem 2.19(i): Thus, ¥rs2 (& + H) = |Sx| = 5.

If(r =151 =Lands = 151 = 1) or (* #|5_Cland s # IS&|): then let> = 35 Y 5. Since Ss = V(6] is an
*_fair dominating set of &, ¥& < V(H) js an 5-fair dominating set of - and ™ —= = 13c| = I3&1, it follows that

5 is a fair secure dominating set of GC+H by Theorem
2 190 ) Thus ¥ree (G + H) = |5| = |5 U Sy = |S5] + |Sx| = r+ 5.

Hence, ¥rz4 6+ H = m:'n{r. .r+ s}. ]

I11. CONCLUSIONS

In this work, we introduced a new domination in graphs - the fair secure domination in graphs. The fair
secure domination in the join of two connected non-complete graphs was characterized. The exact fair secure
domination number resulting from the join of two connected non-complete graphs was computed. This study
will pave a way to new research such as bounds and other binary operations of two connected graphs. Other
parameters involving fair secure domination in graphs may also be explored. Finally, the characterization of a
fair secure domination in graphs and its bounds is a promising extension of this study.
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