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Abstract - This paper considers M;, M,/G,,G,/1 general retrial queueing system with non-pre-emptive priority
services. The server serves two type of units subject to modified Bernoulli vacation. After completing the service, if
there are no high priority units present in the system then the server may go for a vacation. The high priority unit who
find the server busy are queued in the system and the low priority unit finds the server busy, they are routed to a retrial
queue that attempts to get the service. The system may become defective at any point of time when it is in operation and
does not sent for repair immediately. The remaining service will be given to the unit after that only the server go for
repair station. After completing the repair and vacation if there is no high priority unit then the server becomes idle.
The low priority unit renege the orbit during server’s busy and unavailable periods. Using the supplementary variable
technique, the steady-state distributions of the server state and stability condition are obtained.

Keywords - Priority Queueing Systems, Working Breakdown, modified Bernoulli Vacation, Retrial, Repair,
Reneging.

I. INTRODUCTION

Retrial phenomenon naturally arises in various systems such as call centers, cellular networks and random access
protocols in local area networks. Phung-Duc, T. [7] gives a comprehensive survey on theory and applications of
retrial queues. Queues including impatient units have been dragged the notice of many authors and we see notable
participation by numerous researchers in this area. The important works on impatient behaviour of the units was
studied by Cheng-Dar Liou [2]. Dong-Yuh Yang and Ying-Yi Wu [3] analyzed customer’s impatience behaviour
with server vacations. In this paper, the low priority units renege the orbit during the server’s busy and unavailable
periods.

Studying queueing models with server breakdown, it is generally assumed that the server stops service when the server
getting breakdown. However, in most of the models considered so far of queueing systems with server breakdowns,
the underlying assumption has been that a server breakdown disrupts the service completely in the system. Kalidass
and Kasturi [5] introduced the working breakdown policy, in which the server works at a lower service rate rather than
stopping service during the breakdown period. In this policy the service can decrease complaints from the units who
should wait for the server to be, repaired and reduces the cost of waiting units. Therefore, the working breakdown
service is a more reasonable repair policy for unreliable queueing systems. Tao Li and Liyuan Zhang [8] and Zaiming
liu and Yang Song [9] describes more about working breakdowns. Bo Keun Kim and Doo Ho Lee [1] studied the
M/G/1 queueing system with disasters and working breakdowns.

In manufacturing systems based on the needs, the works are categorized and we give the preference as high and low
priority one. Here, the correct assignment of work will reduce the time consumption and cost management in the
service system. Kailash C. Madan [4] studied a non-preemptive priority queueing system with a single server serving
two queues. Boutarfa L and Djellab L studied the performance of the M;, M,/G,, G, /1 retrial queue with pre-emptive
resume policy [6].

This paper considers M;, M,/G,,G,/1 general retrial queueing system with priority services. Two different sort of
units arrive at the system in two independent Poisson processes. Under the non-pre-emptive priority rule, the server
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providing general service to the arriving unit. Here, we propose a retrial queueing model with the additional
characteristics of server’s working breakdown, repair and reneging. Arriving high priority unit who find the server
busy are queued and then are served in accordance with FCFS discipline. But the arriving low priority unit on finding
the server busy cannot be queued and join the orbit as a retrial unit. After completing the service, if there are no high
priority units present in the system then the server may go for a vacation. The system may become defective at any
point of time when it is in operation due to normal breakdown. However, when the system is defective, it does not sent
for repair immediately. The remaining service will be given to the interrupted unit. After that only the server go for
repair station. After completing the repair and vacation if there is no high priority unit then the server becomes idle.
We consider reneging to occur at the low priority unit while the server’s busy and unavailable periods.

The remaining content of the paper is structured as follows: Section 2 provides a mathematical description of the
model and governing equations of the model are formulated. The steady-state solutions of the system and conclusion
are provided in sections 3 and 4 sequentially.

Il. MODEL DESCRIPTION

We analyze an unreliable server in a retrial queueing model with two sort of units. The basic operation of the model
can be described as follows.

Two class of units arrive at the system in two independent Poisson processes with arrival rate 4,(> 0) and 1,(> 0)
respectively. The high priority unit who find the server busy are queued in the system and the low priority unit find the
server busy, they are routed to a retrial queue and follow constant retrial policy that tries to get the service. The retrial
time is generally distributed with distribution function I(s) and the density function i(s).

After completing the service of all high priority units and every service completion of low priority unit the server may
demand a vacation with probability 8 or becomes idle. Vacation time is generally distributed with distribution
function V(s) and the density function v(s) respectively .

During the busy period, the server may become inactive due to normal breakdown with breakdown rate «a, which is
exponentially distributed. At the moment of breakdown, the unit who is in service will get the service continuously at
a lower service rate which is known as working breakdown. After that the repair process starts so as to regain its
functionality. The working breakdown time and repair time are generally distributed with distribution functions W (s)
and R(s) and the density functions w(s) and r(s) respectively.

If the server is busy or unavailable in the system, the low priority unit may renege the orbit exponentially with rate ¢£.
After completing vacation and repair if there is no high priority unit present in the system then the server becomes idle.
Several stochastic processes associated in the system are independent of each other.

Let u;(x)dx, i =1,2,3, n(x) dx, f(x) dx and y(x) dx be the conditional probability of completion rate of the
service period of the high and low priority unit, working breakdown service, retrial period, vacation period, and repair
period given that the elapsed time is X.

Also, u;(x)dx = ABi(x) 1, 2, 3, n(x)dx = dar(x) B(x)dx = av(x)

1-B;(x)’ 1-1(x)’ 1-V(x)'
differential (hazard rate) functions of B;(.), I(.), V(.) and R(.) respectively.

_ dR(x) .
and y(x)dx = RGO are the first order

STATE OF THE SYSTEM

We get the probability generating function of the joint distribution of the state of the server including the number in the
system by using 1°(t), BY(t), BY(t) and B2(t) are the elapsed retrial time and service time of the high and low
priority units at time t respectively. Also VO(t) and RO(t) are the elapsed vacation time and elapsed repair time of
the server as supplementary variables at time t respectively. Assuming that the system is empty initially. N;(t) and
N, (t) denotes the number of units in the queue (high priority units) and the orbit (low priority units) respectively and
Y (t) be the state of the server at time t,

ISSN: 2231-5373 http://www.ijmttjournal.org Page 107



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 66 Issue 4 - April 2020

if the server is in idle state;

if the server is in retrial state;

if the server is busy with high priority unit;
if the server is busy with low priority unit;
if the server is on vacation;

if the server is on working breakown state;
if the server is on repair process.

Y(®)= 4

Ol WN PO

For the Markov process {Y(t);t = 0} defined the probability as,
Too(s,t) = Pr{Y(t) = 0,Ny(t) = 0, N,(t) = 0},

and the probability densities are,
Lo, (x,s,)dx = PriY () = 1,Ny(t) = 0,N,(t) = ky},k, =0
Pro, (6,5, )dx = Pr{Y(t) = 2,x < BY(t) < x + do, Ny (£) = ky, Ny (£) = kp}, ko ky 2 0,
P, (6,5, )dx = Pr{Y(t) = 3,x < BY(t) < x + do, Ny (£) = ky, No(£) = kp}, ko, ky = 0,
Vkl’kz (x,s,t)dx = Pr{Y(t) = 4,x <VO(t) < x + dx, N, (t) = ki, N, (t) = kp}, ky, ky =0,
Wkl‘kz (x,s,t)dx = Pr{Y(t) = 5,x < BY(t) < x + dx, N;(t) = ky, N, (t) = k,}, ki, k; =0,
Ekl,kz (x,s,t)dx = Pr{Y(t) = 6,x < R°(t) < x + dx, N;(t) = ky, N, (t) = k,}, ki, k; =0,

Further it is assumed that,
P (0) = B, (0) = Vi, 1, (0) = Wi, 1, (0) = Ry, 1, (0) = I, (0) = 0; key, kp = 0 and I (0) = 1.

k1.kz k1.k2
EQUATIONS GOVERNING THE SYSTEM

The Kolmogorov differential-difference equations for the preceding model:

%+ aa_x + A+ a+ &+ ))BD, (60 = (1= 8)M B, (1 D)
+ (1= Sor )z B, 1 (6 t) + R, () kaky > 0,
Gt 24 A+ Ay +a+§+ (0P, (18) = (1= 6, ) P, (0 1)
+ (1= Sor )z B (6, t) + R, L () kyky > 0,
Gt ot 2y 2 + €+ BV, 08 = (1= 1,002 Viey -1, (%, 1)
+ (1 = Sory) A2 Viep iy —1 (6, 8) + §Vi ey (X, 8); k1, by = 0,
(G = A+ A + €+ VORy iy (06 8) = (1= 1,001 Riey 1,40, (4, £)
+ (1 = Goky) A2 Ricyey—1 (%, 1) + ERy go,r1(x,8); Ky ky = 0,
(Gt Ay + A+ § + 13C0IWi e, (68) = (1 = 8,00 Wi -1, (1, £)
+ (1 = Bory) A2 Wiy -1 (%, 8) + EWie ey 41 (%, 8); by ky = 0,
G+ A+ ADloo(®) = i Roo( ) y()dx + J)” Voo(x,t) B(x)dx
+(1 = 0){f,” PooCx, 6) ma(x)dx + [)7 PEo(x,£) o (x)dxc},
Gt Ay + Ay + 000 Mo, (00 = 05 ey = 1,

with the boundary conditions

Loy, (0,6) = [, Roje, (6, ) y()dx + [ Vo, (x, £) B(x)dlx
+(1 = D[ Pox,(x. ) pu(x)dx + [ PEy, (x,6) pp (x)dx},

Peyi, (0,6) = JO P, (6 0) p (0)dx + JO P&, (8 iy (x)dx

)

)

3)

(4)

()

(6)
()

(8)
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+Jy Ri 1k, (6 0 )X + [ Vi 14, (6, 0) B0 fey Ky 2 0, )
PR (0,8) = J)° Iojey 1. (6, 0) n(2)dX + Ayl (x,8); Ky = 0, (10)
Voie, (0,8) = 0[5 Py, (e, ) (x)dix + f” P (6, Opp () by 2 0, (12)
Wiy 0,8 = aff,” PO, (e, )@ dx + [ BE, (x,)dx}; Ky ky 2 0, (12)
Ricyiey (0,8) = [° Wi, e, (x, ) 13 (x)dla; Ky kep = 0. (13)

The Probability Generating Function (PGF) of this model:

_ k _ k1 _ko p(2)
IO(x! ZZI t) - Zl?;zl ZZZIO,kz (x! t)l P(Z)(x’ ZlJZZ! t) - Z?lzo Zl?;:o Z1 1Z22Pk1_k2 (x! t)!
ky k _ ky k2 p(1)
R(x' Z1,Z3, t) = Z,!iol=0 Z;;:O Z11222Rk1,k2 (x’ t): P(l)(x’ Zy,2Zp, t) - Z};.olzo Z]L:cozzo Z11222Pk1,k2 (x; t)!

ki _k ki _k
W (x,21,22,1) = Xigy=0 Licy=0 21 23 Wiy o, 1) V(X, 21,25, ) = X 0 Liey=0 21 23 Viey o (X, 1),
and 10’0 = 1

Taking Laplace transform for the equations (1) - (13) and applying probability generating function for the equations

we get,
a 1 =@
G+l -—z]+ L1 -z]+a+ (1 —2) +mG)DIP (x,5,21,2,) =0, (14)
ox Zy
a —(2)
Grt Gl =zl + L -zl +a+E0- D) +p@NP (0s,2,2) =0, (15)
a p—
ot S+ M=z + A1 -2z + Q- D)+ BNV (x,5,2,2,) =0, (16)
ox Zy
(ot (s + ML= 2] + A [1 = 2] + £ = 1)+ us I (x,5,21,2) =0, (17)
ot (s +M[1— 2] + A[1 — 2] + €1 — i) +y(OWV(x,5,21,2,) =0, (18)
a —
{5 +(s+ A4+, +n(x)}H(x,s,2,) =0. (19)
Solving equations from (14) to (19),
Y (x,8,21,2;) = ﬁ(l)(O, s, 7y, zz)e{_“’l(s'zl'“)x—f;”1(t)dt}, (20)
ﬁ(z)(x, S,21,2,) = ﬁ(()z)((), s, Zz)e{—wl(s.ZLZz)x—f;C p2(D)dt} (21)
V(x,s,21,2,) = V(0,s, zz)e{_"’3(s'zl'22)x_f:B(t)dt}, (22)
W(x,s,2,,2,) = W(0,s,z,, ZZ)e{—wz(S.Zl.Zz)x—f:lts(t)dt}, (23)
R(x,s,21,2,) = R(0, s, 2y, 2,) e " 92(7022)x=Jg B®)AL) (24)
_ _ X
To(x,s,25) = 15(0, s, zy)e " P@)x=lo n(O)dt}, (25)

Integrating equations (20) to (25), by parts with respect to x yields,

P (s, 21,7) = P05, 21, ) A, (26)
P (s,20,2,) = Py (0,5, 7 [ oeiaenl @7
V(s,21,2,) = Vo0,5,2,) ezl (28)
W(s,21,2) = W(0,5,2,,2,) Falbeauinly, (29)
R(s,71,2,) = R(0,5,2:, 7,) [l (30)
Io(s,2) = 15(0,5,2) [%] (31)

Multiplying equations from (20) to (25) by, u,(x), u,(x), B(x), pusz(x), y(x) and n(x) respectively and
integrating with respect to x, we get,
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where,
p(a,s)=s

12 PP 05,2020 i () dx = P(0,5,21, 2,) By 04 (5,21, 2],
12 PP 05,20, 2) mo(0)dx = Py (0,5,2,)Bo[01 (5. 21, 2,)],
Iy V(x,5,21,25) BOO)dx = Vo (0,5, 2)V[92(5, 21, 22)],

fom W (x,s,21,2;) s (x)dx = W (0,5, 2, 2;) B3 [95(5, 21, 2,)],
fom R(x,5,21,2,) Y(x)dx = R(0, 5,21, 2,)R[02(5, 21, 7)),

Iy ToCx,s,2) = 10(0,5,2) I[(a, 5)].

+),1 +).2, (pl(S,Zl,Zz) =S +/11[1 _Zl] +/12[1 _Z2] + a‘l"f[l _l],

Z2

1
©2(8,21,22) = s+ 4[1—z1] + A,[1 — z,] +§[1 _Z]'

Simplifying

—Q1
a{P( )(0, S, 24,23) [

the boundary conditions we can get,
—(1) = —(1) - —(1)

7P 7(0,s,2,25) =(2L§1[‘P1 (s,21,22)IP (0, s, 21'222 ;" Mzilo(x,s,2,) — Py (0,5,2;)
— — — —(1 —

Xf1[<ﬂ1(5: Zz)]_"‘ Py (0, Zz)Bz_[‘P1(5'Z1'Zz_)] — Py (0,5,22) B[94 (5, 25) ]

+1i(0' S,Zy, Zz)R_[<P2 (s,21,22)] — }io(o' s, Zz)li[‘Pz (s,22)] +

X V(0,s,21,2)V[92(5, 21, 22)] = Vo (0,5, 2)V[02(s, 22)],

15(0,5,2) = 1= (s + A1 + )o0(s) + [, Vo(x,5,2)B(x)dx + [ Ro(x, s, 2,)y (x)dx
+(1 = )" Pox, s, z)uy ()dx + ;7 Po (x5, 2y () ey 2 1,

=2 < - 1-1[¢(a,
2Py (0,5,2) = 1o(0,5,2)[1[0(a,9)] + Loz, [ 2]

_ —(1) — —(2) =

V(0,5s,21,2;) = 0{P "(0,5,2,)B1[91(5,2,)] + Py "(0,5,2)B,[92(s,2,)]},

_ (1 _7 —(2 —_

Wo(0,5,21,2) = afP (0, 5,2, z) o162 520 ¢ 7 2 VB, (0, (5,21, 2)1]),

_ ®1(5.21,22)
R(0,s,24,2,) =

—B1[@1(5.21,22)]]

@1(5,21,22)

@) —= —=
P 7(0,s,21,23) B2 [02(S, 21, 22) 13B3[ 902 (S, 21, Z2) |-

By applying Rouche’s theorem on (38), we get,
—(1) —
PO (O'S'ZZ)Bl[(pl(S'ZZ)] =

219(22)1o (X‘S‘Zz)"'ﬁ(()Z) (0,5,22){B2[91(5.9(22))]-B2[@1(5,22)]

1-B3[@1(s.9(z2)= R
+am33[(P1(S,g(zz))]R[<P2(5'g (z2))]

-2 B2l 022G (5,2) IRl (5:22)1+ 6B [01(5.22)]

U x[Vps(5.9@2))]~Vipa(s,z2)Il} )

By substituting (44)

—(1)
P 7(0,5,24,2;) =

B1[91(5,22)[{1-0V[p2(5.9 (22))]+6V[@2(s5,22)]}+a
XB3[@1(5,22)IR[02(5.22)]

1-B3[@1(522)])"
P1(s.22)

in required equations we get,

M FROI(T, (5.21,22) 0 (5:22,22) (1~(5+ 21 +A2)To 0 (51}
1—70(0,5,22)
_ ACR) _ _
XC6(5,21,22)—§(5,21,22){ 5 (5.21,22) —, (5,21,22)§ 5 (5,21,22)]

+, (5,21,22)33 (5,21,22) 40, (5,21,22)0 4 (5.21,22)}

{ o221 2D 5 B g1 (5.21.22)] } '

+P5(0,5.22) (Ml 11Z5(5,21,22)85(5,21,22)+3 5 (5.21,22)

_B 21,29)]— —
~aEUOL I G, (¢, (5,21.2) R (02 (521.22)))

(32)
(33)
(34)
(35)
(36)
(37)

(38)

(39)
(40)

(41)
(42)

(43)

(44)

(45)
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{ (1—(s+al+Az>70,o(s)){i(suzl.zﬂ}

(T (@8)1+ 2222 T 1)

=@

Po (0,5,2,) = - Lol , (46)
[ 2C6z12)- Mg P eE T (521,200}
{I ~(03(521,22))05(5.21,22) 40,4 (5.21,22)0 6 (5.71,72)} I}
l )

-lle@sly,

x{lp(a9)+A2z2l—, 05

I (1—(s+/11+/12>70,o(s))?4(s.zl,zZ>+?§2)(o,s.zZ>}

X{0,(5,21,22)0(5,21,22)+05(5,21,22) 5 (5,21,22)}

[ Gemmte)EleNE (52.2,))

70(0, S, Zz) =

: (47)

where,
0, (5,21,2) = Bl (5,201 = 6V 93 (5,21, 2)] + 6V [0 (5,21} + a2
X B3[91(s, 22)IR[92(5, 22)],

?2 (s,21,23) = By [ (5_121122)] - Ez [¢1 (S'ZZ)]GEZ [p1(s, Zz)]{v[‘ﬂz (5,21, 25)]
—Vips(s,z)]} + Q[M]§3 [01(5, 21, 22) IR[92(S, 21, 25)]

a ¢1(5.21,22)
—a [1_32 [(Pl(SvZZ)]]ES [

©1(5,22) (pl(s' ZZ)]R[QDZ (Sl ZZ)];

%) 1-B 9@ 5
91(5,9(2))] = By[01(5,2)] + a2 LS [0, (5, 9 (2,))]
1-B,|

23(5'21122) = Ez
X Ry (5, 9(2))] = a =222 [, (5,2,) IR (2 (5, 2,)]

+6B,[01(s, 2)][V[92 (5, 9 (22))] = V[92(s, 22)]], _
04(5.2,2) = Balga (5, 2)H{1 = 6V[3(s5, 9 (22))] + OV (5 (s5,2,)]} + @ 222222
X B3[02(5, 2)|R[92(5, 22)],

— — — -B : j— —
05(5,22) = Balpa (5, 2)){1 = 6 + 6V [ (5, 2)1} + a =2 222U B [, 5, 2,) R [92 (5. 22)],

To(5,72) = Bala(s5,2))(1 = 0+ 6V[s (5, 2)]} + a2 0022
X B3[01(s, 22)1R[92 (5, 7))

—_

I1l. STEADY-STATE ANALYSIS: LIMITING BEHAVIOUR
By using the property,

gi_{gS}_‘ (s) = lim £ ().

to the equations from (26) to (31), we obtain the steady-state solutions of this model. The steady-state probability for
the high priority and low priority units with vacation, working breakdown, repair and retrial time are given by

1-Tlp@)]
lo(22) = 16(0,2)=, )~ 48
0(22) = 1o(0, 2,)[ 2@ ] B (48)
p® , =p® 0,2, 1—31[471(21.22)]’ 49
(21, 22) 0,21, 2,)] ©1(21,22) ] B (49)
B o 1-V ,
V(z1,72) = 6{PD (0, 2,)B1[03(z2)] + B (0, 2)Balpa (z) [, 2222, (50)
P@(z,, =p® 0, 1-B3[91(21,22)] ’ 51
(Zl ZZ) 0 ( 22)[ ©1(21,22) ] _ ( )
1-B , 1-B ’
W(zy,2,) = a{P(l)(zl,zz)[W] + P(Z)(zl,zz)[ﬁ]}
1-B3[(2(21,22)]
52
[ 92(21,22) ] _ B (52)
— @ 1-B1(¢1(21,22)) @) 1-B3[91(21,22)]
R(z1,22) = PO (2, 2) [ 821 + PO (2, 2) [ 2551
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1-R[g> (ZLZZ)]]. (53)

92(21,22)

X Bs [92(21,22)][

Let P,(z,,z,) be the probability generating function of the queue size irrespective of the state of the system and
combining equations from (48) to (53), we obtain,

Py(21,2,) = PM(21,25) + V(21,2,) + PP (24, 2,) + W (21, 2,) + R(21,2) + 19(23) (54)

Using the normalization condition,
Pq(l,l) + IO,O = 1.

we obtain I, as,
{ 06()11+lz)(2i+lz—§)(4(l.1)}_ (55)

10,0 =

And the utilization factor is,
(P OB @H 2= +aEW+ER)I (LD (1 +25))
{ +“95(V)(l1+12){§2(31+“)54(1.1)+E1(l1+“)§3(1.1)}}—4a95}
xIo(0,1)[1-T[(a)]]B1 (A1 +@) E(V2)+P((0,1,1)(1-B1 ()
o= U xGa(1,1) (M +A2){(Aa + A=) +a(E(W)+E(R))} (56)

Dr

where
Dr = a(ly + A) (44 + 2 — ©)44(1,1) + BZ(0,){(Bo(a){(Ay + 2, — &)
+a(EW) + ER)Y (L) (A + A3) + a0E(V) (A1 + 2,){B, (A + @)

X 44(11) + By (4 + )3 (11)}} — 4a6¢1,(0,D[1 — I[p(a)]]
x B, (A3 + @E(V?) + PO0,1,1)(1 — By (@) (L1 (A4 + A2)
X (A + A — &) + a(E(W) + E(R))}.

and p < 1 is the stability condition under which steady state exists, for the model studied.

IV. CONCLUSION
We have analysed an M;,M,/G,,G,/1 retrial queue with constant retrial policy and non-pre-emptive priority
services under modified Bernoulli vacation subject to working breakdown and repair process are also investigated. In
addition, the effect of impatient behaviour of the unit on a service system is studied. The joint steady-state probability
generating functions of the server state and the stability condition are derived.
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