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Abstract

A set D of vertices is a dominating set of GG if every vertex not
in D is adjacent to at least one member of D. A set D of vertices
is said to be dom-chromatic if D is a dominating set and x((D)) =
X(G). A Weighted tree, (T, w) a tree together with a positive weight
function on the vertex set w : V(T') — R*. The weighted domination
number v, (7)) of (T, w) is the minimum weight w(D) = 3 pw(v)
of a dominating set D of T. The weighted dom-chromatic number
Ywer(T) of (T, w) is the minimum weight w(D) = Y -, w(v) of a
dom-chromatic set D of T. A caterpillar is a graph which can be
obtained from the path on n vertices by appending x; pendant vertices
to the " vertex of the path, P,. The caterpillar with parameters
n,ri,To,...,x, will be denoted as P, (z1,x2,...,x,). In this paper,
the weighted dom-chromatic numbers are determined for some Type-I

weighted complete caterpillars.

Keywords: dominating set, dom-chromatic set, weighted domination, weighted
dom-chromatic number, Type-1 weighted labeling
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1 Introduction

A set S of vertices is a dominating set of G if every vertex not in S is adjacent

to at least one member of S. The minimum cardinality of a dominating set in
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G is called the domination number and is denoted by v(G). The set D(G) is
the collection of all dominating sets of G. A subset S of V' is said to be a dom-
chromatic set (or dc-set) if S is a dominating set and x(< S >) = x(G).
The minimum cardinality of a dom-chromatic set in G is called the dom-
chromatic number (or dc-number) and is denoted by v.,(G). The set D, (G)
is the collection of all dom-chromatic sets of G

A Weighted tree, (T, w) a tree together with a positive weight function on
the vertex set w : V(T') — R*. The weighted domination number ~, (T of
(T',w) is the minimum weight w(D) = Y ., w(v) of a dominating set D of
T. The weighted dom-chromatic number ~,en(T) of (T, w) is the minimum
weight w(D) = >, .pw(v) of a dom-chromatic set D of T

P. Palanikumar and S. Balamurugan [13] has introduced the concept of
Type-1 weighted labeling and they study the weighted dom-chromatic number
of a weighted tree and determine the weighted dom-chromatic number of a
Type I weighted paths. Also, they found the Weighted dom-chromatic num-
ber of some classes of Type-I weighted caterpillars in [14]. In this paper, the
weighted dom-chromatic numbers are determined for some Type-I weighted

complete caterpillars.

Theorem 1.1. [13] Let (T, w) be a weighted tree and [1,2,...,n] be a leaf-
first labeling of T Where w(i) = w; fori=1,2,...,n. Ifi is a leaf of T then
nch(i) = Wiy ech(z) =0; Ach(z) =W ; ,uch(l) = 0.

Definition 1.2. [13] Let (T, w) be a weighted tree and [1,2,...,n] be a leaf-

first labeling of (T, w). Then L is said to be of Type-1 if i is the first leaf of
T—{1,2,...,i—1} from left.

Theorem 1.3. [13] For a path P,,(n > 3) of Type-I,

t(n*+n+6) ifn=0(mod 3)
F(n*+n+12) ifn=2(mod 3)
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2 Complete Caterpillar

A caterpillar is a graph which can be obtained from the path on n
vertices by appending x; pendant vertices to the " vertex of the path,
P,. The caterpillar with parameters n,xq,xs,...,x, will be denoted as
P, (1,29, ...,2,).

Note, this is a tree with the property that the removal of its leaves and
incident edges results in a path P, called the spine of the caterpillar. Let
[ denote the number of leaves, ie., | = > "  z;. We say a caterpillar is
complete if every vertex on the spine of the caterpillar is adjacent to at least
one leaf.

Also, a caterpillar P, (x1, s, ...,2,), is complete if the x; > 0 for
1 < ¢ < n. First, let us consider the class of complete caterpillars where
r; = 1 for 1 <1 < n, that is , having only one leaf attached to each vertex

on the spine of the caterpillar. Examples are given in Figure 2.1.

v1(2) v9(4) v3(6) v4(7)
uy(1) ua(3) ug(5) uy(8)

Figure 2.1: A complete caterpillar Py (1,1,1,1)
As an example of Type -I weighted complete caterpillar Py (1,1,1,1),

shown in Figure 2.1. Let Py (1,1, 1, 1) have the vertices {vq, vo, v3, U4, U1, g, Uz, Uy }
as shown in Figure 2.1. The minimum weighted dom-chromatic set is D =
{v1,u1,ug, ug, v4} and w(D) = 142434547 = 18. Thus Yyen(Py (1,1,1,1)) =
18.

Observe that the weighted dom chromatic number of the above caterpil-
lars is the sum of the weight of the pendent vertices of P, and weight of the
leaves except the maximum weight of the leaf.

Now, we are ready to prove Proposition.

Theorem 2.1. For a caterpillar, P, (x1,2a,...,x,), where z; = 1 for 1 <
i < n of Type-I, then Yuwen(Py (21,72, ..., 2n)) = n* 42
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Proof. Let G = (P, (x1,%2,...,2,),w) be a weighted complete caterpillar
with 2; = 1 for 1 <1i <n. Let V(P,) = {vy,vq,...,v,}. Attach one pendent
vertex u; for 1 < j < n at each v; for 1 < i < n as shown in Figure 3.2.
Then V((P, (1,22, ..., x,)) = {v1, 02, ..., Uy, U1, U, ..., u,}. Thus
\V((P, (z1,x2,...,2,))| = 2n.

let L =11,2,...,n] be a leaf-first labeling of (P, (z1,x2,...,2,),w) and
L is of Type-1.

v1(2) vo(4) v3(6) v4(8) Un—1(2n —2) v,(2n — 1)

uy(1) us(3) us(5) uy(7) Up—1(2n — 3) u,(2n)
Figure 2.2: A complete caterpillar P, (1,1,...,1)

To dominate the maximum weighted vertex w,, choose the minimum
weighted vertex is v, for the ~,-set of G. A dominating set of G either
contains a non-end vertex v or the end vertex of v. This implies that the
weighted vertex v, unioned with the set of leaves except u, will be a min-
imum weighted dominating set of G. Thus, the minimum weighted dom-
inating set of G is {uy,us,...,u,,v,}. For chromatic preservation, add a

neighbor of least weight vertex to this set. Naturally, it is v;. Therefore,

the least weight dom-chromatic set is D = {vy, uy, ug, ..., u,, v, }. Hence the
minimum weight of a dom-chromatic set is, v, (P, (21, T2, ..., 2,)) = w(D) =
Swv)=(1+3+5+...42n—3+2n—1)+2=n*+2. O

Our next result of interest gives the class of complete caterpillars with
x; = [ where [ > 1 for 1 < i < n, that is , having k leaves attached to
each vertex on the spine of the caterpillar. We observe that the weighted
dom-chromatic number of the above caterpillars is the sum of the weights of
the vertices of P,.

Now, we are ready to prove our theorem.
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Theorem 2.2. For a caterpillar, P, (xy,s,...,x,), where x; = [, where
[ >1 forl <i<n of Type-1, then Yyer, (P (1,22, ...,2,)) = (n+1)\v( I

Proof. Let G = (P, (x1,%2,...,2,),w) be a weighted complete caterpillar
with x; = [, where [ > 1 for 1 < i <n. Let V(P,) = {v1,va,...,v,}. Attach
[ pendent vertex wu; 1, u; 2, ..., u;; at each v; for 1 < ¢ < n as shown in Figure
2.3. Then V((P, (z1,22,...,2,)) = {vi,u;;: 1 <i<n;1<j<Il}. Thus
V(P (z1,22,...,2,))| =n(l +1).

NN NN

Uy, Up—1,1 Up—1,2 Un-11 Up1 Unp,1

Flgure 2.3: A complete caterpillar P, (I,1,...,1)

Let L = [1,2,...,n] be a leaf-first labeling of (P, (z1,22,...,2,),w) and L
is of Type-I as shown in Figure 2.4

(+1) 201+ 1) (n—1)(+1) n(41) -1
204+ 1 (n—2)l+n—-1 (n—l)l+n 2 (n—1l+n+1
(n—2)l+n

Figure 2.4: A weighted complete caterpillar P, (I,1,...,1)

A dominating set of GG either contains a non-end vertex or the end vertex.
It is easily observe that the set of vertices of P, is a minimum weighted
dominating set of G. Also, this set preserves the minimum weighed dom-

chromatic in G. Thus, the minimum weighted dom-chromatic set of G is

D ={vy,vq,...,v,}. Hence the minimum weight of a dom-chromatic set is,
(P (1,5, 30) = w(D) = Sw(v) = (L+1) +20+1) + 30+ 1) +
I+ =D+l +1) - 1] = (n+1)MA 1. O

ISSN: 2231-5373 http://www.ijmttjournal.org Page 199



vts-1
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 66 Issue 5  - May 2020


vts-1
Text Box






ISSN: 2231-5373                      http://www.ijmttjournal.org                         Page 199



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 66 Issue 5 - May 2020

References

[1] S. BALAMURUGAN, A study on chromatic strong domination in graphs,
Ph.D Thesis, Madurai Kamaraj University, India 2008.

[2] C. BERGE, Theory of graphs and its applications, Dunod, Paris, 1958.

[3] P. DANKELMANN, D. RAUTENBACH AND L. VOLKMANN, Weighted
Domination, 2004.

[4] M. R. GAREY AND D. S. JOHNSON, Computers and Intractability: A
Guide to the Theory of NP-Completeness, W. H. Freeman, 1979.

[5] F. HARARY, Graph Theory, (Addison Wesley, Reading, Mass 1972).

6] T. W. HAYNES, S. HEDETNIEMI AND P. SLATER, Fundamentals of
Domination in Graphs, Marcel Dekker, Inc., New York, 1998.

[7] T. W. HAYNES, S. HEDETNIEMI AND P. SLATER, Domination in
Graphs : Advanced Topics, Marcel Dekker, Inc., New York, 1997.

[8] P.J. HEAWOOD Map color theorems, Quart. J. Math., 24(1890), 332-
338.

[9] T.N. JANAKIRAMAN, N. POOPALARANJANI, On Some Coloring and
Domination Parameters in Graphs, Ph. D Thesis, Bharathidasan Uni-
versity, India 2006.

[10] A. B. KEMPE, On the geographical problem of four colors, Amer. J.
Math., 2(1879), 193-204.

[11] MIN-JEN Jou AND JENQ-JONG LIN, Algorithms for Weighted Dom-
wmation Number and Weighted Independent Domination Number of
a Tree, Int. Journal of Cont. Math. Sci.,, 13 (2018), 133 - 140.
https://doi.org/10.12988 /ijcms.2018.8413

ISSN: 2231-5373 http://www.ijmttjournal.org Page 200



vts-1
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 66 Issue 5  - May 2020


vts-1
Text Box






ISSN: 2231-5373                      http://www.ijmttjournal.org                         Page 200



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 66 Issue 5 - May 2020

[12] O. ORE, Theory of Graphs, Amer. Math. Soc. Transl., Vol. 38, Collo-
quium Publications, 1962, 206-212. https://doi.org/10.1090/coll/038.

[13] P. PALANIKUMAR AND S. BALAMURUGAN, Weighted dom-chromatic
number of a Tree, J. Pure & Appl. Math., Submitted.

[14] P. PALANIKUMAR AND S. BALAMURUGAN, Weighted dom-chromatic
number of some classes of Type-I weighted caterpillars, Int. J. of Math-
ematics Trends and Technology, Submitted.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 201



vts-1
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 66 Issue 5  - May 2020


vts-1
Text Box






ISSN: 2231-5373                      http://www.ijmttjournal.org                         Page 201





