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Abstract — A dominating set D of G which is also a resolving set of G is called a metro dominating set. A metro
dominating set D of a graph G(V,E) is a unique metro dominating set (in short an UMD-set) if [N(v) N D|=1 for
each vertex v € V — D and the minimum cardinality of an UMD-set of G is the unique metro domination number
of G denoted by y,,3(G). In this paper, we determine unique metro domination number of P,graphs.

Keywords — Domination, metric dimension, metro domination, unique metro domination.

I. INTRODUCTION

All the graphs considered in this paper are simple, connected and undirected. The length of a shortest path between
two vertices u and v in a graph G is called the distance between u and v and is denoted by d(u, v). For a vertex
v of a graph, N (v) denote the set of all vertices adjacent to v and is called open neighborhood of v. Similarly, the
closed neighborhood of v is defined as N[v] = N(v) n {v}. Let G(V,E) be a graph. For each ordered subset
S ={v,,v,,vs,..,v} Of V, each vertex v €V can be associated with a vector of distances denoted by
T(v/S) = (d(vy,v),d(,, V), ...d(vy, v)). The set S is said to be a resolving set of G, if T'(v/S) # I'(u/S), for
every u,v € V —§. Aresolving set of minimum cardinality is a metric basis and cardinality of a metric basis is
the metric dimension of G. The k-tuple, T'(v/S) associated to the vertex v € V with respect to a metric basis S,
is referred as a code generated by S for that vertex v. If T'(v/S) = (¢, ¢, ..., Cx), then ¢y, ¢5, C3, ..., ¢ are called
components of the code of v generated by S and in particular ¢;, 1 < i < k, is called i*®-component of the code
of v generated by S.

A dominating set D of a graph G(V, E) is the subset of V having the property that for each vertex v € V — D,
there exists a vertex u € D such that uv is in E. A dominating set D of G which is also a resolving set of G is
called a metrodominating set. A metro dominating set D of a graph G(V,E) is a
unique metro dominating set (in short an UMD — set) if | N(v) n D | =1 for each vertex v € V — D and
the minimum of cardinalities of UMD-sets of G is the unique metro domination number of G denoted by
Yug (G)

Consider P,,n = 4. Join v; to v;,, and v;,5 for 1 < i < n — 3. The resulting graph is denoted by P3.

Lemma 1: For any positive integer n, y,3(B3) > [g]
Proof: A vertex v; dominates seven vertices v;, v;_1, Vi_3, Vi_3, Vi4+1, Vis2, Vi+3- Therefore, if D is a minimal
dominating set then | D | > g Hence we have y(B3)> [%].

End vertex v, of B3 can dominate only 4 vertices v,, v,, v; and v,. As we have to minimize | D |, we include v,
in D, which dominates vy, v,, V3, V4, Vs, Vg and v,.

Lemma 2: Forn = 7k, y(B}) = [g]

Proof: When k = 1, v, dominates all vertices of P3 = 1. Hence y(B3) = 1.

Let n=7k. Then D = {174, V11, V18, ...,v7k_3} and | D |= k. When n = 7(k + 1)7 take D' =D U {U7k+4}-
Observe that | D’ |= k + 1 and D'dominates all vertices.

From Lemmal, we have y(P3,.)) = [@] =k+1,and | D' |=k+ 1. Therefore we conclude that
¥(Ps1)) = k + 1. Thus by induction y(P3) = k = [g].

. _ 3y 1, — |1
Lemma 3: Ifn = 7k, then y,z(P}) =k = H
Proof: In B3, consider any v; and vy, ,j = 4 in D. Vertex v; dominates v;_s, vj_,, Vj_1, Vj+1, Vj42, Vj4+3. Vertex
Vj7 dOMinates vj4, Vs, Vjres Vj+ss Vo aNd V4 1. These vertices are uniquely dominated by v; and v;,.,. The
vertices vy, v, and v4 are uniquely dominated by v,. The vertex vy, v;,_; and v,,_, are uniquely dominated
by v7x_3.
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If j > i+ 14, then d(v;,v;) = [T]'d(vi”’ v;) = [T] and d(vi414,v;) = [T] Hence if j = 3k and
j > i + 14 then d(Ul', Uj—l) = d(vl‘, 17}) = d(Ui,Uj+1),WhereaS d(vi+7, 'U]) = d(vi+7 ,Uj+1):d(vi+7, 17]'+2) and
d(Vis1a:Vjs1) = A(Visr14, Vjs2) = d(Vis7, vj43). Hence codes generated by vy, vy, viy1q O V), j > i+ 14 are
all distinct and therefore {v;, v;,7, V;114 } resolves them. Now take j = 3k, i <j <i+7.

Observe that d(vi, 'U}'_l) = d(vi,vj) = d(vi, Uj+1), d(vi+7,vj_1) = d(vi+7,v]-) = d(vi+7, vj+1) and
d(Vis14 V) = d(Vip1a Vjr1) = d(Vis1a Vjs2). Hence codes generated by {v;, vy, Viy14} t0 v; and vj,, is the
same. Observe that if 7 < i + 21 then d(v;,,q,,v,) = [”2314]. Hence d(viy21,v;) # d(Vita1,j41)- Therefore
{Vi, Vis7, Vis1a, Viz1} TESOIVES v, § < j < i+ 7. Similarly we observe that codes generated by {v;, v;17, Vi114}
to v; and vy, where i+7<j=3k<i+14 are same. But d(vis21,v;) # d(Vis21,vj41). Hence
{Vi, Vis7, Vis1a, Viza1} resolves all vertices v;,j > i. When i = 4, the codes generated by {v,, v11, V15, V25} t0
vy, U, V3 are (1,4,6,8),(1,3,6,8),(1,3,5,8) and hence {v,, v14, 15, V25}  resolves all vertices of B3. Therefore to
resolve all vertices of B3 we take n = 22. We observe that D={v,, V11, V1g, ..., V7x—3, V7ks4} IS @ UMD set.
Therefore y,5(B3) = k = [g]

Whenn =7k+ 1,7k + 2,7k + 3 and 7k + 4, D = {v4, Vg, V5, .-, V7k—6» V7ie41) IS @ UMD set.

When n= 7k + 5, 7k + 6 we have D= {v4_, V11, vlg, vy Ugp_3, U7k+4_} iS a UMD set.

Therefore y,5(P?) =k + 1. Inall thesecases | D |=k +1 = [g].Thus we obtain that y,z(P?) = [g],Vn > 22.
If n < 22, then we observe that y,z (B3) = n. Hence we have

1. CONCLUSION

[g], forn > 22.

Theorem 1. y,3(P}) = {
n, forn <22
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