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Abstract

A graph G with p vertices and q edges is called a harmonic mean graph if it is possible to label the

vertixnodes XeV with distinct labels f(x) from {1,2,.....g+1} in such a way that each edge ¢ = uv is

labeled with f(uv) = [%] (or) l%ﬁhen the edge labels are distinct. In this case f is called

Harmonic mean labeling of G. In this paper we prove that some families of graphs such as zig-zag

triangle of
Z (T,)O K1,Z(T,)OK,; , Z(T,)O K,,are harmonic mean graphs.
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Introduction
Let G=(V,E) be a (p,q) graph with p = |V(G)| vertices and q =|E(G)| edges, where V(G)

and E(G) respectively denote the vertex set and edge set of the graph G. In this paper, we refer
the graphs which are simple, finite and undirected. Harary’s graph theory used for theoretic
terminology and notations [3].

The concept of graph labeling was introduced by Rosa in 1967. A detailed survey of
graph labeling is available in Gallian[2]. S.Somasundaram, R.Ponraj and S.S.Sandhya were
introduced the concept of harmonic mean labeling of graphs. They investigated the existence of
harmonic mean labeling of several family of graphs studied by several authors. We have proved
Harmonic mean labeling of subdivision graphs such as P,OK;, P,OK,, H-graph, crown,
C,OK,,C, OK,, quadrilateral snake, Triangular snake and also proved Harmonic mean labeling
of some graphs such as Triple triangular snake T(T,,), Alternate Triple triangular snake A[T(T,,)], Triple

quadrilateral snake T(Q,), Alternate Triple quadrilateral snake A[T(Q,)], Twig graph T(n), balloon
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triangular snake T,(C,,), and key graph Ky(m,n),[6,7]. The following definitions are useful for the
present investigation.

Notations:

|x] — Largest integer less than or equal to x.

Definition: 1.1 [8]
A Graph G = (V, E) with p points and g lines is called a Harmonic mean graph if it is

possible to label the pointsv €V with distinct labels f(v) from {1,2,...,q+1} in such a way that

when each line e = uv is labeled with f(uv) = [% (or) [%

edge labels are distinct. In this case f is called Harmonic mean labeling of G.
Definition:1.2 [4]
Let G be the graph obtained from the path B, = x,X,,...x, adding a new vertex point

J then the resulting

Y1,¥2, --¥n and new edge |Iney1X2 ,yan_l;XiyifOF 1S i < n,YiXi—1.YiXi+1»

for2< i < n-1.The resultant graph is called zig-zag triangle Z (T,).

In this paper we prove that zig-zag triangle Z (T,))O K;, Z(T,)OK, , Z(T,)O K,,are harmonic
mean graphs.
I1. Harmonic mean labeling of graphs

Theorem:2.1

The zig-zag triangle Z (T,,) © K;is a harmonic mean graph.
Proof:

Let x4, X, ..., X, be the vertices of the path B, and let G= Z (T;,) be the zig-zag triangle
graph.

Let V (G)={x;y;/1<i<n}and

EG) ={yixi—1, yixis1 12 i < n-1} U {yx; [ 1< i < n} U {y1 20, 9n %01 }

Let u;,v; and s; be the pendent vertices attached at zig-zag triangle Z (T,).

Define a function f: V(G) - {1,2,...,q + 1} by
f(x1) = 4
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f(x{)= 6i-3 for 3<i<n if 1 isodd
f(x) = 6i-3 for 2<i<n if iis even.
fo) =1
) = 61-4 for 4<i<n if i iseven.
fon) =2
f) = 6i-5 for 3<i<n if 1 isodd.
f(u1) =5
fw) = 12i-10 for 2<i <[4
f(s1) = 6
f(s) = 12i-7 for 2<i< |4
f(v1) =1
fv) = 12i-12 for 2<i<[Y]
f(t) = 11
f&) = 12i-2 for 2<i< Y]
Then the resulting edge labels are distinct.
f(x1xz) =6
f(xis1Xi42) = 6i+6 for 2<i<n-1 if iiseven.
f(xis1Xi42) = 6i+6 for 1<i<n-1 if i isodd.
f(xiuy ) = 4
f(xiu%> - 6i-3 for 3<i<n if i is odd.
f(sl-z yl-) = 6i-5 for 2<i<n-1 if iiseven.
f(xivie) = 6i-1 for 1I<i<n-2 if iisodd.
f(y2x3) =9
fyixis) = 6i-1 for 4<i<n if iiseven.
flyixy) = 6i-4 for 2<i<n-1 if i iseven.
fCeiv) = 6i-4 for 1<i<n if i isodd.
f(x2t1) = 10
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f (x@) = 6i-3 for 4<i<n-1  if i iseven.
2

f(ixz) =3

f(yl-xiﬂ) = 6i-2 for 3<i<n-2 if 1isodd.
f(x2y3) =1

fFyivt) = 6i-2 for 4<i<n-1 if i iseven.
fiyr) =1

f (vﬂym) = 6i+l for 2<i<n if i iseven.

2

Thus f provides a harmonic mean labeling of graph G.Hence G is a harmonic mean graph.
Example:2.1.1
A harmonic mean labeling of zig —zag triangle Z (T;1)© Kjis given in fig 2.1.1

6 17 20 a1 53
- - - -
5 14 26 as 50
- - - - - -
7 20 a2 aa 56,
a o 5 21 / 33 9 a5 51/ 57
24 13 25 2 ag
- - - - -
11 22 2a a6 ts
- - - -l -

fig 2.1.1

Theorem:2.2

The zig-zag triangle Z( T,,) ©K,is a harmonic mean graph.
Proof:

Let x4, Xy, ..., X, b€ the vertices of the path P, and let G= Z (T,,) be the zig-zag triangle
graph.

Let V (G)={x;y;/1<i<n}and

EG) ={yixi—1, yixis1 12 i < n-1} U {yx; [ 1< i < n} U {y120,9n %01 T
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Let u;,v; be the vertices of K, which are joined to the vertex x;of the path p,if i is odd

and let p;,q; be the vertices of K, which are joined to the vertex x;of the path p,,if i is even.

Let z;,t;be the vertices of K, which are joined to the vertex y;of the triangleif i is even

and let r; , s;be the vertices of K, which are joined to the vertex y;of the triangle if i is odd.
Define a function f: V(G) - {1,2,...,q + 1} by

f(x1)
f(x)
f(x2)
f(x)
fn)
f)
f2)
f)
f(u)
f(u2)

f ()
f1)
f)
f(z1)
f(z)
f(t1)
f(&)
f (1)
f )
f(q1)
f(a)

f(r)
f(r2)

5
8i-4
15
8i-5

8i-3

13

8i-6

19
16i-16

16i-15

16i-3

10

16i-1

16i-8

16i-7

11

for 3<i<n

for

for

for

for

for

for

for

for

for

2<i <

2<i <

2<i <

SE

SE

SE

SIE

NE

NE

i is odd

i iS even

i is odd

i iS even
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far) = 16i-14 for 3<i< [}
f(s1) =1
f(sz) = 12
f(s) = 16i-13 for 3<i< 4|
Then the resulting edge labels are distinct.
fx1xy) =7
f(xipaxia) = 8i+7 for 2<i<n-3 if
f(xax3) = 17
f(xipaxiz) = 8i+7 for 3<i<n-2 if
f(xiuq) =5
f(xsuy) = 20
f(xiu%> = 8i-7 for 5<i<n if
f(xqvy) =6
f(x3v2) = 19
f <xiv%> - 8i-6 for 5<i<n if
f(x1y2) =8
fxyivt) = 8i-2 for 3<i<n-2 if
f(r2x2) = 13
fQyix;) = 8i-5 for 4<i<n-1 if
f(y2x3) = 16
fyixis) = 8i-2 for 4<i<n-1 if
f(z1y2) =1
f (z%yl) - 8i-4 for 4<i<n-1 if
f(tiy2) = 12
f (t%-yl) - 8i-3 for 4<i<n-1 if
f(x1y1) =3
fCeiv) = 8i-3 for 3<i<n if

i iseven.

i isodd.

i isodd.

i isodd.

i isodd.

i iseven.

i iseven.

i iseven.

i iseven.

i isodd .
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f(nxz) = 4
fyixip1) = 8ifor 3<i<n-2 if i isodd.
f(x2y3) = 18
fyiz) = 8i for 4<i<n-1 if i is even.
f(xl-pi) = 8i-7 for 2<i<n-1  if iis even.
2
f(xl-qi) = 8i-6 for 2<i<n-1 if i is even.
2
fnr) = 2
f(yarz) = 14
f(yi@> = 8i-5 for 5<i<nif i isodd.
2
f(1s1) =1
f(y3s2) = 15
f(yisi> - 8i4 for 5<i<nif i isodd
2

Thus f provides a harmonic mean labeling of graph G.Hence G is a harmonic mean graph.

Example:2.2.1

A harmonic mean labeling of zig —zag triangle Z( T,;)©OK, is given in fig 2.2.1

9 10 29 31 45 A7 61 63 7 79
4 6 13 19 17 26 32' 33 a2 A8 459 58 64 65 74
5 . 15 0 27 36 43 L52 59 ; [5t:3 ?5
3 7 8 21 24 25 37 A0 41 53 56 57 69 72 73
2 1 11 12 34 35 50 51 66 67 82
fig 2.2.1
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Theorem:2.3

The zig-zag triangle Z( T,,)© K;is a harmonic mean graph.
Proof:

Let x4, Xy, ..., X,be the vertices of the path B, and let G=Z (T,,) be the zig-zag triangle
graph.

Let V(G)={xy;/1<i<n}and

EG) ={ixi—1, yixis1 12 i < n-1} U {yx; [ 1< i < n} U {yixg,yn X1 T

Let u;,v; be the vertices of K,which are joined to the vertex x;of the path p,if i is odd
and let p;,q; be the vertices of K,which are joined to the vertex x;of the path p,if i is even.

Let z;,t;be the vertices of K,which are joined to the vertex y;of the triangleif i is even
and let r; , s;be the vertices of K,which are joined to the vertex y;of the triangle if i is odd.

Define a function f: V(G) - {1,2,...,q + 1} by

f(x1) = 6

flx) = 15

f(x) = 10i-3 for 3<i<n

f(v) = 5

fw) = 20i16 for 2<i <[4

fwy) =10

fw) = 20i-14 for 2<i <[4

f) = 4

f) = 10i-7 for 3<i<n if 1is odd
f(y2) = 20

) = 10i-9 for 4<i<n-1 if 1is even
fu) = 13

fw) = 20010 for 2<i< |

fz) = 20i-6 for 1<i< |t

f(p1) =1

f) = 20i5 for 2<i< |t

f(q1) = 12
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flqg) = 20i4 for 2<i< ||

f(r) =2

fer) = 20i-21 for 2<i<[Y]

f(s1) =1

f(s) = 20i-18 for 2<i<[Y]
Then the resulting edge labels are distinct.

faxy) =9
f(xip1xi42) = 10i+11 for 2<i<n-3 if iiseven.
f(xax3) = 19
f(xip1x42) = 10i+12 for 3<i<n-2 if iisodd.
f(x1v1) =5
f<xiv%> - 10i-4 for 3<i<n it i isodd.
fxawy) = 8
f(xiw%> - 10i-3 for 3<i<n if i isodd.
f(viwy ) =7
Flow,) = 20i-15 for 2<i<|[Y]
f(x1y2) = 10
fxyivt) = 10i-2 for 3<i<n-2 if i isodd.
f(r2x2) = 17
fQyix;) = 10i-6 for 4<i<n-1 if i iseven.
f(y2x3) = 23
f(yixiy1) = 10i-2 for 4<i<n-1 if i iseven.
fuyz) = 15
f(u%-yi) = 10i-10 for 4<i<n if i iseven.
f(z1y2) = 16
f(z%yi) = 10i-7 for 4<i<n if i iseven.
fuzy) = 14
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Fuz) = 20i-8 for 2<i< |4

fayr) =4

fleiv) = 10i-6 for 3<i<n if i is odd.

frixz) = 6

fFixiz1) = 10i-1 for 3<i<n-2 if i is odd.
f(x23) = 18
f(xyis1) = 10i-1 for 4<i<n-1 if 1is even.
f(x2p1) = 12

f<x2p%-) = 10i-4 for 4<i<n-1 it i iseven.
f(x2q1) = 13

f<xl-q%-> = 10i-3 for 4<i<n-1 if i iseven

f(P1a1) = 11

F(piq) = 20i-5 for 2<i <[4

fOnm) =3

f(yir%> - 10i-9 for 3<i<n if i isodd.

f(151) =1

f(ys3s2) = 22

f(yis%> = 10i-7 for 5<i<n if i isodd.
f(ris1) =2

Fris) = 20i-20 for 2<i<[t]

Thus f provides a harmonic mean labeling of graph G.Hence G is a harmonic mean graph.

Example:2.3.1
A harmonic mean labeling of zig —zag triangle Z( T;1)© K, is given in fig 2.4.1
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Conclusion:

We have presented a few new results on Harmonic mean labeling of certain classes of graphs

like the zig-zag triangle Z (T,,)O© K,,Z(T,,))OK, , Z(T,)® K,. Analogous work can be carried

out for other families and in the context of different types of graph labeling technique.
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