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Abstract

A set D of vertices is a dominating set of GG if every vertex not
in D is adjacent to at least one member of D. A set D of vertices
is said to be dom-chromatic if D is a dominating set and x((D)) =
X(G). A Weighted tree, (T, w) a tree together with a positive weight
function on the vertex set w : V(T') — R*. The weighted domination
number v, (7)) of (T, w) is the minimum weight w(D) = 3 pw(v)
of a dominating set D of T. The weighted dom-chromatic number
Ywer(T) of (T, w) is the minimum weight w(D) = Y -, w(v) of a
dom-chromatic set D of T. A caterpillar is a graph which can be
obtained from the path on n vertices by appending x; pendant vertices
to the " vertex of the path, P,. The caterpillar with parameters
n,ri,To,...,x, will be denoted as P, (z1,x2,...,x,). In this paper,
the weighted dom-chromatic numbers are determined for some classes

of Type-I weighted caterpillars.

Keywords: dominating set, dom-chromatic set, weighted domination, weighted
dom-chromatic number, Type-1 weighted labeling
MSC Subject Classification: 05C69

1 Introduction

A set S of vertices is a dominating set of G if every vertex not in S is adjacent

to at least one member of S. The minimum cardinality of a dominating set in
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G is called the domination number and is denoted by v(G). The set D(G) is
the collection of all dominating sets of G. A subset S of V' is said to be a dom-
chromatic set (or dc-set) if S is a dominating set and x(< S >) = x(G).
The minimum cardinality of a dom-chromatic set in G is called the dom-
chromatic number (or dc-number) and is denoted by v.,(G). The set D, (G)
is the collection of all dom-chromatic sets of G

A Weighted tree, (T, w) a tree together with a positive weight function on
the vertex set w : V(T') — R*. The weighted domination number ~, (T of
(T',w) is the minimum weight w(D) = Y ., w(v) of a dominating set D of
T. The weighted dom-chromatic number ~,en(T) of (T, w) is the minimum
weight w(D) = >, .pw(v) of a dom-chromatic set D of T

P. Palanikumar and S. Balamurugan [12] has introduced the concept of
Type-1 weighted labeling and they study the weighted dom-chromatic number
of a weighted tree. Also, determine the weighted dom-chromatic number of

a Type I weighted paths.

Theorem 1.1. [12] Let (T,w) be a weighted tree and [1,2,...,n] be a leaf-
first labeling of T Where w(i) = w; fori=1,2,...,n. Ifi is a leaf of T then
Nen (1) = wi; O (1) = 0; Aen () = w; ; pen(i) = 0.

Definition 1.2. [12] Let (T, w) be a weighted tree and [1,2,...,n] be a leaf-
first labeling of (T, w). Then L is said to be of Type-1 if i is the first leaf of
T—{1,2,...,i—1} from left.

Theorem 1.3. [12] For a path P,,(n > 3) of Type-I,

(n*>+n+6) ifn=0(mod 3)
(n*+n+10) if n=1(mod 3)
(N> +n+12) ifn=2(mod 3)

’Vwch(Pn) =

D= D= D=

2 Caterpillar

A caterpillar is a graph which can be obtained from the path on n

vertices by appending x; pendant vertices to the ¥ vertex of the path,
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P,. The caterpillar with parameters n,xq,xs,...,z, will be denoted as
P, (1,29, ...,2,).

Note, this is a tree with the property that the removal of its leaves and
incident edges results in a path P, called the spine of the caterpillar. Let
[ denote the number of leaves, ie., | = > " ;. We say a caterpillar is
complete if every vertex on the spine of the caterpillar is adjacent to at least
one leaf.

Let P, (x1, 22, ..., x,) be a caterpillar. We first consider the case of cater-
pillars where z; = z,, = [l and z; = 0 for 2 <7 < n — 1. It is observe that
it can have three cases that is a path with n vertices where n = 3k, 3k + 1,
3k + 2 to determine Yy (P (1,0,0,...0,1)).

Theorem 2.1. For a caterpillar, P, (x1,xs,...,x,), where x1 = x, = [,
;=0 for2 <i<n-—1 of Type-I, then

(n2+3n+6)+@ if n =0 (mod 3)

(n+1)(n+2)+@ ifn=1 (mod 3)

(n+1)(n+2)+@ if n =2 (mod 3)

’chh(Pn (xly To, ... ,:L‘n)) =

D= D= O

Proof. Let G = (P, (z1,22,...,2,),w) be a weighted caterpillar with z; =
x, =1land x; =0 for 2 <i<n-—1. Let V(P,) = {vy,vq,...,v,}. Attach [

pendent vertices, namely {rq, 79, ..., },the left siblings, at v; and Attach [

pendent vertices, namely {s1, S, ..., s },the right siblings, at v,, as shown in
Figure 2.1.
U1 V2 U3 Up—2 Un—1 Un
4 4 s 4 4
Tl T2 ] S1 S2 Si

Figure 2.1: A caterpillar P, (1,0,0,...,0,1)

Let L =[1,2,...,n] be a leaf-first labeling of (P, (1, z,...,x,),w) and
L is of Type-I.
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If I =1, then G = P, (%1, 29, ...,2,) reduces to a path on n + 2 vertices.
Thus, Yewen(Pn (21,22, .., 2n)) = Yweh(Pat2). By Theorem 1.3, the result is
obvious.

Now we consider for [ > 1. To dominate the left sibling vertices {ry,79,...,7},

the minimum weighted vertex is v; and to dominate the right sibling vertices
{s1, s2,..., 8}, the minimum weighted vertex is v,,. Thus v; and v,, are must
be in 7,- set of G. We consider the following cases.
Case (1): Suppose n = 0(mod 3). Then n = 3k for some integer k > 1.
Let {vq,vg, ..., vs3:} be the vertices of Py;. As the maximum weighted vertex
v3, dominates the vertex vs;_1, to dominate the maximum weighted vertex
v3k_2, choose the minimum weighted vertex vs,_3 for the ~,-set so that the
vertices vs,_4 and wvs,_s are dominated. Similarly, to dominate the maxi-
mum weighted vertex wvs,_s5, choose the minimum weighted vertex vs;_g for
the v,-set so that the vertices v3;_7 and vs,_5 are dominated.

Proceeding in this way, to dominate the maximum weighted vertex vy,
choose the minimum weighted vertex vs for the ~,,-set of G. Then the vertices
vy and vy are dominated. Thus the set of vertices {vsx_3, Vsk_g,- - -, Vs, U3}
belongs to the v,-set of G. Since the vertices v; and v are included in any
weighted dominating set of G, the set D = {vy,v3, vg, . . ., Usk—3, V3 } will be
a minimum weighted dominating set of G.

For chromatic preserving, add a neighbor of least weight vertex to this

set. Obviously, it is r1. Thus the least weight dom-chromatic set D is

{7“1, U1, V3, Vg, - - - aUSk—67U3k—37U3k}-
Hence, the minimum weight of a dom-chromatic set is,Yyen (P (21, T2, . .., xp)) =
w(D) = w(v;) = 14+(+1)+[(14+3)+(1+6)+. . .+ (I+3k—3)]+(20+3k—1) =
(n+6)1

5 (n*+3n+6) + "=

Case(2): Suppose n = 1 (mod 3). Then n = 3k + 1 for some integer
k > 1. Let {vy,va,...,v3,41} be the vertices of Psrii. As the maximum
weighted vertex v, dominates the vertex wvsy, to dominate the maximum
weighted vertex vs,_1, choose the minimum weighted vertex vs;_o for the ,,-

set so that the vertices v3;_3 and v3,_1 are dominated. Similarly, to dominate
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the maximum weighted vertex vs;_4, choose the minimum weighted vertex
v3k_5 for the ~,-set so that the vertices vs;_¢ and v3,_4 are dominated.

Proceeding in this way, to dominate the maximum weighted vertex vs,
choose the minimum weighted vertex v, for the ~,,-set of G. Then the vertices
v and vs are dominated. Thus the set of vertices {vsx_2,Vsp_5,. .., 07, U4}
belongs to the v,-set of G. Since the vertices v; and w3y are included in
any weighted dominating set of G, the set {vy, vy, v7,. .., V3p_2, Usgs1} Will be
a minimum weighted dominating set of G.

For chromatic preserving, add a neighbor of least weight vertex to this
set. Naturally, it is r;. Thus the least weight dom-chromatic set D is
{7”1,111,1)4, o ,Usk72,U3k+1}-

Hence, the minimum weight of a dom-chromatic set is,Yyen (P (21, T2, . . ., ) =
w(D) =Y w(v) =1+[(1+1)+{(+4)+({+7)+...+(+3k—2)]+ (2l +3k) =
Ln 4 1) (n +2) 4 @20

Case(3): Suppose n = 2 (mod 3). Then n = 3k + 2 for some integer
k > 1. Let {vy,va,...,v342} be the vertices of Psrio. As the maximum
weighted vertex vsi,o dominates the vertex vsxy1, to dominate the maximum
weighted vertex wvsg, choose the minimum weighted vertex vs;_; for the ,,-
set so that the vertices vs,_o and vz, are dominated. Similarly, to dominate
the maximum weighted vertex vsx_3, choose the minimum weighted vertex
v3k_4 for the ~,-set so that the vertices vs;_5 and v3,_3 are dominated.

Proceeding in this way, to dominate the maximum weighted vertex vs,
choose the minimum weighted vertex vy for the v,,-set of G. Then the vertices
v; and v are dominated. Thus the set of vertices {vsx_1, V3g_a, ..., Vs, Va}
belongs to the v,-set of GG. Since the vertices v; and w3 o are included in
any weighted dominating set of G, the set D = {vy,v9,vs, . .., Usg, U312} will
be a minimum weighted dominating set of G.

Clearly, the set D preserves the chromticity of least weight in GG. Hence,

the minimum weight of a dom-chromatic set is, Vyen (P (21,22, ...,2,)) =
w(D) =Y w(v) = (I+1)+[([+2)+({+5)+...+(+3k—1)]+(20+3k+1) =
Lin+1)(n+2)+ 200 O
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We next consider the case of caterpillars where x; = [ and z; = 0 for
2 <1 < n. We observe that it can have three cases that is a path with n
vertices where n = 3k, 3k + 1 ,3k 4+ 2 to determine v, (P, (1,0,0,...0,0)).

Theorem 2.2. For a caterpillar, P, (z1,xs,...,%,), where v1 =1, x; = 0
for 2 <1 <n of Type-I, then

%(n2+n+6)+@ if n = 0(mod 3)
7wch(Pn ($17$2a-'-7$n)) - %(n2+n+10)+@ ZfTZE 1 (mod 3)
%(n2+n+6)+@ if n =2 (mod 3)

Proof. Let G = (P, (z1,,...,2,),w) be a weighted caterpillar with z; = {
and x; = 0 for 2 < i < n. Let V(P,) = {v1,v,...,v,}. Attach [ pendent

vertices, namely {r{, 79, ..., 7} ,the left siblings, at v; as shown in Figure 2.2.
(%1 (% U3 Un—2 Un—1 Un,
° ° e ° ° °
1 T2 T

Figure 2.2: A caterpillar P, (1,0,0,...,0,0)

Let L =[1,2,...,n] be a leaf-first labeling of (P, (1,22, ...,x,),w) and
L is of Type-I.

If I =1, then G = P, (x1, 22, ...,7,) reduces to a path on n + 1 vertices.
Thus, Yuwen(Pn (21,22, ..., 2n)) = Yweh(Pat1). By Theorem 1.3, the result is
obvious.

Now we consider for [ > 1. To dominate the left sibling vertices {ry,79,...,7},
the minimum weighted vertex is v; . Thus v; must be in v,-set of G. We
consider the following cases.

Case (1): Suppose n = 0 (mod 3). Then n = 3k for some integer k > 1.
Let {vy,v9,...,v3} be the vertices of Ps;. It is obvious that v, admits the
maximum weight in G. Hence to dominate the vertex vz, choose the mini-

mum weighted vertex vs;,_; for the v,-set. Then the vertices vs,_o and vgy
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are dominated. Similarly, to dominate the maximum weighted vertex vs;_3,
choose the minimum weighted vertex vs;_4 for the v,,-set so that the vertices
vap—s5 and vs,_3 are dominated.

Proceeding in this way, to dominate the maximum weighted vertex wvs,
choose the minimum weighted vertex v, for the ~,,-set of G. Then the vertices
vy and vy are dominated. Thus the set of vertices {vsx_1, Vsg—a,..., Vs, Va}
belongs to the v,-set of G. Since the vertex v; is included in any weighted
dominating set of G, the set D = {vy, vg, vg, . . ., U3x_3, U3x } Will be a minimum
weighted dominating set of G.

Naturally, the set D preserves the chromaticity of least weight in G.
Hence, the minimum weight of a dom chromatic set is, Yyen (P, (21, T2, . .., 2,)) =
wD) =Y w) =1+ +[(1+2)+(+5)+...+(1+3k—-1)] =
L(n?+n+6)+ 2

Case (2): Suppose n = 1 (mod 3). Then n = 3k + 1 for some integer
k > 1. Let {vy,v,..., 03511} be the vertices of Psq. It is obvious that
v3r+1 admits the maximum weight in G. Hence to dominate the vertex
U3k+1, choose the minimum weighted vertex wvs, for the ~,-set. Then the
vertices vs;_1 and vsgyq are dominated. Similarly, to dominate the maximum
weighted vertex vsy,_o, choose the minimum weighted vertex vs,_3 for the ~,,-
set so that the vertices vs;,_4 and vs,_s are dominated.

Proceeding in this way, to dominate the maximum weighted vertex vy,
choose the minimum weighted vertex vs for the ~,,-set of G. Then the vertices
vy and vy are dominated. Thus the set of vertices {vsg,vsr_3,...,vs, 3}
belongs to the v,-set of G. Since the vertex v; is included in any weighted
dominating set of G, the set {vy,vs,vg, ..., V35 3,03} will be a minimum
weighted dominating set of G.

For chromatic preserving, a least weight vertex is to be added which is r;.
Thus the least weight dom-chromatic set D is {ry, v, vs, v, . . ., Usk—3, Usk }-

Hence, the minimum weight of a dom-chromatic set is, Vyen (P (21, T2, . . ., T4))
wD) =Y w) =14+0+1)+[(1+3)+(1+6)+...+(+3k)] =

1(n?+n+10) + 2
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Case (3): Suppose n = 2 (mod 3). Then n = 3k + 2 for some integer
k > 1. Let {vy,v,..., 03512} be the vertices of Psio. It is obvious that
V3g42 admits the maximum weight in G. Hence to dominate the vertex vz, o,
choose the minimum weighted vertex vs;y; for the v,-set. Then the vertices
v3x and vsgyo are dominated. Similarly, to dominate the maximum weighted
vertex vsg_1, choose the minimum weighted vertex vsp_o for the ,-set so
that the vertices v3;,_3 and vs,_; are dominated.
Proceeding in this way, to dominate the maximum weighted vertex wvs,
choose the minimum weighted vertex v, for the ~,,-set of G. Then the vertices
v3 and vs are dominated. Thus the set of vertices {vsgi1, Vsp—2,..., V7, Vs}
belongs to the v,-set of G. Since the vertex v is included in any weighted
dominating set of G, the set {vy, vy, v7, ..., V32, V3k41} Will be a minimum
weighted dominating set of G.
For chromatic preserving, a least weight vertex is to be added, Naturally,
it is 1. Thus the least weight dom-chromatic set D is {ry, vy, vg, V7, . . ., Usk—2, U311 }-
Hence, the minimum weight of a dom-chromatic set is,Yyen (P (21, T2, . . ., ) =

w(D) =Y wv) =1+[(I+1)+((+4)+...+(+3k+1)] = (n*+n+06)+
(n+1)l

3
[l

Next let us consider the case of caterpillars where x,, = [ and z; = 0 for
1 <7 <n-—1. We observe that it can have three cases that is a path with n
vertices where n = 3k, 3k + 1 ,3k 4 2 to determine ~yen (P, (0,0,...0,10)).

Theorem 2.3. For a caterpillar, P, (x1,22,...,x,), where x, =1, x; = 0
for1 <i<n—1 of Type-1, then

(n?+3n+6)+1 ifn=0 (mod 3)
(n*+3n+8)+1 ifn=1 (mod 3)
(n*+3n+2)+1 ifn=2 (mod 3)

wach(Pn (1’1,&32, s ,l’n)) =

D= D= D=

Proof. : Let G = (P, (1,2, ...,%,),w) be a weighted caterpillar with x,, =
land x; = 0 for 1 < i <mn—1. Let V(P,) = {v1,va,...,v,}. Attach [
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pendent vertices, namely {s1, so,. .., s },the right siblings, at v,, as shown in
Figure 2.3
U1 Vg U3 Un—2 Un—1 Un,
. . . D . ‘
S1 S2

Figure 2.3: A caterpillar P, (0,0, ...,0,)

Let L =[1,2,...,n] be a leaf-first labeling of (P, (1,22, ...,x,),w) and
L is of Type-I.

If [ =1, then G = P, (21,23, ...,x,) reduces to a path on n + 1 vertices.
Thus, Yuwen(Pn (21,22, .-, 2n)) = Yweh(Pat1). By Theorem 1.3, the result is
obvious.

Now we consider for [ > 1. To dominate the right sibling vertices

{s1,82,..., 8}, the minimum weighted vertex is v, . Thus v, must be in
Yw-set of G. We consider the following cases.
Case (1): Suppose n = 0(mod 3). Then n = 3k for some integer k£ > 1. Let
{v1,v9,...,v3:} be the vertices of P3. Since vy, dominates vg_1, to dom-
inate the maximum weighted vertex wvs;_o, choose the minimum weighted
vertex vsy,_3 for the 7,-set. Then the vertices vsp_4 and vs;,_o are dominated.
Similarly, to dominate the maximum weighted vertex vs;_s, choose the mini-
mum weighted vertex vs,_g for the 7,,-set so that the vertices vs,_7 and vs_5
are dominated.

Proceeding in this way, to dominate the maximum weighted vertex vy,
choose the minimum weighted vertex vs for the ~,,-set of G. Then the vertices
vy and vy are dominated. Thus the set of vertices {vsg,vsr_3,...,vs,V3}
belongs to the ~,-set of G.

Now, by choosing the minimum weighted vertex v; to the ~,-set, it is
necessary to select the vertex vy for the chromatic preservation. Hence,
the weighted vertices vy, vy alongwith v3 contributes a weight of 6 to the

Ywen-Set. While, we choose the weighted vertex vy for ~,-set, it dominates
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vy and the ~,-set unioned with vy preserves the chromaticity. Moreover,
it contributes a minimum weight of 5 to the ~,.-set. Hence, any ~,-set
unioned with vy will be the least weight dom-chromatic set of G. Thus,
D = {vq,v3, 0, . ..,U3,_3, U3} is & minimum weighted dom-chromatic set in
G.

Hence, the minimum weight of a dom-chromatic set is, Yyen (B (21, T2, - . ., ,)) =
w(D) =Y w(v;) =2+ (3+6+...43k—3)+(Bk—141) = l+¢ (n? + 3n + 6)
Case (2): Suppose n =1 (mod 3). Then n = 3k + 1 for some integer k > 1.
Let {v1, v, ..., v3k11} be the vertices of Psyy1. Since vsgyq dominates vsy, to
dominate the maximum weighted vertex vs;_1, choose the minimum weighted
vertex vsy,_g for the 7,-set. Then the vertices vsp_3 and vs;,_; are dominated.
Similarly, to dominate the maximum weighted vertex vs,_4, choose the mini-
mum weighted vertex vs,_s5 for the v,-set so that the vertices vs;_g and vsj_4
are dominated.

Proceeding in this way, to dominate the maximum weighted vertex v,,
choose the minimum weighted vertex v; for the v,-set of G. Then the vertex
vy is dominated. Thus the set of vertices {vsgy1, V3k_2, ..., V4, v1} belongs to
the 7,-set of G.

For chromatic preserving, a least weight vertex is to be added which is v,.
Therefore the least weight dom-chromatic set D is {vy, va, vy, . . ., Usg—2, Usgy1 }-
Hence, the minimum weight of a dom-chromatic set is, Vyen (P, (21, T2, ..., T,)) =
wD) =Y w(v;) =2+ 14+4+...+3k—2)+3k+1=1+ % (n*+3n+38).

Case (3): Suppose n = 2 (mod 3). Then n = 3k + 2 for some integer
k> 1. Let {vy,va,...,vs,42} be the vertices of Py 0. Since vsgio dominates
U311, t0 dominate the maximum weighted vertex wvsy, choose the minimum
weighted vertex vs,_q for the v,-set. Then the vertices vs,_o and vz, are dom-
inated. Similarly, to dominate the maximum weighted vertex wvs;_3, choose
the minimum weighted vertex vs,_4 for the v,-set so that the vertices vs;_s
and vs,_3 are dominated.

Proceeding in this way, to dominate the maximum weighted vertex wvs,

choose the minimum weighted vertex v, for the ~,,-set of G. Then the vertices
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vy and vz is dominated. Thus the set of vertices {vsxi2,V3k_1,..,05, U2}
belongs to the ~,-set of G.
For chromatic preserving, a least weight vertex is to be added which is v;.
Therefore the least weight dom-chromatic set D is {vy, va, s, . .., Usg_1, Usk2 }-
Hence, the minimum weight of a dom-chromatic set is,vyen (P (71, T2, - - ., Tp)) =
w(D) =Y w(v;) = 14(245+. . .+3k—1)+3k+1+l = I+% (n* + 3n+2). O
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