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Abstract: An ideal on a set X is a non-empty collection of subsets of X with heredity property which is also
closed under arbitrary union and finite intersections. In this paper, we introduce C - compactness with respect
to ideal and discuss some of their properties. Also, this paper gives the characterizations of C compactness with
respect to ideal, some of which make use of filter.
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I. INTRODUCTION

Given a non-empty set X, a collection 3 of subsets of X is called an ideal if
(M If Ac 3 and B < A implies B €3 (heredity)
(i) If Ac S and B €3 implies A U Be3J (additivity)
If X¢& 3, then 3 is called a proper ideal.
An ideal 3 is called a o - ideal if the following holds:
If {An.n=1,2,.....} isacountable sub collection of 3, then U{A,.n=12,....}€3
The notation (X, 1, 3) denotes a nonempty set X, a topology t on X and an ideal 3 on X. Given
point x € X, N(x) denotes the neighbourhood system of x i.e 8(x) ={U e 1: x € U}. The symbol p(X)
denotes collection of all subsets of X. Given space (X, t, 3) and a subset A of X, we define A* (3,1) = {x e X:
Un A ¢ 3G, for every UeN(X)}
We simply write A* for A*(3, 1), when there is only one ideal 3 and only one topology t under
consideration. 1f we define cI* on g ( X) as,
cl* (A)=A U A* forall A e p(X),
then cl* is a Kuratowski closure operator. The topology determined by this closure operator is
denoted by 1* (3). B (3, 1) ={U-I: Ue 1, | €3} is a basis for t* (3J). The first unified and extensive study on
t* (3) - topology was done by Jankovic and Hamlett [2].
We shall use cl(A), int(A) will denotes closure and interior of a subset A respectively in topological
space (X, t) and cI*(A), int*(A) will denotes closure and interior of A respectively with respect to t*.
In topological space (X, t), a subset U is said to be regular- open if int (cl (U)) = U. A subset U in X is
regular - closed if cl (int (U)) = U. Clearly U is regular- closed (open) if and only if its complement is regular -
open (closed). A subset A of (X, t) is said to be compact if every open cover of A has a finite sub cover. If X

is compact, then every closed subset of X is also compact.
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Definition : 1.1 A topological space (X, 7 ) is said to be C - compact if and only if for every family U of open
sets of X and for every ael such that for each closed subset A X, each open cover {U, : o A} of A hasa

n

finite sub cover { U,i: i= 1,2,....n} such that A c ul cl (Uyi).
1=

Newcomb introduced the concept of compactness with respect an ideal [3]. An extensive
study on compactness with respect to an ideal have been made by Hamlett and Dragan Jankovic [1].

Definition: 1.2 A subset A of a space (X, t, 3 ) is said to be I - compact if for every open cover {U, : o € A}

of A, there exists finite sub collection {U,;: i= 1,2,....n} such that

n

A- U U(Xi e 3.
i=1
A space (X, 1, 3 ) is said to be 3 - compact if X is 3 - compact as a subset.

11.S C- COMPACT SETS

Let us start with a definition for 3 C - compact sets.

Definition : 2.1 A space ( X, t, J) is said to be 3 C -compact space if for each closed subset A< X and each

open cover {U, : a € A} of A has a finite sub collection {U,;: i= 1,2,...n} such that A- U{cl(Uy;): i=
1,2....n}e S.
The following results can be verified easily.

Results:

i) Every C-compact space is IC - compact.

i) Every closed subspace of 3C -compact space is IC - compact.

iii) A space is C - compact if and only if it is SC - compact, for the ideal 3 = {¢}.

iv) Let (X, 7, 3) be a SC - compact. If 3 is an ideal on X such that 3 < 9, then (X, 1, 9) is
9C - compact.

V) Let 3¢ denotes the ideal of all finite subsets of X. Then (X, t ) is C - compact if and only if
(X, T, 3¢) is I C - compact.

Example for a space which is IC - compact, but not C -compact.

Example: 2.2 Let X =[0,1] U {2, 3,....}. The topology t be the induced topology obtained from the usual
topology on the real line. Let 3 = 3¢, the ideal of countable subsets of X.
Then (X, 1, 3 ) is 3 C-compact, but not C -compact.

We recall the following results [1]. Let f: X — Y be a function and let 3 be an ideal on X. Then f(J)
={f(l):1 €I3}isaidealon.
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We know that the continuous image of compact set is compact. This result can be extended to

3C -compact.

Theorem: 2.3 Letf: (X, 7,3) — (Y, o ) be a continuous surjection and let f (3) beanidealon Y. If X is 3

C -compact, then Y is f (I)C -compact.

Proof: Let f: (X,7, 3) = (Y, o ) be a continuous surjection. Let A be a closed subset in Y and let
{U, : a € A} be an open cover of A in Y. Since f is continuous, {f *(U,): o € A} is an open cover of f ™ (A) in

X. Since X is 3 C -compact and f ™ (A) is closed in X, there is a finite subfamily { U,;: i= 1,2,....n} such
n
that f™(A) - Y o (F'(U,)) € 3.
i=
n
Therefore f (f *(A) -Y cl (f1(Uy))) € f(3). Since
i=

A- i\ZJlf (CI(f 1 (Uw))) < f(FH(A)- IKZJl cl(f * (Uyi))), we have A- IKZJl fCI(f ™ (Uy))) €F(3).

We note that f (U, ) < f7(cl (Uyi)) and f(cl (U )) is closed in X.
Hence cl (f* (U.)) < f *(cl (Uy ). Therefore f(cl(f *(cl (Uyi)))) < cl (Uyi)

n
HenceA—_ul cl(Uy) € f(3). This shows that Y is f (3) C-compact.
1=

Let (X, 7)) be a topological space and 3 be a ideal in X. We say that the topology 7 is compatible
with the ideal3, denoted by 7 ~ 3, if the following holds for every A < X: if for every x € A, there exist a
U e 8(X) suchthatU NnAe 5, then A € 3.
T. R. Hamlett, D. A. Rose [4] has proved the following:
Theorem: 2.4 Let (X, 7 ) be a topological space with an ideal 3 on X. If 7 ~ 3, then
(i) t*={V-:Ve r,l 3}
(i) A set A < Xiis closed with respect to 7 * if and only if it is a union of a set which is closed with
respectto 7 andasetin 3.
In [8], R. Vaidyanathaswamy has proved the following theorem.
Theorem: 2.5 Let (X,t) be a topological space with T a ideal on X. Then the following are equivalent.
(i) T~3
(i) Forevery A € X, A-A* €3
We now prove that if t ~ 3 and A € 3, for all A € 3, then X is JC - compact with respect to ©
implies X is 3C - compact with respect to t*.

Theorem: 2.6 Let (X, t) be a topological space and 3 be a ideal on X which is compatible with t and I e 3,

forall 1 € 3. If Xis 3 C - compact with respect to t, then Xis I C - compact with respect to t*.
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Proof: Let A be a closed subset with respect to t*. Then A=B U 1, for some closed set B with respect to t
and | € 3. (This is possible as T ~ 3J).
LetE={V,- |, :a € A }bean t*-open cover for A. Therefore B < U {V,:a € A}

As B is closed subset of T and (X, t) is 3 C - compact, there exist oy, o, o, such that

.......

n
B- Ul AVe) € 3o (1) Note that clI* (V) =V, U (Vy) *.
i=

We claim that cl(Vyi) -cl* (Vqi) € 3, foralli=1,2,....... n.

Let x € ¢l (Vqi) - cI*( Vqi ). Then there is one Ux € tand Ix € 3 such that x € Ux- Ix and (Ux - Ix )

NVyi=p,Ux N Vyi=IxeIandUx N Vyi #¢.

Lety e Ux n cl(Vyi). Then for every neighborhood W of yint, (W MUyx) NV #0. i.e. WM (Ux

M Vyi)#=d. Thenwegetthat Ux M cl (Vgi)< cl(Ux MVyi) gT e 3.
Hence to each x € cl(V,;) - cI* (V. ), there is a neighborhood U x € t such that
Ux M (cl (Vgi)-cl*(Vyi)) < Ux M el (Vyi) €3. Ast ~ 3 it follows that
cl(Vyi)-cl*(Vyi) €3. Thisistrue foralli=1, 2, .......... n.

n
From (1), B - _ulcl*( V,i)E 3.
1=

n

Ascl*(Vyi) C cl* (Voi - 1)U | ., we have (B U 1)U o (Var - ) € 3.
i=

ai !

n
1) e A._u1 cl* (Vyi -lyi) €3.
1=

Hence X is T C - compact with respect to t*.
It is well known that compact subset of Hausdorff space is closed. We generalize this as follows.

Theorem: 2.7 Let (X, 1, 3) be a Hausdorff space. If Y < Xis 3 C - compact, then Y is 1*- closed.

Proof: Letx € X - Y. Since X is Hausdorff, for eachy € Y, there exist t - neighbourhood U v Vy of x and

y respectively such that U, MV, = ¢. The family {V, :y e Y} isan open cover of Y. Since Yis 3 C-

n
compact, then there exist a finite sub collection {Vy_ :i=1,2,...n}, suchthat Y- U cl (Vy_ ) e 3.
i i=1 i

n n
Letl=Y - Y (V) DefineU:mUy_.ThenUiST—openandUm(u1 c(V,))=0o
= i i j= i

Therefore UNnY clandhencex ¢ Y. Thusx ¢ Y = x ¢ Y*. Hence Y is t* - closed
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We now give the equivalent meaning of definition [2.1].

Theorem: 2.8 A space X is 3 C - compact if and only if for each closed set A — X and regular - open cover

{U, :a e A} for A, there exist finite sub collection {U,; : i=1,2...n} such that

n
A - ul cl(Uy ) e3.
1=
Proof: If Xis 3 C - compact, then from the definition (2.1), we get the required result.

Conversely, Let {U, : o € A }be an open cover of A, then {int (cl (U,)) : aen} isa

regular open cover for A. So by assumption, there exist finite sub collection {int (cl (Uy)) :

n
such thatA - ul cl (int (cl (Uy))) € 3.
1=
Since U,; < int (cl (Ug)) < ¢l (Uy) = cl (int (cl (Ug))) = cl (Uy)
n
Therefore A - ul cl (U ) € 3. Hence X is 3 C - compact.
1=

I11. Characterization of 3 C — Compact sets
We recall the following definitions.
Definition: 3.1 H is called a filter in X if and only if
0] H cp(X), o (X)isthe power set of X.
(i) ¢ ¢ Hand X € H.
(iii) H is closed under finite intersection.
(iv) IfFeHandFc G, thenG e H

It is clear that dual of a ideal in X is a filter in X.

Definition: 3.2 B is called filter base in X if and only if

(i) BpcpX)
(i)  oePandp = ¢

(iii) The intersection of two sets of B contains a set of .

i=1,2,...n}

Definition: 3.3 An ultra-filter on a set X is a filter H such that there is no filter on X which is strictly finer than

H.

We will say that a filter base f is a filter base on @ (X) - Jif p cp(X) - 3.

The following theorem gives several Characterizations of 3 C- compact sets.

Theorem : 3.4 Let (X, 7 ) be a topological space and let 3 be a ideal in X. The following are equivalent.

(i) Xis 3 C - compact.

(if) For every closed set A of X and each regular open- cover {U,, : a € A} for A,
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n
there exist a finite sub collection { Uyy, Uga s ....... Ugn }suchthat A- Ucl(Uy)e 3.
i=1

(iii) For each closed set A — X and each collection of regular- closed sets { F, : a € A} such

that (M F, ) n A = ¢, there exist a finite sub collection { Fy; : i = 1,2,....n } such  that
o

n
( Nint (Fo) N AES.
i=1

(iv) For each set A — X and each filter base H = { A, : a € A} in p(X) - T, there exist an
a € Asuch that A, cl (V) ¢ 3, for each open set V in X containing a.
(v) For each closed set Ac X and each ultra-filter M ={ A, : o € A} in p(X) -3, thereis ana € A

such that to each open set V containing a, A, cl (V), for some o € A.
Proof: (i) = (ii): If X is 3 C - compact, then from the definition 1.2, we get required result.
(if) = (i): Let{U, : o € A }be an open cover of A, then {int (cl (U,)) : aen} isaregular open cover for A.
So by assumption, there exist finite sub collection {int (cl (Uy;)) : i=1,2,....n} such that

n
A- ul cl (int (cl (Uy)) € 3.

1=
Since Ug; < int (¢l (Uy)) < ¢l (Ugi) = ¢l (int (cl (U))) = cl (Uqi)

n

Therefore A - ul cl (U, ) € 3. Hence X is 3 C- compact.
i=

(if) = (iii): Let A be a closed set in X and {F,, : o € A} be a collection of regular- closed sets such that
(NF) NA= .

LetG, =X-F,.Then{G,:a e A} isaregular- open cover for A. So there exist

n
finite sub collection { G,1, Gy, -.... Gun} such that A - ul cl (Gy) €3.
1=

n
But X —cl (G, ) = int (Fy). Hence A (_ml int (Foi)) €3.

1=
(iii) = (ii) : Let {U, : a € A} be aregular- open cover for A, then A< U U, implies
(" (X-Uy))nA=¢. Since each X - U, isregular- closed, by (iii), there exist finite

n
sub collection { X - Ui : i=1,2, ........n } such that (_ml int(X-Uy) NA €e3.
1=
n
(ie) An (_ml (X =cl(Ug))e3.
i=

(ie) A - (_LZchI (Ua)) €3.

(i) = (iv): Assume that there is a filter base H = { A, : @ € A} such that () A, ¢3,forall o« € Aand (b) to

each x € A, there is an open set V() and some A, € H such that A, ¢l (V) €3. Then the collection
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{V( : x € A} is an open cover for A. Hence there is a finite sub collection {V): 1= 1,2,.....n} such that A -

n

U cl (V (xi) )ES
i=1

n
Let Aao e H such that AaO C qAa(Xi)-
i=

Then AaO N cl (V (Xi)) e, for all i= 1,2....... n
n

i.e. AaO e (KJl cl (V (Xi)) €3 and
j=:

Ay N (ik:Jl cl (Vi) cA- (i\;l cl (Vi) €3, which is a contradiction as Ay 3
(iv) = (v): Let Abeaclosed setin Xand M = {A, : a € A} be an ultra-filter in @ (X) -3. Then A, ¢3J, for all
o € A. By (iv), there is an ae A such that A, ~cl(V) ¢3, for each open set V in X containing a. As M is an
ultra-filter and A, M (cl(V) N A) ¢35, for all ae A. Hence cl (V) nA eM.

Let Ago=cl (V) nA. Thus A, cl (V).
(v) = (iii) : Let A be aclosed set in X and let { F, : o € A} be a collection of regular- closed set such that

n
(_ﬁl int(Fi)NA g3 ... (1), for any finite subset { oy, 0t ............ an}C A
i=

In particular A nint (F) ¢3, for all o € A.
From (1), {A nint (F,) : a € A} is an ultra filter base for some ultra filter H in o (X) -3. By (v), there is a
point a € A such that for every neighborhood V of a, cl (V) intersects every member of H . Therefore cl(V) N
(int(F) mA) = ¢, forall o € A.

Lety e cl (V) n (int (F) n A). Then int (F,) is itself an open neighborhood of y. As y e cl(V),

int (F.) NV # ¢. Thisis true for all open neighborhood V of a. Therefore a e int(F,)cF,

= ae (F, NA), for all aen.

Hence A N (N F,) = ¢. Thus (v) = (iii) = (i).

A space is said to be quasi H-closed (denoted by QHC) if every open cover of the space contains finite sub

collection whose closures cover the space. A Hausdorff space which is QHC is said to be H-closed.
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