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Abstract: In this paper, we study the b-coloring of the product of paths and cycles. Let G be a graph with vertex
set V(G) and edge E(G). The b-coloring is nothing but the b-chromatic number. The b-chromatic number is the
largest integer k colors such that every color class has b-vertex. The b-vertex is the color dominating vertex that
has an adjacent in all other color class. The b-chromatic number of a graph is denoted by ¢(G).
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I. INTRODUCTION

Let G be a graph containing no loops or multiple edges with vertex set VV(G) and edge set E(G). A coloring of
the vertices of G is a function ¢:V(G)—{1,2,...k}. Then the integer c(v) is called the color of v. A coloring is
proper if no two adjacent vertices have the same color. The chromatic number x(G)of a graph G is that the least
integer k such that G has a proper coloring using k-colors. Several interesting concepts of the coloring and
related parameter are studied in [6,7,8,9].

Motivated by these concepts, W.Iriving and F.Manlove[1] introduced a new concept called b-coloring.
A b-coloring of G by k colors is a proper coloring of the vertices of G such that in each color class there is a
vertex having neighbours in all the other k-1 color classes. We call any such vertex a b-vertex. The b-chromatic
number of a graph G is the greatest integer k such that G has a b-coloring with k-colors. Kouider and Manlove[3]
proved some lower and upper bounds for the b-chromatic number of the cartesian product of two graphs.
S.K.Vaidya and Rakhimol V.lIssac[5] discussed the b-chromatic number of regular graphs, path related graphs,
shell and gear graph. More results on the b-chromatic number of a graph can be found in [2,4].

In this paper, we prove the b-chromatic number of the product paths and cycles. The definition of the
product of graphs are as follows:

Definition 1.1: A graph G that has one vertex distinguish as the root node, then G is called the rooted graph.
The rooted product of a graph G; and a rooted graph G, is defined as follows :

(i) Draw |V(G)| copies of G,

(ii) For each vertex v; of G, join v; with the basis node of the i copy of G.
It is denoted by G; 0 G,.

Definition 1.2: Let G; and G; be two graphs. Then the cartesian product of G; and G; is defined as follows:

(i) Vertex set : V(G1)XV(G,) = {(u,v): ueGy, veG,}
(i) Edge set : Join (u,v) and (u',v") if u=u' and w'eE(G,) or v=Vv' and uu'eE(G,).
It is denoted by G0 Gs,.
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Il. MAIN RESULTS

In this section, we prove the b-chromatic number for the product of paths and cycles. Before proving the
theorem, let us state an important result on the bounds of b-chromatic number of G, which is frequently used in
our main results (see [3]).

Theorem 2.1 [3] : For any graph G, x(G) < o(G) <A(G) + 1.

3,ifn=23
Theorem 2.2: For anym >3, (B, o C,,) =144, if n=4,5,6
5 if n=7.

Proof: Let P, o C,, be the rooted product of path P, and cycle C,,. Then P, o C,, is a connected graph which is
obtained from the path P, and cycle Cy,such that attach cycle Cy, in each vertex of P,

Denote v;, i =1,2,...,n the vertices of P,and u;; i=1,2,...,n, j=1.2,..,m-1, the vertices in the i" copy of Cp,.
SoV(G) ={vi:i=12,..n}U{u:1<i<n, 1<j<m-1} and E(G)={(viu;) : 1 <i<n, =1, m-1} U {(ujUjs1) : 1
<i <n, 1<j<m-13U{(vi,Vis1) : 1 <i<n-1}. From the definition of B, o C,,, v; and v, have degree 3, v;, i =
2,..,n-1 has degree 4, u;, i = 1,2,...n and j = 1,2,...m-1 has degree 2. The proof consists of so many cases.
Casel:n=2

Then V(P, o C,,) = {V1, Vo, U1, U, ..., Uygmea), Uz, U, .., Uzgmeny} @nd V(P20 C)| = 2m.

Clearly P, o C,, has (2m-2) vertices of degree 2 and two vertices of degree 3.

Since the maximum degree of P, o C,, is 3, ¢ (P, ° C,,,) <4.

Subcase 1:

Suppose ¢ (P, ° C,,) = 4.

ThenP, o C,, must have four vertices of degree 3.

This is impossible because P, o C,, has only two vertices of degree 3.

Hence @(P, o C,,)#4andso¢ (P, o C,)<3.

Subcase 2:

We have P, o C,, has (2m-2) vertices of degree 2. So we color the vertices as follows : ¢(vy) = 1, c(v2) = 2, c(uy)
=3, ¢(Uym-) = 2, c(uz1) = 3, c(uzm-1y) = 1 and color the remaining vertices such that no adjacent vertices receive
the same color. Then vy, vy, Uy; are the b-vertices for the color classes ¢y, ¢, and cs, where c; denotes the set of all
vertices receive the i"" color. Therofore ¢(P, o C,,)=3.

Case2:n=3

Then V(P; o C,,) = {V1, V2, V3, U1y, U1g, ..., Urm-), Uzt, -vy Uzma), Uzt oo, Uzmeny} @nd [V(Ps o C,,)| =3m.

Clearly Py o C,, has (3m-3) vertices of degree 2 and two vertices of degree 3 and one vertex of degree 4.

Since the maximum degree of P; o C,, is4, ¢ (P; o C,,,) <5.

Subcase 1: Suppose ¢ (P; o C,,) = 5.

Then P; o C,, must have five vertices of degree 4. This is impossible since P; o C,, has only one vertex of
degree 4.

Hence ¢ (P; 0 C,,)#5andso ¢ (P; o C,) <4

Subcase 2: Suppose o(P; o C,,) = 4.

Then P; o C,,must have four vertices of degree 3. This subcase is also not possible since P; o C,, has only two

vertex of degree 3. Hence ¢ (P3 o C,,) #4 andso ¢ (P; © C,,) <3.
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Subcase 3:

Clearly P; o C,, has (3m-3) vertices of degree 2.

So we color the vertices as follows : c(v1) = 1, ¢(v2) = 2, ¢(v3) = 3, ¢(U11) = 3, C(Us(m-1)) = 2, C(Uz1) = 3, C(Uzm-1)) =
1, c(us1) = 1, c(usem-1y) = 2 and color the remaining vertices such that no adjacent vertices have the same color.
Then vy, V,, V3 are the b-vertices for the color classes ¢y, ¢, and ¢c; where ¢; denotes the set of all vertices have the
color i. Therefore ¢ (P; o C,,,) = 3.

Case 3:n=4.

Then V(P, o C,,) ={V1, V2, V3, V4, U1q, Usg, ..., Usm-1y, Uzt -ovy Uz(met)s Ustyeess Usgmen)s Uag, -y Usagmeny} @nd

V(P, o C,) | =4m.

Clearly P, o C,, has (4m-4) vertices of degree 2 and two vertices of degree 3 and two vertices of degree 4.

Since the maximum degree of P, o C,, is 4, ¢ (P, o C,,) <5.

Subcase 1: Suppose ¢ (P, o C,,) =5

Then P, o C,, must have five vertices of degree 4. This is impossible since P, o C,, has only two vertices of
degree 4. Hence ¢ (P, o C,,) #5andso ¢ (P, o C,,) <4.

Subcase 2:

Clearly P, o C,, has two vertices of degree 3 and two vertices of degree 4.

So we color the vertices as follows : c(vi) = 1, c(v;) = 2, ¢(v3) = 3, ¢(V4) = 4, C(U11) = 3, C(Uygm-1)) = 4, C(Uz1) = 4,
C(Uz(m-1) = 1, €(Us1) = 4, c(Uzm-1)) = 4, C(Ua1) = 1, C(Usagm-1)) = 2 and we color the remaining vertices such that no
adjacent vertices have the same color. Then vy, v,, Vs, V4 are the b-vertices for the color classes ¢y, ¢,, ¢z and c,.
Therefore ¢ (P, o C,,) =4.

Case 4: n=5.

Then V(Ps o C,,) = {V1, V2, V3, Vi, Vs, U1g, Usp, ...y Ugmeay, Ut -ey Uzgmes)s Usa, ooy Usgmen), Uag, .., Ugme), Usa, -y Usgmen)}
and [V(P; o C,,)| = 5m. Clearly P; o C,, has (5m-5) vertices of degree 2, two vertices of degree 3 and three
vertices of degree 4. Since the maximum degree of P; o C,,, is4, ¢ (Ps o C,,,) <5.

Subcase 1: Suppose ¢ (Ps o C,,) =5

Then P; o C,, must have five vertices of degree 4. This is impossible since P; o C,, has only three vertices of
degree 4. Hence ¢ (P; ° C,,,) #5and so ¢ (Ps o C,,) <4.

Subcase 2:

Since P, o C,, isasubgraph P; o C,, and ¢ (Ps o C,,,)) =4, ¢ (Ps o C,,) =4.

Case 5: n=6.

Then V(Ps o C,,) = {V1, V2, V3, V4, Vs, Vg, U1, ..., Uyme1), Uzt -y Upmez)s Ust, ooy Usgmez)s Uats ooy Ugmez)s Usa, ...y Usmea),
Ugd, .., Ugm-1y} and [V(Pg o C,,)] = 6m. Clearly P; o C,, has (6m-6) vertices of degree 2, two vertices of degree 3
and four vertices of degree 4. Since the maximum degree of P, o C,, is4, ¢ (P; o C,,) <5.

Subcase 1: Suppose ¢ (P; o C,,) =5

Then P, o C,, must have five vertices of degree 4. This is impossible since P, o C,, has only four vertices of
degree 4. Hence ¢ (P; o C,,,) #5 andso ¢ (P, o C,;) <4.

Subcase 2:

Since P, o C,, isasubgraph P; o C,, and ¢ (P, o C,,,)) =4, 0 (P ° C,) =4.

Case 6:n=7.
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Then V(P; o Cp,) = {V1, V2, V3, V4, Vs, Vg, V7, U1, .y Us(me1)s Uzts ooy Up(metys Usay ooey Usgnez)s Usty -ovy Usgmet)s Usty -ony
Us(m-1), Ug1, -+ + Ugm-1), Urts +oy Uzgmeny} @NA V(P o Cp,)| =7m.

Clearly P, o C,, has (7m - 7) vertices of degree 2, two vertices of degree 3 and five vertices of degree 4.

Since the maximum degree of P, o C,, is4, ¢ (P; o C,,) <5.

Now, we color the vertices as follows : c(v1) = 1,¢(v2) = 2, c(vz) = 3, c(vq) = 4, c(vs) =5, ¢(ve) = 1, c(vy7) = 2,
c(U11) = 3, c(Uym)) = 4, C(Uz1) = 4, C(Uxm-1)) = 5, C(Uz1) = 5, C(Uzm)) = 1, C(Uaz) = 1, C(Ugm-1)) = 2, C(Usy) = 2,
C(Vs(m-1)) = 3, C(Ve1) = 3, C(Vem-1)) = 4 and color the remaining vertices such that no adjacent vertices have the
same color.

Then v,, V3, V4, Vs, Vg are the b-vertices for the color classes c,, ¢, €4, Cs and ¢;. Therefore ¢ (P, o C,,) = 5.

Case 7: n>7

Since the maximum degree of P, o C,,, is 4, ¢ (B, o C,,) <5. AlsoP, o C,, is a subgraph of P, o C,,, for all

n >7. Therefore ¢(P,0Cy,) = 5 where n>7.
V1 V2 V3

Example: n=3, m =5
U1 U14 21 U34 P

U2 Uiz uss

uz2 u23 Us2

Figure 1

=Py C5) =3
Herec(v)) = 1, c(v2) = 2, c(v3) = 3, c(uy1) = 3, c(uz) = 2, c(ugz) = 3, c(uyy) = 2,c(uy) = 3,
c(up) =1 cug) = 3, c(Uzg) = 1, c(uzr) = 1, c(uzz) = 2, c(uzz) = 1, c(uz) = 2.

Theorem 2.3: Foranym >3, ¢ (P,0C,,) =5, ifn>5.

Proof : Let G be the cartesian product of path P, and cycle Cy,.

Denote uy, Uy, ..., U, the vertices of P, and vq,V»,...,Vi, the vertices of C,.

Then V(G) = {w;j= (ui,vj) : 1 <i<n, 1<j<m}and E(G) = {(Wpq,Ws) : either u,= u, and vyvse E(Cry) OF Vp= Vs
and upu, e E(Py).

Case 1:n=5,m=3.

Then V(P50 C3) ={Wi1, Wiz, Wi3, Wo1, Wy, Wag, Wa1, Wz, Was, Wa1, Waz, Wag, Ws1, Wsp, Wsz} and [V(PsO C3)| = 15.
Clearly PsO C5 has six vertices of degree 3 and nine vertices of degree 4.

Since the maximum degree of P;O C5is4, ¢ (PsO C3) < 5.

Now, we color the vertices as follows: c(wi;) = 2, c(Wiz) = 4, ¢(Wi3) = 1, C(Wa1) = 5, C(Wz2) = 1, C(Was3) = 3, C(Wa)
=4, ¢(Wsp) = 2, c(Waz) = 5, c(Wa1) = 1, c(Wa) = 3, c(Wiyz) = 4, c(Wsy) = 4, c(Ws) = 5, c(wss) = 2 and no adjacent
vertices have the same color [see figure 2].

Then way, Wy, Wap, Waa, Wy are the b-vertices for the color classes cs, ¢i, ¢y, €3 and ¢,. Therefore, ¢ (Ps0 C3) = 5.

Case2:n>5m>3.
Since the maximum degree of P,0C,, is4, ¢ (B,0C,,) <5.

Also P;O C; is subgraph P,o0 C,,, foralln>5, m> 3.
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Therefore ¢ (P,0C,,) =5wheren>5 m=> 3.

W12
Wit W13
W22
W21 W23
W31 Wa2 W33
W42
W41 W43
Wi+ W52 W53
Figure 2
CONCLUSION

In this paper, we found the b-chromatic number for rooted and cartesian product of

paths and cycles.

[1]
[2]

[3]
[4]
[5]

[6]
[7]
(8]

(9]

REFERENCES

R.W. Irving, D.F. Manlove, The b-chromatic number of a graph, Discrete Appl. Math. 91(1999), 127-141.

S.K. Vaidya and Rakhimol V.Issac, The b-chromatic number of some degree Splitting graphs, Malaya Journal of Mathematics, Vol.
2(3) (2014), 249-253.

Kouider, M., Maheo, M., Some bounds for the b-chromatic number of a graph, Discrete Mathematics. 256,(2002),267-277.

Kouider, M.,Zaker, M., Bounds for the b-chromatic number of some families of graphs, Discrete Math. 306,(2002),617-623.

S.K. Vaidya and Rakhimol V.lIssac, On the b-chromatic number of some graphs, Bulletin of the International Mathematical Virtual
Institute, Vol. 5(2015), 191-195.

T. R. Jensen and B. Toft, Graph colouring problems, John Wiley & Sons, 1995.

M. Kubale, Graph colorings, American Mathematical Society, 2004.

E. Kubicka and A. J. Schwenk, An introduction to chromatic sums, Proc. ACM Computer Science Conference, Louisville (Kentucky),
3945(1989).

N. K. Sudev. S. Satheesh, K. P. Chithra and J. Kok, On certain colouring parameters of graphs, preprint.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 109




