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Abstract: A fair dominating set S € V(G) is a super fair dominating set (or SFD-set) if for every u € V(G) \ S,
there exists v € S such that N;(v) n (V(G) \'S) = {u}. The minimum cardinality of an SFD-set, denoted
by ¥s¢q (G), is called the super fair domination number of G. In this paper, we characterize the super fair
dominating set of the corona and lexicographic product of two graphs.
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I. Introduction

Domination in a graph has been a huge area of research in graph theory. Let G be a simple connected graph. A
subset S of a vertex set V(G) is a dominating set of G if, for every vertex v € V(G)\S, there exists a vertex x €
Ssuch that xv is an edge of G. The domination number y(G) of G is the smallest cardinality of a dominating set
S of G. Domination in graph was introduced by Claude Berge in 1958 and Oystein Ore in 1962 [1]. Some related
graph domination studies are found in [2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19].

One variant of domination in a graph is the fair domination in graphs [20]. A dominating subset S of V(G) is a fair
dominating set of G if all the vertices not in Sare dominated by the same number of vertices from S, that
is, IN(w) N S| = [N(v) n S| for every two distinct vertices uwand v from V(G) \ S and a subset S of V(G) is a
k-fair dominating set in G if for every vertex v € V(G)\ S, IN(v) n S| = k. The minimum cardinality of a fair
dominating set of G, denoted by y.,(G), is called the fair domination number of G.A fair dominating set of
cardinality y;4(G) is called y;4-set. A related paper on fair domination in graphs is found in [21,22]. Other variant
of domination in a graph is the super dominating sets in graphs initiated by Lemanska et.al. [23]. AsetD c V(G)
is called a super dominating set if for every vertex u € V(G) \ D, there exists v € D such that N;(v) n
(V(G) \ D) = {u}. The super domination number of G is the minimum cardinality among all super dominating set
in G denoted by y,, (¢). Variation of super domination in graphs can be read in [24,25,26,27].

A fair dominating set S < V(G) is a super fair dominating set (or SFD-set) if for every u € V(G) \ S, there
exists v € S such that N;(v)n (V(G)\S) = {u}. The minimum cardinality of an SFD-set, denoted
by ¥s74 (G), is called the super fair domination number of G. The super fair dominating set was initiated by Enriquez

[28]. In this paper, we extend the idea of super fair dominating set by characterizing the super fair dominating sets of
the corona and lexicographic product of two graphs. For general concepts we refer the reader to [29].

Il. Results
Remark 2.1 A super fair dominating set is a super dominating and a fair dominating set of a nontrivial graph G.

Since the minimum super dominating set S of a nontrivial complete graph K,, is n—1, it follows that
Ysra (Ky) = n — 1. With this observation, the following remark holds.
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Remark 2.2 Let G be a nontrivial connected graph G of order n. Then 1 < y;,(G) <y (G) < n— 1.

Let G and H be graphs of order m and n, respectively. The corona of two graphs G and H is the graph G o
H obtained by taking one copy of G and m copies of H, and then joining the ith vertex of G to every vertex of the
ith copy of H. The join of vertex v of G and a copy HY of H in the coronaof G and H is denoted by v + H".

The next result is the characterization of the super fair dominating set in the corona of two graphs.

Theorem 2.3 Let G and H be nontrivial connected graphs. Then a proper subset S of V(G o H) is a super fair
dominating set of G o H if and only if one of the following statements holds:

@HhSs= Uver)V(H V).
(i) S = S; U Uyep)V(H”) where S; © V() is a fair dominating set of G.
(iii) $5 = V(6) U (U,ey(6)S,) Where S,, is a super fair dominating set of HY forallv € V(G)

(iv) S=V(G) U (UpexSy) U (UpeynxV(H?)) where S, is a super fair dominating set of H” for each v € X
and X c V(G).

Proof: Suppose that a proper subset S of V(G o H) is a super fair dominating set of G o H.Then S is a fair
dominating set of Go H such that for every u€ V(Geo H)\ S, there exists v € Ssuch thatN;,; (v) N
V(G o H) \ S = {u}. Consider the following cases:

Case 1. Suppose that V(G) N S=@. Then S€ V(Go H)\V(G) = U,ep)V(H"), that is,S € U,ep ) V(HY).
Suppose that there exists x € U,ey )V (H”) such that x € S. Then x € V(G o H)\ S.Since H is nontrivial
connected graphs, let y € V(H") \ {x} for some v € V(G) such thatxy € E(G~ H) and y € S. Then N;,z(y) N
V(G o H) \ S = {x, v} contradict to our assumption that S is a super dominating set of G o H. Thus, there does not
exist x € U,epe)V(HY)such thatx € S. This implies that for all x € U,ey)V(HY), x €S, that is,
Uver)V(HY) € S. By principle of set equality, S = U ey )V (H") proving statement (i).

Case 2. Suppose that V(G) n S # @. Let S; € V(G) n S.ThenS; € V(G) and S; € S. Consider the following
subcases:

Subcase 1. Suppose that S;  V(G). Then there exists x € V(G) \ S; suchthatx € V(G o H)\ S. IfS; =S, then
S c V(G). This implies that S cannot be a dominating set of G o H contrary to our assumption. Thus, S; must be a
proper subset of S, that is, S; € S. Let z€ S\ S;. Thenz € V(H*)for some x € V(G) \ S;. Suppose that there
exists y € Uyep(ans, V(H*)such that y € S. Letyz € E(G o H)for some z € Sn (V(H*) \ {y}). Then Ng.,(2) N
(V(G o H)\ S) = {x, y} contradict to our assumption that S is a super dominating set of G o H. Thus, there does not
exist ¥ € Uyevons,V(H¥)such that y ¢ S. This implies that for every y € U,eygns,V(H*), ¥y €S, that

is, Urerens,V(H*) €S. Thus, S; U (U,,EV(G)V(H”)) c S. Since S; € V(G)n S and S; c V(G), it follows

that (V(G)\ Sg) NS =0.Thus, S S V(G o H)\ (V(G)\ Sg) =S U (V(G o H)\V(G)) = S U (UpeyyV(H)).
Hence, S = S; U (U,er(q)V (HY)) by principle of set equality. Now, suppose that S; is not a fair dominating set
of G. Then there exist wu,v€ V(G)\S;such that|N;(w) N S| # [N;(v) N Sg|. Thus, there exist
u,v €V(GoH)\ Ssuch that [Ng.zw)NS|+#|Nspy(@)n S|. Consequently, Sis not a fair dominating set
of G o H contrary to our assumption that Sis a super fair dominating set of G o H. Thus, S; is must be a fair
dominating set of G.Similarly, if S;is not a super dominating set, then Sis not a super dominating set of
G o H contrary to our assumption that Sis a super fair dominating set of G o H.Hence, S; must be a super
dominating set of G. Therefore S is a super fair dominating set of G. This proves statement (ii).
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Subcase 2. Suppose that S; =V (G).IfS; = S,then S cannot be a super dominating set of G o Hsince His a
nontrivial connected graph. Thus, S; must be a proper subset of S, that is, S; = V(G) c S.Let x € S\ V(G). Then
x € SNV(HY) for some v € V(G). SetS, =SNV(H").Thenx € U,ey(yS,- Thus, S\ V(G) € Uy,ep(s)Sy, that
is,S € V(G) U (Uyey(e)Sy)- Now, let S, ¢ Sfor all v € V(G). Then U,ep)S, < S. Since V(G) < S, it follows
that V(G) U (Uer)Sy) €S, that is, S =V(G) U (U,ep(6)Sy)- Next, suppose that S, is not a fair dominating set
of HV. Then there exist x, y € V(H"Y) such that [Nyv(x) N S,| # |[Ny»(y) N S, |. Thus, there exist x,y € V(G o H) \
Ssuch that |Ng.;(x) NS| # |Ng.; (v) N'S|. Consequently, S is not a fair dominating set of G o H contrary to our
assumption that S is a super fair dominating set of G o H. Thus, S, must be a fair dominating set of H” for allv €
V(G). Similarly, if S,, is not a super dominating set, then S is not a super dominating set of G = H contrary to our
assumption. Thus, S, must be a super dominating set of H" for all v € V(G). Hence, S,, is a super fair dominating set
of H” for all v € V(G). This proves statement (iii).

Finally, to show statement (iv), let X c V(G). Then (V(G) \ X) < V(G). In view of statement (iii),

V(U (UperySy) =V(E) U (Upex S, ) U (UperienxSs) € V() U (Urex Sy ) U (UpeyenxVHY)).

where S, is a super fair dominating set of H" for each v € X and X € V(G).Clearly, the V(G) U (U,exS, ) U
(Uver@enxV(HY)) is also a super fair dominating set of G o H. Set S = V(G) U (UyexS, ) U (Uper oy V(HY)).
This proves statement (iv).

For the converse, suppose that statement (i) is satisfied. Then S = U,y V(HY).Letu € V(Go H)\ S =
V(G). Then there existsx € Ssuch that ux € E(G o H). Hence, Sis a dominating set of G o H.Now, for
eachu,v € V(G), |[Ngoy ()| = |[V(H")| = |V(H")| = |Ngoy (v)|. Hence, S is a fair dominating set of G o H.
Further, for every u € V(G), there exists x € S, say x € V(H"), such that N,z (x) N (V(G o H)\ V(H%)) = {u}.
Hence, S is a super dominating set of G o H. Accordingly, S is a super fair dominating set of G o H.

Suppose that statement (i7) is satisfied. Then S = Sz U (Uyy iy )V (HY)).Where S; < V(G) is a fair dominating set
of G. In view of statement (i), S is a dominating set of G o H. Now, for each u,v € V(G H)\S =V(G) \ S;,
INeogu) N S| = [V(H")|+ [N;(w) N S;| and |Ngoy () N S| = [V(HY)| + |[Ng(v) N S;|. Since S; is a fair
dominating set of G, it follows that |N;(u) N S;| = |[N;(v) N Sg|. Thus, |Ng.p(w) N S| = |Ngoy (v) N S|. Hence
Sis a fair dominating set of G o H.Further, for everyx € V(Go H)\ S =V(G)\ S;, there existsy € S, say
y € V(H*) such that N;.z; () n (V(G) \ Sg) = {x}. Thus, S is a super dominating set of G o H. Accordingly, S is
a super fair dominating set of G o H.

Suppose that statement (iii) is satisfied. Then S = V(G) U (Uy\imy )V (87)) where S, is a super fair dominating set
of HY for allv e V(G). Since V(G) c S,it follows that S is a dominating set of G o H.Now, for each
%,y €V(G o H\S = Upeyiey (VIH\ S,)[Ngoy () 0 S| = [{w} U Nyo(x)] = [{v'3U Nyv )| = [Ny ) 0 S|,
Hence, S'is a fair dominating set of G o H. Further, for every u € V(G o H)\ S = U,epe)(V(H")\ S,), there
exists z € S, say y € S, such that N, (z) n (V(G)\ S,) = {x} since S, is a super dominating set of H” where
v € V(G), that is, N,z (z2) N (V(G) \ S) = {x}. Thus, Sis a super dominating set of G o H. Accordingly, S is a
super fair dominating set of G o H. Following similar arguments used in proving statement (iii), if statement (iv) is
satisfied, then S is a super fair dominatingsetof Go H. m

The following result is an immediate consequence of Theorem 2.3.

Corollary 2.4 Let G and H be a nontrivial connected graphs of order m and n respectively. Then

Vsra (G o H) = min{mn, m(yspq (H) + 1}
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Proof: Suppose that S is a super fair dominating set of G o H. Theny,z4 (G = H) < |S|. Further, S satisfies one of
the statements in Theorem 2.3.

If S=Uevi)V(H"). Thenyyzq (G o H) < |S] = [UpeyyV(H)I

= > W)
veV (G)

= |V(®IV(H)| = mn.
IfS =S5 U (Uyer)V(HY)) where S; c V(G) is a fair dominating set of G . Then

Vsra (G o H) < |S] = [S¢] + [Uver )V (H")I

=Isal+ ). WG
veV(G)

= [Se| + IV@IIV(H)| = |Sg| + mn.
Clearly, mn < |S;| + mn for all |S;| = 1.
IfS=V(G)U (UyeyS, ) where S, is a super fair dominating set of H* for all v € V(G). Then

YSfd(G °o H)< |S]

V(G U (Upeye)Su)l

@I+ YISl
veV(G)

= V(O] + VIS,
= V@®IA+|S,D) =m(S,| +1)
for all super fair dominating set S, of H” for each v € V(G). Thus, 4 (G © H) < m(1 + v (H)).

If S=V(G)U (UpexS, ) U (UpeyenxV(H")) where S, is a super fair dominating set of H” for each v € X
and X < V(G),then

Vsra (G o H) < |S| = [V(G)] + |(Upex Sy )l + [(UveronxVHM)I
=m+ Yoex ISy| + Zveve) IV(HY)|
=m+ |X||S,| + (V&) | = [XDIVH")I
=m+ |X[|S,| + (m — [X])n
=mn+1) = [X](n— IS, ).
Since

m(S,|+ 1) =mnm—n+1S,|+ 1)
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=mn—-mn—|S,| —1)
=mn+m—mm—|S,|)
< mn+m-—|X|(n—1S,])
=mn+1) —|X|(n—|S,])

forall X € V(G), m(IS,| + 1) < m(n+ 1) — [X|(n — |S,]) for all |[X| < m. Since y,rq (G o H) < mn < |S;| +
mn for [Sgl = 1 and y44 (G o H) < m(IS,| +1) < m(n + 1) — |X|(n— |S,|) for all |X| < m, it follows that
eithermnor  m(yry (H) + 1) is a super fair domination number of Go H. Hence,
Ysra (G o H) = min{mn,m(ysq(H) + 1)}. m

The lexicographic product of two graphs G and H is the graph G[H] with vertex-set V(G[H]) = V(G) x V(H) and
edge-set E(G[H]) satisfying the following conditions: (x,u)(y,v) € E(G[H]) if and only if either xy € E(G)
orx=yanduv € E(H).

Theorem 25 Let G =P, = [x1,%3,...,%x,], n= 3 andH =K, = [y,,y,] andS; c V(G). A proper subset
S=W(G) x {(yiHU (S; x {y,}) of V(G[H]) is a super fair dominating set if one of the following statement is
satisfied.

(i) S¢ = (e} U {agpantk = 1,2,..., =} where n = 1(mod 2).
(i) S; = {Xap—3, X412k = 1,2,...,%} where n = 0(mod 4).
(iii) S; = {xJu {x4k,x4k+1:k = 1,2,...,%} U {x,}wheren = 2(mod 4), n # 4.

Proof: Let G =P_n=[x_1,x_2,...,xn], n= 3 and H = K, = [y;,y,]. Suppose that statement (i) is satisfied.
Then  Sg = {x;}U {xpqaik = 1,2,..., "~} wheren = 1(mod 2). Let  x,,x € V(G)\ Sgwith i#j. Then
NG (xl') = {xl‘_l,xi+1} and NG (.x)) = {.x:l*_l,.x:i+1}. SInCE .xl',xj e SG, |t fOIIOWS that xi_l,xi+1 € SG and

X _1,% 41 € Sg. Thus, [Ns(x) N S;| =2 = |Ng(x) n Sg| fori # j. This implies that S;; is a fair dominating set of

G. LetS = (V(6) X {3 DU (S; X {¥,]). Then (x;,¥,), (x;,¥,) € V(G[H]) \ S for some i # j. Thus, the
Ne (6, ¥2)) = {21, ¥2) Kiv1, Y2)s (i1, Y1), (i, Y1) (Xi41, 1) } and
Ngiu ((xj:J’z)) = {(xj—pyz): (xj+1:y2)» (39'—1;3’1)» (xj»)ﬁ): (xj+1J’1)}-
Since (x;_1,¥2), (11, ¥2), (i1, ¥1), O 1), (41, Y1) € S
and (?9'—1;)’2)' (xj+1,yz)» (’9‘—1')’1)' (Xj'%)' (’Cj+1'3’1) €5,

it follows that [Ng . ((x;, ¥2))l = 5 = [Ngpuy (%, ¥2))|- This implies that S is a fair dominating set of G[H]. Now,
for every (x;,y,) € V(G[H]) \ S, there exists (x;,y;) € S for some k such that

Ne (G, y)) 0 (VGIHD N\ S) = {(x, ¥2))-

This implies that S is a super dominating set of G[H]. Accordingly, S is a super fair dominating set of G[H].
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Suppose that statement (ii)is satisfied. ThenS; = {x4,_3, x4k = 1,2,. ..,%} where n = 0(mod 4). Let
Xy X1 EV(G)\ S;- Then Ng(x;) = {x;_1}and N;(x;41) = {x;523- Since  x;, x4 €\S;, it follows  that
Xi_1 € Sg and x;,., € S;. Thus, [N (x;) N Sg| =1 = |Ng(x;41) N Sg|- This implies that S; is a fair dominating set
of G. LetS = (V(G) x {3y, DU (Sg X {y,D)-Then (x;,¥2), (x;41,¥2) € V(G[H]) \ S. Thus, the

N {GH]}((xi,¥2)) = {(xi-1,¥2), (Xig1,V2), (i1, 1), (6, 1), (X410, ¥1)} and
NG[H]((xi+1'y2)) = {5 ¥2), (g2, ¥2)r (i Y1)5 (i1, Y1), (3, Y1) -

Since (x;-1,¥2), (-1, ¥1), (i, ¥1), (x40, ¥1) € Sand (Xiy2, ¥2), (42,71, (i, ¥1), (x,¥1) € S, it follows that
[Ngruy (Cxi y2))| = 4 = [Ny ((xi41,¥2))|- This implies that S is a fair dominating set of G[H]. Now, for every

(1, ¥2) (11, ¥2) € V(GIH]) \ S, there exist (x_1,¥2), (12, ¥2) € S for some ksuch that Ngpyy (1, 7,)) N

(V(GIHD\ S) = {(x,y2)}and Nepy (G2, ¥2)) 0 (VGIHD \'S) = {(xi41,¥2)}- This implies that S is a super
dominating set of G[H]. Accordingly, S is a super fair dominating set of G[H].

Suppose that statement (iii)is satisfied. ThenS; ={x;} U {x4k,x4k+1:k = 1,2,...,%}U {x,} where

n = 2(mod 4), n # 4. To show that Sis a super fair dominating set of G[H], the proof is similar to the proof
of (ii). m

The following result is an immediate consequence of Theorem 2.5.

Corollary 2.6 Let G = P, = [x1,X3,...,%X,],n = 3andH = K, = [y,,y;] and S; c V(G). Then

(3n +1 _

|2 if n = 1(mod 2)
Yspa (GIH]) < 4 3771 if n = 0(mod 4)

|3n +2

\ 5 if m=2(mod4),n+4

Proof: Let G =P, =[x1,x3,...,%,], n= 3andH =K, = [y;,y;]and S; c V(G). Suppose that S; = {x;} U
{Xops1:k = 1,2,...,”2;1} where n = 1(mod 2). Then S = (V(G) x {y;}) U (S; X {y,}) of V(G[H]) is a super fair
dominating set by Theorem 2.5. Thus,

Vsra (GIH]) < 18]

(V&) x {y1D U (S x {y2I
V(@) X DI+ 156 x {y2DI
IV@OIy} + 1Se {2

n—1
=n- 1+(1+T>- 1
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Suppose that S; = {xs_3, Xap:k = 1,2,...,%} where n =0(mod4). Then S= V() x{y DU (S; x
{y,}) of V(G[H]) is a super fair dominating set by Theorem 2.5. Thus,

Ysra (GIH]) < |S]

[((V(G) x (DU (S x 2D
[(V(G) X {71 DI+ 1S x 2Dl

V(OIy3 + 1S 11{y2DI

=n- 1+(2-§)- 1

n
—TL+2— .

Suppose  that S; ={x;}U {x4k,x4k+1: k= 12"4;2} U {x,}where n=2(mod4), n=+4. Then
S=W(G) x {y1HVU (S; x {y,}) of V(G[H]) is a super fair dominating set by Theorem 2,5. Thus,

Vsra (GIH]) < |S]

(V@) x 1D U (Se x {y2DI
V(&) x Pl +1(Se x {y2DI

VOIS 112D

no1+ (1422 41) 1

3n+2
7

n+ @2+ =

CONCLUSION

In this work, we extend the concept of the super fair domination in graphs. The super fair domination in the corona
and lexicographic product of two connected graphs were characterized. The exact super fair domination number
resulting from the corona and lexicographic product of two connected graphs were computed. This study will
motivate research enthusiasts to work on super fair dominating set of other binary operation such as the Cartesian
product of two graphs. Other parameters involving super fair domination in graphs may also be explored. Finally,
the characterization of a super fair domination in graphs and its bounds is a promising extension of this study.
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