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Abstract

We study a nonlinear random reaction-diffusion problem in abstract Banach spaces, driven by a real noise, with
random diffusion coefficient and random initial condition. The reaction-diffusion equation belongs to the class
of parabolic stochastic partial differential equations. Given a Gelfand triplet ¥ = H = H < ¥ with dense
embeddings .Let A (t) be a family of nonlinear random operations, acting from ¥ te ¥', t € R*, which satisfies
the following assumptions: strong measurability, continuity, monotony, and coercivity. We assume that the
initial condition is an element of Hilbert space. We construct a suitable stochastic basis and define the solution
of reaction-diffusion problem in the weak sense. We define the stationary process in abstract Banach spaces in
the strong sense of Doob-Rozanov. That is, the probability density function of the stochastic process is
independent of time shift. In other words, we define the invariant measure for random dynamical system,
associated with random reaction-diffusion problem. We prove the existence of an invariant measure and the
existence of a stationary solution for nonlinear random reaction-diffusion problem. The obtained theoretical
results have several applications in Quantum Physics, Biology, Medicine, and Economic Sciences. Especially,
we can study the existence of stationary solution for the stochastic models of tumor growth.
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Introduction

Random reaction-diffusion equations form an important part of the theory of random partial differential
equations that is both very rich changelings mathematically and is related in physics, chemistry, biology,
medicine, astronomy, and Economic Sciences. To be specific, in this paper we consider a random reaction-
diffusion equation with a polynomial nonlinearity. Of course, we can consider more general mathematical
models. For example, we can investigate the random nerve equations, random Lotka- Volterra equations,
random Boussinesq- Glover equations, random superfluid equations, random Belousov-Zhabotinsky reaction
equations in chemical dynamics, etc.
Let (©.F.(F,)i=p.P) be a stochastic basis, and let wit) = (w, (£}, wy (¢}, ... ...w,,(£)) be a standard m-
dimensional Wiener process defined on (SLF, (F )iz, P). Let -Effj be a stationary solution of the Ito equation in
Hh‘

dE(t) = aF(t)dt + bE(E) dwlt), t= 0, 1)
where a (-} and b () satisfy the assumptions of section 2.1 below. We look at the process
(QLF. (Fy)ra0. P (2(£))120) as a model of real noise, stationary in time. Having assumed that the noise process is
given, we consider the random nonlinear evolution equation in Hilbert spaces driven by the real noise HOE

At utw)) =f(few), tz0 wen @)
Where {4(£,), £ € R¥} is a family of monotone operators in a Gelfand triplet = H = V',

and f is a function from B¥ to V' (see section 2.2.1 for detailed assumptions on A and f). The aim of this paper
is to prove the existence of a stationary solution of equation (2). Note that this equation does not contain Ito
differential.

In the last few years a lot of papers appeared on invariant measures and stationary solutions for Ito type
equations in Hilbert spaces. The case of real noise is not treated. In comparison with the existing literature, we
mention two aspects of this paper.

The first one is that we want to consider the real noise £(t} as a given Markov process, stationary in time.
Corresponding to this process (), we would find a stationary solution of equation (2). This fact motivates some
technical details of the following analysis, like the choice of a special stochastic basis (see section 3.1) and
Theorem 3.1, which are novel with respect to the literature conceding with Ito equations.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 58




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 66 Issue 2 - Feb 2020

The second point is that we shall not assume any compactness. At our knowledge, all the methods know in the
literature to prove the existence of invariant measures or stationary solutions use some compactness, coming
from the topologies of the function spaces involved. It is well-know that the structure of the monotonicity allows
to prove existence of solutions without any compactness assumption. However, a similar result for the existence
of invariant measures and stationary solutions is not known, because the usual approach to construct invariant
measures, so it uses some compactness arguments.

At the end of the paper we give some applications, which contributed to motivate our analysis.

1. Preliminaries

1.1 The Noise Equation

Denote by L(R™, %) the space of linear operators from B™ to R¥ and byl- lmli'" zk7 the Hilbert-Schimdt norm

of linear operator fromR™ to R

Assume that:

(a.1) the mappings a(-): R™ — R* and b(-): R¥ — L{(R™ R¥} are locally Lipchitz continuous and satisfy the
dissipativity condition

20a(x), x)gk + b(x) % 2 (gm k) < < —nlxlix + p. ¥x eRF

for some real constants # ﬂﬂd P

@2)yn=10
Consider the stochastic differential equation

df(t) = al2(t))dt + b(F(H) )dw(s), t=0, @)
with the initial condition

£0) = & 4)

The following two facts are well —known: )
(i) under the assumption (a.1), for every p= 2 and for every £, € L¥ {1, F,. P, R¥), the equation (3)-(4) has

a unique progressively measurable solution £(t) defines for £ = 0 with £(¢) € L? {0, C[0, T].R*Y)) , for
each T>0

This solution if a Markov process with the Feller property;
(i) if in addition (a.2) holds true , there exists an invariant measure ; for equation (3) with finite

moments of all orders.

These results can be found in [9] and [14] for instance. We recall the basic steps of the proof, for future
reference. Let us start with (1). The local Lipschitz condition on the coefficients implies existence and
uniqueness of a maximal solution. The solution is global, and satisfies#(¢} e L? (0, C[0, T].R*)}, by the
following estimate.

By Ito formula and the dissipativity condition in (a.1), we have:

dIE@ i < (2a(E0)), 50 g + [6(E) s (g ety ) - EDIZE - dit

+21E O - (b(£(0)dw(e), £ ge < —nlE (O s - dt + p - 1E@EL" - dt

+20E O - (b(£())dw(e), E(8))ge < —nlE (O - dt + Co(p)dt

+21E WL - (b(£(0))dw(e), £(2)) g

for some constantCy (¥}, given by Young inequality. Since £, € L¥{f}, F,. P, R, we have:

=1

ElE@F, = ez -Elfl e 2 r:,_,{p] ds, t=0 (5)
In fact, since we deal with a local solution defined a priori on a random time interval, one should use stopping
times; moreover, instead of (5) we could prove, by means of classical martingale inequalities, an estimate for the
expectation of the supremmum in time of |£{¢) I,h The details can be found in [9]. These estimates give the a
priori bound which implies the global existence of the solution and its integrability. The Markov and Feller
properties are classical.

The proof of (ii) also follow from (5), under the assumption (a.2). Indeed, choose £ = 0. Then, (5) and (a.2)
imply that for every p= 2 there exists a constant £{p} = 0 such that
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FE . = Clp). wez0 (6)

This implies the existence of an invariant measure my, by the standard Krylov- Bogoliubov method. Moreover
(see [14], for every p= 2,

Jexlx? - dmy(x) < C(p) )
This proves (ii).

The uniqueness of invariant measures for equation (3) has been studied in detail. For instance, if B(Z)B*(£) is
positive definite, uniformly in £ € R*, the invariant measure is unique. We don’t require uniqueness in the
sequel, but just fix one invariant measure my with all finite moments (moments up to order r, given the
assumption (A4) below, would suffice).

With appropriate minor modifications, we could study the case when the noise £(£) is also a stochastic process
in a Hilbert space, defined by an infinite dimensional stochastic evolution equation (see [4], [11], [13]). For sake
of simplicity, we restrict the attention to the finite-dimensional case.

2.2.  The Random Evolution Equation with Monotone Operators

2.2.1 Assumptions
Let H be a real separable Hilbert space and ¥ = H be a real reflexive separable Banach space
(norms | - LIl - lirespectively , inner product {-. -}in H),V dense in HandV =— H. Let H and V' be their dual
spaces. ldentifying H with its dual H ', and H with a subspace of ¥, we can write " = H = V', with dense
embeddings.We shall denote also the dual pairing between ¥ and ¥ by { - }, since its restriction to V = H
coincides with inner product of H.
Let {A(£.-), £ € R} be a family of nonlinear operators from be to ¥ which satisfy the following assumptions.
(A.1) for every € V| £ — A(£,u) is a strong measurable mapping from A% to ¥ ,bounded in bounded sets,

(A.2) forevery £ e R* w,v,z €V, thefunction
s — (A(Z,v + sz),u} is continuous on R.

(A.3) there is a constant A € R such thag for every € R¥ u.v eV
264w —AE vhu— v + lu—vlF =0,

(A.4) there are a function p:R* — [0,=) and constants p = 2, Ae R, e =0, r = 0, €, = 0, such that for
everyf e RF,u eV,

20A(E, w), ub + Al *p(&) = allull®, and

p(E) = C(1 + 181%x)

(A.5) with p as above, there is a constant C; = 0 such that for every € R* ,u € V|

IAG. W, = € + llallP-%

Finally, let f = f{#): R* — V' be a given strong measurable function which satisfies the assumption

(f.1) there is constant C = @ , such that for all £ € RF

IFENIE < 61 + 1)

Where ¢ is the conjugate exponent of p (i.e i + ﬂi =1)

Remark 1. In some application it is natural to assume that the noise processes entering in A and f are different;
but this can be accomplished just by considering as £ (£} the joint noise process.
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Remark 2. One can incorporate f into A4 without restriction, but we leave them separated to emphasize the role
of the coercively of A.

2.2.2 The Equation

Let a stochastic basis(€. F. (F,J.=5.P) be given, with a standard m-dimensional.

Wiener process wit) = (w, (), wy (), oo, wyy (£)),£ =0 under the assumption (a.l) of section 2.1,
given&, e L (ML,F, P, R™), let £ = Z(t.w) be the corresponding solution of the problem (3) - (4). Here = is the
same as in assumption (A.4).

We consider the random evolution equation

S8 L AR W), Ut w) = F(E(w) £ 20, we O, ®)
With the initial condition

ul0, &) = uylw), w e 0 9)
We assume that

ug € L* (0L Fp. P H) (10)

We interpret the previous equation in the weak form:
(ult, @), ¢ + [ (A(F (s, ) uls, @), o) - ds = (ug(e), @) + [ (F(E(s, ) )0} -ds, v = Ovp eV (11)

By solution of the equation (8) — (9) we mean a progressively measurable process u = u{t.w), defined for
£ = 0, with the property

We have the following fact: )
(iif)  Under the assumption (a.1) of section 2.1, given &, e L* {0}, F,, P, R*Y}), given the corresponding
solution £(¢. @) of equation (3) — (4), and under the assumptions (A.1) — (A.5), (f.1), and (10), there exists a
unique solution of the problem (8) — (9). We outline the proof. Since the solution £(t. ) of (3) is given, one
can take an arbitrary given @ £ £ (P- a. s.) and apply to problem (8) — (9) (which is now deterministic) the
result of [12], to have a unique solution

u(tw) € CUI0. T H) n LF(0,T. V)

(it is a solution in the sense of equation (11) ). The progressive measurability easily follows from the
construction of the solution as a limit of progressively measurable solutions of finite dimensional Galerkin
approximations. Finally, the property (12) follows from estimates like those of Lemma 2.1 below.

2.2.3 AnaPriori Estimate

The a priori estimate proved in this section will be used in Theorem 3.1 below. We prove it here since it is not
based on the additional hypotheses of Theorem 3.1, but it depends only the framework introduced up to now.
Let &1 .., 8, ... be a complete orthonormal system in f formed by elements of V. Denote by H,, € ¥ the finite
dimensional space spanned by &;. ..., &, ,and let B, be the linear operator from V' to Hy, defined as
Bu=EL luele, ueV

Restricted to H. it is the orthogonal projector onto H.,.
Let 4,,(£.-} be the operator in H;,. Defined as

4,0 =B (4, ). u eH,, FeR

and let
HE=R(£ @), Fer®

Moreover, let a sequence {ug, kney OF initial conditions be given, where ¥n. g, € L* (L Fy P.H,) and
Ugy — U iNH,

given _
Ep € LT (ILF, PLRT) (13)
Let as consider the Galerkin approximation of equation (8) coupled with equation (3):
dun;:.m:n + AH{E(L ) 1y, (, .:d]} =f, {E(t i) } £=0, weD (14)
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df(t) = al£(t))dt + B(E(E) )dw(t), t=0 (15)
With initial conditions
un(0,@) =gy (W), £00,w) = Eo(w) (16)
Let § = 0 be a constant satisfying the (Poincare type) inequality
w2 =glivll?, wwev

Lemma 2.1 Consider system (14)-(15)-(16) under the hypotheses (a.1), (A.1)-(A.5), (f.1), (13), and under
assumption that there exists a constant C= 0, independent of n, such that

E(lug,l*y=C, wneN 7
Then the following properties hold true:

(i) System (14)-(15)-(16) has a unique progressively measurable and continuous path solution (u,.£)
taking values in H, x R*. Moreover, system (14)-(15) defines a Markov process with the Feller property in
H, % R¥.

(ii) For every = = 0 there exists a constant € (=} = 0 such that

luy (8 e I* = @7 lugy (@) I* + Jﬂnle'f":r'sf' la— e+ (G0 + C0(1 + |E(5)15x)] - ds, for all

neN,t>0,P—g.e.w el (18)
d

= > T—E

Wherey = 4 — B

(iii) For every T= 0 there exist constants Cy (TJ. ...... C,(T) independent of n, such that

E(sup;eromlun (¢, ) 1?) = €, (1), vneN (19)
E [y llun (6 ) 1P dt < C,(T) vneN (20)
E [ A (e 0) un e a) Iy, dt < €T, wneN @1)
E [ty G2, 0" dt < €,(T), vneN 22)

Proof

Part (i). First, the equation (15) is considered independently, with given initial condition £;, and the unique
progressively measurable and continuous solution £{t} is found. Then, we can take a given w € {1 (P-a.s), apply
to equation (14) with the initial condition g, ( which is now a deterministic problem) the results of [12], to
have a unique solution

uy(t,w) e CC[0,T]LH,)

The progressive measurability of ug(t. ) easily follows from the construction of u,(t.ce) as a limit of
progressively measurable Peano-type approximations. The proof of Markov and Feller properties is classical.

Part (ii). From equation (14) we have
%Jr 204, (200, up (8. un () = 205, (26, u, (8) (23)

Therefore, from assumptions we have

d—lufﬁ]l‘ + allup, DNIP < Ay (02 + p(£@) + 2[5 ED)l,,, - Nasn D1

Whence , using also assumption (f.1), for every & = 0 we have
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dlu, ()1 ) ot
T2+ - Dy @17 £ 21, OF + O GO e - lata @1 4 p(5)
< A, OF +(CeE +¢)- (1 +18G)L) 24)
Where C (e =;£ by Young inequality. Recalling the definition of . the assumption pz= 2. and using the
Frep’

fact that x® = x% — 1 for x = 0, we have

a0 < (2~ han D + @ — = + (666 +6,) - (1 + 16 I8) (25)
Inequality (18) follows now from the Gromwell lemma.
Part (iii). Given T = 0, denoted by €5 (T the supre{ne of e {uvw [0.T]. fEIOT (18) we haveJIJ
, ;e —e +(C:CE +C,) - (1 + 180 0 )] - ds,
i, ) 1? < Co M lagn(w)l? + [T 0 1 S [f] - (26)
Recall (5), take the supremum int € [0.T]. and the expectation, to have (19)
Going back to inequality (24), we integrate it over [0.T]. and take the expectation with = =

we get

k3 | B3

T

- - - o

E [lun(®)lPdt < (100 1) + E [ [ihin®12 4.6 -€ (5) + €0+ (1 + @ [ )1ae
0 0 -

Using (17), (19), and (5), we obtain (20).

From (20) and assumption (A.5) we also have (22). The proof is complete.

Conclusion

In this paper we investigate the existence and uniqueness of stationary solution for nonlinear random reaction-
diffusion equation in Banach spaces, driven by a real noise. We assume that diffusion coefficient is a random
variable and the initial condition is a random function. The real noise process is defined as a stationary solution
of ito stochastic differential equation in finite dimensional Euclidian space or Hilbert space. We consider a
multiplicative noise term, which is more general than additive noise term introduced by P.L Chow or other
researchers, see Kuttler [12], M. Metivier [14]. To be specific, we consider a random reaction — diffusion
equation with a polynomial nonlinearity. Of course, we can investigate more general mathematical models, and
suggest several applications, especially Boussinesq —Glover equation.
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