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Abstract

In this paper, we introduce a weak form of 7-regular closed sets namely weakly #z-regular closed sets
(briefly, wnr-closed) in generalized topological space. Also we discuss some of its properties. Further we introduce
three types of continuous functions using wrr-closed sets and characterise them.
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I. INTRODUCTION

In 2014, Ankit Gupta et el [1] given some decompositions of regular open sets and regular closed sets using PS-
regular sets in topological spaces. In 2015, Syed Ali Fathima [6] introduced wng-closed sets in GTS which is also
the weak form the regular closed sets. The purpose of the present paper is to introduce weakly n regular closed sets
and different types of continuous function using wnr- closed sets in GTS and discuss their basic properties.

Il. PRELIMINARIES

Throughout this paper X,Y and Z means generalized topological space (X,n), (Y,8) and (Z,€) respectively on which
no separation axioms are assumed unless otherwise explicitly mentioned. The function f:X—Y denote the single
valued function of space (X,n) into a space (Y,5). We recall the following definitions.

Definition 2.1. A generalized topology or simply GT n [3] on a nonempty set X is a collection of subsets of X such
that dep and p is closed under arbitrary union. Elements of | are called n-open sets. A subset A of X is said to be
n-closed if A® is n-open. The pair (X,n) is called a generalized topological space (GTS). If A is a subset of X, then
C.(A) is the smallest n-closed set containing A and i,(A) is the largest n-open set contained in A. A space (X,n) is
said to be strong if Xen.

Definition 2.2. A subset A of X is called a n- generalized closed set [2](briefly ng-closed set= g,-closed[5]) iff
C.,(A)cU whenever AcU where U is n-open in X.

Definition 2.3. Let (X,n) be a GTS and AcX. Then A is said to be n-regular closed [4] if A=C,i,(A).
Definition 2.4. A subset A of X is called a PS —regular [1] if A =i,C,(A)

Definition 2.5. A function f:X—Y is said to be

(i) (n,8)continuous functions [3] if £*(U) is n-open in X for every §-open set U of Y.

(i) (1, Wng-8) continuous functions [8] if £~ (U) is n —open in X for every Wng — open set U of Y.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 138




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 66 Issue 2 - Feb 2020

(iii)( Wng-n, ) continuous functions [8] if f~1 (U) is Wng — open in X for every & —open set U of Y.
(iv)Wng-irresolute [8] if f~1 (U) is Wng — open in X for every Wng — open set U of Y.
I1l. WEAKLY 1 - REGULAR CLOSED SETS

DEFINITION 3.1. Let (X,n) be a GTS. A subset A of X is called weakly 1 -regular closed set (or in short, Wnr-
closed) if C,i,(A) € U; whenever A € U and U is ng -open. The complement of a Wnr-closed set is called a Wnr-
open set and WnrO(X) denotes that set of all Wnr-opens sets in X.

EXAMPLE 3.2. Let X={py,p.,ps} with GT n={ 0,X,{p:}.{p:1.p:}}. Here Wnr-closed sets are {@,X,{p.},{p:}
{p1.p2}, {p2ps}}-

THEOREM 3.3. Every n closed set is Wnr — closed set.

PROOF: Let A be any n closed set and A € U where U is ng -open . Since A is n-closed set C,(A)=A. Also i,(A)

€ AcSC,(A) =A. Then i,(A) € A. Thus C,i,(A) € C,(A) = A € U. This implies C,i,(A) €U. Therefore A is Wnr
- closed.

Converse of the theorem need not be true as seen from the following example.

EXAMPLE 3.4. Let X={p1,p.,ps} with GT = { @,X, {p1}.{P2,.P:{P1.ps}}-Now Wnr—closed sets={ &,X,{p.}.{p2},
{p:}.{p2,psH{pLp23}- Itis easy to verify that {ps} and {p;,p.} are Wnr —closed but not n- closed.

THEOREM 3.5. Every n - regular closed set is wnr — closed.

PROOF: Suppose A is any n - regular closed set in X. Then C,i,(A) =A ;whenever A € U and U is ng -open. This
implies C,i,(A) = A€ U; Clearly C,i,(A) € U; whenever A € U and U is ng-open. Hence A is Wnr — closed.

Converse of the above theorem need not be true as seen from the following example.

EXAMPLE 3.6. Let X={p1,p2,pz} with GT n = { 3,X, {p1}.{p2.psH{p1pz}}; Then n regular closed ={{p1},{p-ps}}
and Wnr - closed ={ @,X,{p.}.{p2}.{ps}.{p2p:}{p1.p:}}. Here easy to observe that {p,}{psH{pi.p.} are Wnr —
closed but not n regular closed set.

THEOREM 3.7. Every Wnr — closed set is Wng- closed set.

PROOF: Let A be the Wnr — closed set and A € U and U is n-open. We know that every n-open is ng-open. Thus
Uisng - open and A is Wnr — closed. Thatis C,i,(A) €U. Hence A is Wng — closed.

Converse of the above theorem false as seen from the following example.

EXAMPLE 3.8. Let X={pup2ps} with GT n={0,X,{p1}}. Then (X,q). Here Wnr - closed

={D. X {p2}{ps}{p2.ps}} and Wng — closed = {@,X,{p>}.{Ps}.{P1 P2{P1PsHP2.ps}}. Clearly, {p:p.} and {pps}
are Wng — closed set but not Wnr —closed set.

THEOREM 3.9. A subset A of a generalized topological space is Wnr — closed then C,i,(A) \ A does not contain
any non — empty ng - closed set.

PROOF: Suppose A is Wnr —closed set in X. We assume that U be a ng - closed set such that C,i,(A) \ A 2 U and
U#@. Here U € C,i,(A) \ A. Then A € X\ U; As U is ng - closed, X \ U is ng-open. Since A is Wnr — closed set.

Then by definition C,i,(A) € X\ U; Thus U € X\ C,i,(A). Hence U & (C,i,(A)) n(X\ C,i,(A)). This implies U=@;
this is a contradiction to our assumption. Hence C,i,(A) \ A does not contain any non empty ng - closed sets in X.
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REMARK 3.10: The union of two Wnr — closed sets in GTS is generally not Wnr — closed set.

EXAMPLE 3.11. Let X={p1,p2,ps} with n={@,X,{p1p2}}.Here Wnr — closed ={@,X,{p:}.{p2}.{Ps}.{p1Ps}{p2:Ps}}-
Now consider A = {p,} and B = {p,}. Then A and B are Wnr — closed sets in X. But AUB ={p,,p.} isnot Wnr —
closed set in X.

THEOREM 3.12: Ifa Wnr —closed subset A of a GTS in X be such that C,i,(A) \ A isng - closed. Then A is
- regular closed.

PROOF: Let A be a Wnr — closed subset such that C,i,(A)\ A is ng - closed. Then C,i,(A) \ A isng - closed
subset of itself. Then by Theorem [3.9] C,i,(A) \ A =@. That implies C,ji,(A) = A. Hence A is n- regular closed set.

Converse of the theorem is false as seen from the following example.

EXAMPLE 3.13: Let X={p;,p2,ps} with GT n = { @,,{p.}.{p1p2}}. Here n- regular closed set are {X,{ps}} and
Wnr — closed ={X,{ps},{p1,p3}.{P2.ps}}. Let A ={ps}; A is both Wnr - closed and n- regular closed set, but C,i,(A)
\A=@.disnot ng - closed set.

COROLLARY 3.14: If a Wnr — closed subset A of a GTS (X,n) be such that C,i,(A) \ A is ng- closed, then A is
PS —regular.

PROOF: Every n- regular closed set is PS — regular [by theorem 16[1]]. Now by theorem [3.12] A is n- regular
closed. This implies A is PS —regular.

THEOREM 3.15: For every point x of a strong GTS X. X\ {x} is Wnr —closed or ng - open.

PROOF: Suppose X \ {x} is not ng - open. Then X is the only ng-open set containing X \ {x}. This implies C,, i,(X
\ {x}) € X. Hence X\ {x} is Wnr — closed.
REMARK 3.16: In GTS, ng - closed sets and Wnr — closed sets are independent.

EXAMPLE 3.17: Let X={pnp2ps} with GT n = { O.X {pt{pps}}. Then ng - closed =

{9, X {p2}{P1.p2}{p2ps}} and Wrr — closed = {@,X {pz}{Pps}.{P1.p2}.{P2ps}}. It is easy to verify that {p} is
Wnr — closed but not ng - closed set.

EXAMPLES.18:Let, X={p1,p2,ps}with GT n={3,X,{p1}}. Then ng-closed={B, X {p-}.{ps}.{p.p2}.{P2.ps}.{P1.P3}}
and Wnr — closed = {@,X,{p.}.{p:}.{p2ps}}. It is easy to see that {p;,p.} and {p1,ps} are ng - closed but not Wnr
— closed set.

THEOREM 3.19: If A isa Wnr — closed subset of GTS such that A € B € C,i,(A) then B is also Wnr — closed.

PROOF: Let U be a ng - open set in (X,n) such that B € U; Since A is Wnr — closed, C,i,(A) € U. Now, B €
C,iy(A) this implies C,iy(B) € C,iy(Cyiy(A)) € C,iy(A) € U. Thus C,i,(B) € U. Hence B is Wnr — closed.
Converse part of the theorem is not true as shown from the following example.

EXAMPLE 3.20:Let X={py,pzps ps} With GT n=1{0,{p2},{p1p2}}. Then Wnr-closed={X,{ps pa}, {p1psps}}. Now
consider, A = {psp.} and B = {p; ps p.}. Clearly A € B; Aand B are Wnr — closed. But B is not a subset of C,i,(A).

THEOREM 3.21: A subset A of a GTS X is Wnr — open if and only if F € i,C,(A); whenever FEA and F is ng -
closed.

PROOF: Let A be any Wnr — open. Then A®is Wnr — closed. Let F be ng - closed set contained in A. Then Fis a
ng - open set containing A°. Since A® is Wnr — closed; C,i,(A°) € F¢, This implies FS i,C, (A)
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Conversely, Suppose that F < i,C,(A); whenever F € A and F is ng - closed. Then F° is ng - open set containing A°
and F € i,C,(A). Thus C,(i,(A%)) € F*. THerefore A® is Wnr — closed. This implies A is Wnr — open.

THEOREM 3.22: If A & X is Wnr —closed then C,i,,(A) \ A is Wnr — closed.

PROOF: Suppose A is Wnr — closed and F € C,i,(A) \ A; where F is ng - closed subset of X. Then by theorem [3.9]
C.iy(A)\A=3,F =@. Hence F <[i,,C,(A)( C,i,(A) \ A)]. Then by theorem [3.19] C,i,(A)\ Ais Wnr — closed.

IV. WEAKLY I] - REGULAR CONTINUITY

DEFINITION 4.1. Let (X,n) and (Y,8) be generalized topological space’s. Then a mapping f:X—Y is said to be

(i) (1, Wnr-8) continuous if f~1 (U) isn —open in X for every Wnr — open set U of Y.
(il) ( Wnr-n, &) continuous if =1 (U) is Wnr — open in X for every & —open set U of Y.
(iii) (Wnr-n, Wnr-8) continuous if £~ (U) is Wnr —open in X for every Wnr —open set U of Y.

EXAMPLE 4.2: Let X = Y={p1,p,,pz} With GT n = {9, X, {p:1}, {p2ps}, {p1,p3}} and 6= { O, Y, {p:}, {p1.ps}}-

Then WﬂrO(Y) = {Q X1 {pl}l {pS}, {plvp?:}v {plva}}' A mapplng f: (X,I’])—) (Y,S) is defined by f(pl) = ps, f(pZ) =
p1, f(ps) = p1. Then fis (n, Wnr-8) continuous.

EXAMPLE 4.3: Let X ={p1,p2,p3} =Y with GT n= {0, X, {p2ps}, {pu.P2}} and 3= { B, Y, {p:}, {p-}, {p1.p2}}-

Then WnrO(X) = {@, X, {p2}, {p2.ps}, {P1.ps}, {Pr.p2}}. A mapping f: (X,n) — (Y,3) is defined by f(p1) = pa,
f(p2)=p2, f(ps) = po. Then fis (Wnr-n,d) continuous.

EXAMPLE 4.4: Let X =Y = {p;,p2,p3} With GT n= {3, X, {p1} {p1.p3}} and 6= { D, Y, {p1}}. Then WnrO(X)

= {@, x! {pl}: {p3}: {p11p3}l {pllpZ}} and WnrO(Y) = {Q, X, {pl}v {p11p3}1 {p11p2}}' A mapplng f (X9Il)_>(Y36) iS
defined by f(p1) = p2, f(p2) = p2, f(Ps) = p1. Then fis (Wnr-n, Wnr-8) continuous.

THEOREM 4.5: Every (1, Wnr-8) continuous function is (1,8) continuous.

PROOF : Letf: (X,n) — (Y.,9) be (n, Wnr-3) continuous. Let A be a 3 — open set in Y. We have every 6 — open set
is Wnr-6 — open. This implies A is Wnr- 8 — open. Since f is (), Wnr-8) continuous, £~ (4) is n — open. Therefore f
is (n,0) continuous.

Converse of the theorem is false as seen from the following example.

EXAMPLE 4.6: Let X =Y ={p1,pz,ps} with GT n= {9, X, {p1}, {p2:p3}: {p1.ps}} and 6 = { @,Y {p:}, {p1.p:}}-

Then WnrO(Y) = {@, X, {p}, {ps} {P1.ps}, {P1,p2}}. A mapping f: (X,n) — (Y.3) is defined by f(p1) = ps, f(p2)=Pps,
f(p3) = p1. Then fis (n,8) continuous but not (1, Wnr-8) continuous.

THEOREM 4.7: Every (1,0) continuous function is (Wnr-1,8) continuous.

PROOF : Let f: (X,n) — (Y,3) be (1,8) continuous. Let A be a & — open set in Y. Since f is (1,8) continuous,
f~1(A) is n — open and every n — open set is Wnr-n — open. This implies f~! (4) is Wnr-n — open. Hence f is
(Wnr-1,0) continuous.

Converse of the theorem is not true as seen from the following example.

EXAMPLE 4.8: Let X =Y = {pupaps} With GT 1= {0, X, {p:} {pups}} and & = { @, Y, {p.}}. Then
WnrO(X) = {3, X, {p:}, {ps}, {P1.ps}, {P1.p2}} A function f: X — Y is defined by f(p;) = pa, f(p2) = ps, f(ps) = p1.

Then fis (Wnr-n,8) continuous but not (11,0) continuous.

THEOREM 4.9: Every (Wnr-1,8) continuous function is (Wng-1,d) continuous.
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PROOF : Let f: (X,n) — (Y,0) be (Wnr-n,0) continuous. Let A be a 6 — open set in Y. Since f is (Wnr-n,d)
continuous. £~ (4) is Wnr-n — open. Also Every Wnr — open set is Wng — open. This implies £~ (4) is Wng-n —
open. Therefore f is (Wng-n,8) continuous.

Converse of the above theorem is false as seen from the following example.

EXAMPLE 4.10: Let X = {py,p2ps} = Y with GT n = {0, X, {p1}} and 6 = { @, Y, {p:}, {pnp:}}. Then

WnrO(X) = {@, X, {pa}, {P,Ps}, {P1.P2}} and WngO(X) = {3, X, {ps}, {ps}, {P2}, {P1,Ps}, {P1,p2}}. A mapping f:
X—Y is defined by f(p;) = ps, f(p2) = p1, f(ps) = p2. Then fis (Wng-n,d) continuous but not (Wnr-n,8) continuous.

THEOREM 4.11: If f:(X,n) — (Y,9) is (Wnr-n, Wnr-9) continuous and g: (Y,0) — (Z,€) is (8, Wnr-€) continuous.
Then gof : (X,;n) — (Z,£) is (Wnr-n, Wnr-€) continuous.

PROOF: Let U be Wnr-€ open in Z. Since g is (5, Wnr-£) continuous, g~ (U) is §- open in Y. Further, Every & —
open set is Wnr-6 — open. This implies g~ (U) is Wnr-8 — open in Y. Since f is (Wnr-n, Wnr-8) continuous,
f~1 (g~ (U)) is Wnr-n —open in X. Hence gof is (Wnr-n, Wnr-€) continuous.

THEOREM 4.12: Iff: X — Y is (Wnr-n,0) continuous and g: Y — Z is (3,€) continuous. Then gof : X — Z is
(Wnr-n,£) continuous.

PROOF: Let V be € — open set in Z. Since g is (5,£) continuous, g~ (V) is & — open in Y. Since f is ( Wnr-, &)
continuous, f~! (g1 (V)) is Wnr-n — open in X. Hence gof is (Wnr-1,€) continuous.

THEOREM 4.13: If f: (X,n) — (Y,9) is (1, Wng-9) continuous and g: (Y,8) — (Z,£) is (Wnr-9,f) continuous.
Then gof : (X,;n) — (Z,£) is (1,€) continuous.

PROOF: Let U be € — open in Z. Since g is (Wnr-3, €) continuous, g~* (U) is Wnr-8 —open in Y. We have every
Wnr-8 — open set is Wng-8 — open. This implies g~ (U) is Wng-8 — open in Y. Since f is (1, Wng-8) continuous,
f~1 (g~ (U)) ism —open in X. Therefore gof : (X,n)— (Z,£) is (1,£) continuous.

THEOREM 4.14: Iff: X — Y is (Wnr-n,Wnr-6) continuous and g: Y — Z is (Wnr-6,Wnr-€) continuous. Then
gof: X—Z is (Wnr-n, Wnr-€) continuous.

PROOF: Let V be Wnr-€ — open set in Z. Since g is (Wnr-8, Wnr-E) continuous, g~! (V) is Wnr-8 — open in .
Also fis ( Wnr-n, Wnr-8) continuous. This implies =1 (g~ (V)) is Wnr-n — open in X. Hence gof is (Wnr-n, Wnr-
€) continuous.

REMARK 4.15 : If f: (X,n) — (Y,d) is (Wnr-n, d) continuous and g: (Y,8) — (Z,£) is (Wnr-93, €) continuous. Then
gof: (X,n) — (Z,€) is not (Wnr-n,€) continuous.

EXAMPLE 4.16: Let X =Y = Z= {p,p2,ps} with GT n = {3, X, {p1} {p=}, {pu.p2}} and 6= { G, Y, {p:},
{pl:pS}} and € = {®> Z, {pl}l {pZ}l {plva}}~ Then ano(x) = {Qv X, {pl}! {p2}! {plapZ}} and WﬂrO(Y) = {@, Y!
{pi}, {ps}, {P1.ps}, {pP1.p2}}. Mapping £ (X,n) = (Y,d) is defined by f(p1) = p1, f(p2) = ps, f(ps) = p2 and g:(Y,9)
—(Z,£) is defined by g(p1) = p1, 9(P2) = P1, 9(ps) = p2. Then clearly fis (Wnr-n, 8) continuous and g is (Wnr-6, €)
continuous. But gof': (X,n) — (Z,€) isnot (Wnr-n,€) continuous

THEOREM 4.17 . If f: X = Y is (1, Wnr-3) continuous and g: Y — Z is (8, Wnr-£) continuous then gof : X — Z
is (1, Wnr-€) continuous.

PROOF: Let V be Wnr-€ — open set in Z. Since g is (5, Wnr-E) continuous, g~ (V) is 8 — open in Y. Also every &
— open set is Wnr-8 — open. Therefore g=' (V) is Wnr-8 — open in Y Since f is ( n, Wnr-8) continuous,
=1 (g~* (V) ism —open in X. Hence gof is (n, Wnr-€) continuous.

THEOREM 4.18: If f: (X,n) — (Y,9) is (Wnr-n, Wng-3) continuous and g: (Y,8) — (Z,£) is (Wnr-6, Wng-£)
continuous. Then gof : (X,n) — (Z,€) is (Wnr-n, Wng-€) continuous.
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PROOF: Let U be Wng-€ open in Z. Since g is (Wnr-8, Wng-€) continuous, g~ (U) is Wnr-6 — open in Y. We
have every Wnr-8 — open set is Wng-8 — open. This implies g~ (U) is Wng-6 — open in Y. Since f is (Wnr-n, Wng-
8) continuous, £~ (g~ (U)) is Wnr-n — open in X. Hence gof is (Wnr-, Wng-£) continuous.

THEOREM 4.19: If f: (X,n)—(Y,9) is (,06) continuous and g:(Y,0)—(Z,£) is (5,€) continuous. Then gof:(X,n)—
(Z,%) is (1,€) continuous.

PROOF: Let U be € — open in Z. Since g is (5,€) continuous, g~* (U) is 8- open in Y. Since f is (1,8) continuous,
=1 (g~ (U)) ism —open in X. Hence gof is (1,E) continuous.

V. Conclusions

In this paper, we have introduced the new class of sets namely weakly n-regular closed sets in generalized
topological spaces and discussed its basic properties. Further we have defined three types of continuous function
using weakly n-regular closed set and characterized them.
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