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l. Introduction

Levine [8] introduced the concept of generalized closed sets in topological spaces. Andrijevic[1]
introduced the concept of generalized open sets called b-open sets. Since then many authors have contributed to
the study of generalized b-closed sets. In 1968 Zaitsev [19] defined n-closed sets. Dontchev and Noiri [4]
introduced the notion of ng-closed sets. Veerakumar[17] introduced the notion of g*-closed sets. Sreeja and
C.Janaki[13] introduced the concept of ngb-closed sets and ngb-continuity in topological spaces.

Hussain(1966) [6], M.K.Singal and A.R. Singal(1968) introduced the concept of almost continuity in
topological spaces. Recently K.Geethapadmini and C.Janaki [5] introduced and studied the properties of ng*b-
closed sets in topological spaces. The purpose of this paper is to study ng*b-closure, ng*b-interior, mg*b-
continuous functions and almost mg*b-continuous functions and some of its basic properties.

I1. Preliminaries

Throughout this paper (X,t ) and ( Y, o ) represents topological spaces on which no separation axioms are
discussed. (X,t ) will be replaced by X if there is no chance of confusion.

Definition 2.1 : A subset A of a topological space X is said to be

1) aa- closed set [10]if cl(int(cl(A))) < A

2) apre-closed set [9] if cl(int(A)) = A

3) aregular closed set[11] if A = cl(int(A))

4) b-closed set[1] if int(cl(A)) n cl(int(A))c A

5) m-open [19] set if A is a finite union of regular open sets.

Definition 2.2 : A subset A of a space ( X, 1) is called

1) ageneralized closed ( briefly g-closed) [8] if cl(A) = U whenever A < U and U is open.

2) ageneralized * closed (briefly g*-closed)[17 ] if cl(A) < U whenever A < U and U is g- open.
3) ageneralized *b-closed ( briefly g*b-closed)[18 ] if bcl(A) = U whenever A < U and U is g-open.
4) 7g- closed[4 ] if cl(A) < U whenever A — U and U &- open.

5) mgp- closed[12] if pcl(A) = U whenever A < U and U =n- open.

6) mgo- closed[14] if acl(A) < U whenever A < U and U &- open.

7) mgs -closed[2] if scl(A) < U whenever A < U and U &- open.

8) mgb- closed[13] if bcl(A) = U whenever A < U and U =n- open.

9) mg*p- closed[15 ] if pcl(A) = U whenever A < U and U ng- open.

10) ng*s- closed[16 ] if scl(A) = U whenever A < U and U ng- open.

11) ng*b- closed[5] if bel(A) = U whenever A — U and U ng- open.

Definition 2.3 : A function f: (X, t) = (Y, o) is called continuous ( resp. a- continuous, pre- continuous, b-
continuous, g*b- continuous, mgb- continuous, Tg*p- continuous, Tg*s- continuous, mg*b- continuous) if f*(V)
is closed ( resp. a-closed, pre-closed, b-closed, g*b-closed, ngb-closed, ng*p-closed, mg*s- closed, ng*b-
closed) in (X, t) for every closed set Vin (Y, o).
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Theorem 2.4:[5] Every closed, a-closed, pre-closed, b-closed, tg*p- closed, mg*s- closed sets are
ng*b- closed and the converse need not be true.

Theorem 2.5 :[5] Every ng*b- closed set is mgb- closed and g*b-closed and the converse need not be true.

Definition 2.6 : [5] A function f: (X, 1) — (Y, o) is called ng*b-irresolute if (V) is mg*b-closed in X for
every mg*b-closed set V of Y.

111. zg*b-Closure and Interior

Definition 3.1: For any set A 1 X, the ng*b-closure of A is defined as the intersection of all tg*b-closed sets
containing A and is denoted by ng*b-Cl(A).

We write ng*b-cl(A) =N { F: A F is ng*b-closed in X }
Theorem 3.2: For any x € X, X € ng*b-cl(A) iff V N A # ¢ for every ng*b-open set V containing x.

Proof : Let us assume that there exists a mg*b-open set V containing x such that V.N A= ¢. Since A 7 X -V,
ng*b-cl(A) [ X — V. This implies x ¢ ng*b-cl(A), which is a contradiction to the fact that x € ng*b-cl(A).
Hence, VNA # ¢ for every ng*b-open set V containing x.

On the other hand, let x ¢ ng*b-cl(A). Then there exists a x ¢ ng*b-closed subset F containing A such
that x ¢F. Then xe X — F and x — F is ng*b-open. Also (X-F) NA #¢ which is a contradiction. Hence the
lemma.

Lemma 3.3: Let A and B be subsets of (X, T) Then
(i) mg*b-cl(9) = ¢, mg*b-cl(X) = X
(ii) if A 0 B, mg*b-cl(A) [ ng*b-cl(B)
(ill) A O rg*b-cl(A)
(iv)  mg*b-cl(A) O ng*b-cl(ng*b-cl(A))
Proof : Straight forward
Theorem 3.4 : If A (I X, is ng*b-closed, then ng*b-cl(A) = A.
Proof : Follows from the definition.
Remark 3.5 : The converse of the above theorem need not be true as seen by the following example.

Example 3.6 : Let X ={a,bc,d}. t={4¢, {a}, {c}, {ac}, {c,d}, {a,c,d}, X }. Here A = {c}. ng*b-Cl(A) = A
but A is not ng*b-closed.

Definition 3.7: For any set A [ X, the ng*b-interior of A is defined as the union of all ng*b-open sets contained
in A and is denoted by ng*b-int(A).

We write ng*b-int(A) = U { G : G is ng*b-openand G [1 A }.
Theorem 3.8 : Let A and B be subsets of X. Then

(i) mg*b-int(d) =¢, mg*b-int(X)=X

(i) mg*b-int(A) O A

(i) If B is any mg*b-open set contained in A, then B [] ng*b-int(A)
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(iv) If A0 B, ng*b-int(A) 0 ng*b-int(B)
(V) mg*b-int ( tg*b-int(A)) = ng*b-int(A).
Proof : Straight forward
Theorem 3.9 : If AlJ X is ng*b-open, then ng*b-int(A) = A.
Proof : Straight forward
Remark 3.10 : The converse of the above theorem need not be true as seen by the following example.

Example 3.11: Let X ={a,b,c,d }. t={¢, {a}, {c}, {a .}, {c d}, {a c, d}, X} Here A={a b, d}. ng*b-
int (A) = A but A is not =g*b-open.

IV. ag*b- Continuous Functions
Theorem 4.1 : Every continuous function is wg*b-continuous.

Proof : Let f: (X, t) = (Y, o) be a continuous function. Let V be a closed set in Y. Since f is a
continuous function, f*(V) is closed in X. As every closed set is mg*b-closed, f*(V) is mg*b-closed.
Hence, f is mg*b-continuous.

Theorem 4.2 :
(i) Every a-continuous function is tg*b-continuous.
(ii) Every b-continuous function is g*b-continuous.
(iii) Every pre-continuous function is tg*b-continuous.
(iv) Every is ng*p-continuous function is tg*b-continuous.
(iii) Every is mg*s-continuous function is mg*b-continuous.
(iv) Every is mg*b-continuous function is gb-continuous.
(vii) Every is mg*b-continuous function is g*b-continuous.
Proof : Straight forward
Remark 4.3 : The converse of the above theorem need not be true as seen by the following examples.

Example 4.4 : Let X =Y ={ab,cd } t={ ¢ {a}, {c}, {ac} {cd}, {ac,d}, X} and 6 ={ ¢, {c}, {ab},
{c,d}, {ab,c}, X }. Definef: (X,1) > (Y, o) byfla) =c, f(b)=d, f(c)=a, f(d)=>b. Here fis ng*b —
continuous but not continuous, a-continuous, pre-continuous and wg*p-continuous.

Example 4.5: Let X=Y={a b, c} t={¢, {a}, {b,c},X }ando={ ¢, {a}, {b}, {a b}, {b, c}, X }. Define
f:(X,7) > (Y,0)byf(a)=a, f(b)=b, f(c)=c. Here fis ng*b —continuous but not tg*s-continuous.

Example 4.6 :LetX=Y ={a,b,c}, t={¢ {a} {b} {a b}, {b, c}, X} and o={ ¢, {a}, {b}, {a b}, X }.
Define f: (X, 1) = (Y, 0 )by f(a) =a, f(b) =c, f(c)=Db. Here fis ngb -continuous but not ng*b-continuous.

Example 4.7 : Let X=Y ={a,b,c,d}. 1={ ¢ {a}, {c}, {a c}, {c d}, {ac,d},X }ando={¢, {a}, {b}, {a
b}, X }. Definef: (X,t)—>(Y,o) byf(a)=b, f(b) =c, f(c) =d, f(d) =a. fis ng*b -continuous but not b-
continuous.
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Remark 4.8 : Let f: (X, 1) —> (Y, o) be a function. Then
(i) mg*b-continuous and mga-continuous
(if) mg*b-continuous and mgp-continuous
(iii) mg*b-continuous and mgs-continuous
(iv) mg*b-continuous and g-continuous
(v)  mg*b-continuous and g*-continuous
are independent concepts.

Example 4.9 : Let X=Y={a,b,c}, t={4¢ {a}, {b}, {a b}, {b.c} X} o={4¢ {a},{bc} X} The
function f: (X, 1) — (Y, o) defined by f(a) = b, f(b) = ¢, f(c) = a is nga-continuous , tgp-continuous, 7mgs-
continuous but not tg*b-continuous.

Example 4.10: Let X=Y={a,b,c}, 1={ ¢, {a}, {b}, {a,b}, X },o={ ¢, {a}, {b}, {a, b}, {b,c} X}
The function f: (X, t) —> (Y, o) defined by f(a) = b, f(b) = a, f(c) = ¢ is ng*b-continuous but not nga-
continuous , Tgp-continuous, 7gs-continuous, g-continuous , and g*-continuous.

Example 4.11: Let X=Y ={a,b,c,d}, t={¢, {a}, {b}, {a,b}, X },o={0¢, {a}, {c}, {a c}, {c,d}, {a

¢, d}, X }. The function f: (X, t) = (Y, o) defined by f(a) = ¢, f(b) = d, f(c) =a, f(d) = b is g-continuous but
not mtg*b-continuous.

Example 4.12 : Let X=Y={a,b,c,d}, 1={ ¢, {c}, {a, b}, {c,d}, {a, b, c}, X},

o=1{¢,{c}, {d}, {c, d}, {a, c, d}, {b, c, d}, X}. The identity function f: (X, t) — (Y, o) is g*-continuous but
not ng*b-continuous.

Example 4.13 : Let X=Y ={a,b,c,d, e}, 1= { ¢, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}, {a, c, d}, {a,
b,c,d}, X}, o={¢, {b}, {c}, {b. c}, {a b, c} {a b, c d} {ab,c, e} X} The function defined by f(a) = a,
f(b) =b, f(c) =d, f(d) =c, f(e)=eis g*b continuous but not g*b-continuous.

ng*b-
continuous

1. a-continuous 2. b-continuous  3.pre-continuous 4. mg*p-continuous 5. mg*s-continuous
6. mgb-continuous 7. g*b-continuous 8. mga-continuous 9. mgp-continuous  10. wgs-continuous
11. g-continuous  12. g*-continuous

Fig.1
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V. Almost g*b- Continuous Functions

Definition 5.1 : A function f: (X, 1) — (Y, 6 ) is called almost g*b-continuous if £*(V) is mg*b-closed in X
for every regular closed set V of Y.

Theorem 5.2 : For a function f: (X, 1) — (Y, ), the following statements are equivalent.
(i) fisalmost mg*b-continuous
(i) F(V) is ng*b-open in X for every regular open set VV of Y
(iii) F(int(cl(V)) is mg*b-open in X for every open set VV of Y.
(iv) F(cl(int(V)) is ng*b-closed in X for every closed set V of Y.
Proof : (i) =(ii)

Suppose f'is almost Tg*b-continuous. Let V be a regular open subset of Y. Since Y-V is regular closed and f is
almost mg*b-continuous, f1(Y-V) = X — f1(V) is ng*b-closed in X. Hence (V) ng*b-open in X.

(i) = (i)

Let V be a regular closed subset of Y. Then Y — V is regular open. By hypothesis,  f!(Y-V) = X — f}(V) is
ng*b-open in X. Therefore f(V) is ng*b-closed. Hence f is almost mg*b-continuous.

(i) = (iii)

Let V be an open subset of Y. Then int (cl(V)) is regular open in Y. By hypothesis, f'(int(cl(V)) is mg*b-open
in X.

(i) = (i)

Let V be a regular open subset of Y. Since V = int(cl(V)) and every regular open set is open then f*(V) ng*b-
open in X.

(i) = (iv)
Let V be a closed subset of Y. Then Y —Visopenin'.

By hypothesis, fi(int(cl((Y - V))) = (Y — cl(int(V))) = X — f(cl(int(V))) is mg*b-open in X. Hence, f
Y(cl(int(V))) is mg*b-closed in X.

(iv)= (iii)

Let V be an open subset of Y. Then Y-V is closed in Y.

By hypothesis, f*(cl(int( Y-V))) = £1(Y - int(cl(V))) = X —f-1(int(cl(V))) is ng*b-closed in X.
Hence f(int(cl(V)) is mg*b-open in X.

Theorem 5.3: Every ng*b-continuous function is almost Tg*b-continuous.

Proof : Let f: (X, 1) = (Y, 6) be ng*b-continuous. Let V be a regular closed set in Y. Then V is closed in Y.
since f is mg*b-continuous f-1(V) is ng*b-closed in X. Hence fis almost mg*b-continuous.

Remark 5.4: The converse of the above theorem need not be true as seen in the following example.

Example 5.5 : Let X ={ab,c}, 1={ ¢, {a}, {b}, {ab}, }, X } and o ={ ¢, {a}, {b}, {a,b}, {b,c, X }. Define
f:(X,1)—>(Y,o0)byf(a)=a, f(b)=c, f(c)=Db. Here fis almost ng*b-continuous but not tg*b-continuous.
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Theorem 5.6 : An R-map is almost tg*b-continuous.

Proof : Let f: X — Y isan R-map and V be a regular closed subset in Y. Therefore f*(V) is a regular closed set
in X. Since every regular closed set closed, £1(V) is closed in X. Thus, f*(V) is ng*b-closed in X. Hence f is
almost wg*b-continuous.

Remark 5.7 : The converse of the above theorem need not be true as seen in the following example.
Example: Let X=Y= {a,b,c,d}, t={¢, {c}, {a, b}, {c,d}, {a,b,c}, X} and o= { ¢, {a}, {d}, {a, d},

{a, b, ¢}, X}. The function f: (X, 1) — (Y, 0 ) defined by f(a) = a, f(b) = d, f(c) = a, f(d) = ¢ is almost ©g*b-
continuous but not an R-map.

Theorem5.8: If f: X — Y is almost b-continuous then fis f: X — Y is almost ng*b-continuous.

Proof : Let f: X — Y be an almost b-continuous. Let V be a closed set in Y. Then f*(V) is b-closed in X. since
every b-closed set is mg*b-closed, f'(V) is ng*b-closed. Hence f is almost g*b-continuous.

Remark 5.9: The converse of the above theorem need not be true as seen in the following example

Example 5.10 : Let X=Y = {a,b.c}, 1= {9, {a}, {b,c}, X} ando = {¢, {a}, {b}, {a, b}, {b, c}, X} The
identity function f: (X, 1) = (Y, o) is almost g*b-continuous but not b-continuous.

Theorem 5.11: Let X be a ng*b-Ty, space. Then f: X — Y is almost ng*b-continuous iff f is almost b-
continuous.

Proof : Suppose f: X — Y is almost mg*b-continuous. Let V be a regular closed subset in Y. Then f*(V) is
ng*b-closed in X. since X is ng*b-T, space, f'(V) is b-closed in X.

Therefore f is almost b-continuous.

Conversely, suppose that f : X — Y is almost b-continuous. Let V be a regular closed subset in Y. Then f*(V)
is b-closed in X. Since every b-closed set is mg*b-closed, f*(V) is ng*b-closed. Therefore f is almost mg*b -
continuous.

Theorem 5.12 : Every ng*b-irresolute function is almost mg*b-continuous.
Proof : Straight forward.
Remark 5.13 : The converse of the above theorem need not be true as seen in the following example

Example: 5.14 Let X ={ a,b,c}, 1= { ¢, {a}, {b}, {a,b},{b,c}, X}, 6={¢, {b,c}, X} .Definef: (X, 1) >
(X, o) by f(a) =a, f(b)=c, f(c)=D>. Then fis almost tg*b-
continuous but not ng*b irresolute.
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