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I. Introduction

We consider the linear stability of zonal flows of an inviscid, incompressible fluid on a p-plane. For this

problem, [5] derived potential vorticity equation that governs the stability. [1] posed this problem and now it is

known as Kuo problem. For this problem, [1] derived the inflexion point criterion namely U —ﬂvanishes

somewhere in the flow domain which is the extension of Rayleigh inflexion point theorem for the case of shear

flows. [3] shown the range of wave velocity of an unstable mode. The instabilityregion of [3] does not depend

onU —ﬁ. [2] derived two parabolic instability region which includes U —ﬁ and depends on functions which

is either greater than zero or less than zero. [6] derived condition for temporal growth rate of an unstable mode and
necessary condition for the non-existence for non-oscillatory unstable modes. For the case of homogeneous shear
flows in sea straits of arbitrary cross section, [4] derived parabolic instability regions. Our present work is an

extension of the work done by [4] for the case of zonal flows.

In this paper, we derived two parabolic instability region for a class of flows which does not depend
function either greater than zero or less than zero as given in [2] and intersect with standard Howard semicircle

under some condition.
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1. Kuo Problem

The Kuo problem is given by

vv"_[ku%"—‘ﬂ}W:o, )

with boundary conditions

W (z,) =0=W(z,). @)

Here prime denotes differentiation with respect to z, C=C, +1C; is the complex wave velocity of the disturbance,

k is the wave number, U(z) is the basic velocity profile, § is Coriolis force in the latitudinal direction.

1
Introducing the transformationW = (U — C)E G, we get

4U —c) 2

NJ—dﬁ}¥4éaJ—QG——ELX—G—(EL—ﬁ}B:o, @3)

withboundary conditions
G(z,) =0=0G(z,)- 4)

I11. Main Results

Theorem 3.1:

If C=C, +IC; with C; >0 then

Z, z, \2 2, "
(i Z[(U —cr)ﬂc;‘\2 +k2|G|2}dz+ £%|G|Zdz+ i(%—ﬂ}@fdz - 0.

(i) IUGWZ+kﬂGF}t—IZ£%%%ﬂGfdz=o.
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Proof:

Multiplying (3) by G™, integrating over [z,, z, ] and using (4), we get

zle c)ﬂe\ +k?[g| }dz+j v )C)|G|2dz+£(u7—,8J|G|zdz=O_

Equating real and imaginary parts, we get

z z \2 "

¢ ¢ U -c,) U

J:(U _Cr Zjldz + 2[(4|)U—||G| d {(7 —ﬂJ|G|2dZ . 0, (5)
and

—cme\ +k?g] }ducj L<J uJ ) _glPdz=0,

sinceC; >0, we have

el e o[-V T ra—o o
2 24U —d°
Theorem 3.2:
IfuU,, >0then
U e
¢ <Ale, Uy +U e ) where 4= —— 4
Tk

Proof:

Multiplying (6) by (U nin — Y e )and adding with (5), we get
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Zy

j(u ¢, +U,, —umax)ﬂe\ +k?[G| ]dz+j

7

FU-c -U
4|U - c|2

Since (U —-C, +U min U mex ) <0 , dropping this term from the above equation, we get

min +UmaX)IG|2dZ n

J

)

2(%—ﬂJ|G|2dz =0

f(——ﬂ]|G| dz>j ~Y U Y| 7, (7)
Z 4|U — C|
Multiplying (6) by (c, ) and adding with (5), we get
j(u)[|e " keief Jaz + j(UlzC)|e| dz + j( ﬂJ|G|2dz:0 (8)
Substituting ((7) in (8), we get
z, 7, \2 .
fofief +k2|e|2}dzsj(u f e Y +Um)igr2g,
7 7 4|U — C|
Since| |2 — and using Rayleigh-Ritz inequality, we have
U - C|
U e

72_2 Z3 ) 4 Z3 )

U_ | ——+k?|||G] dz< -U_. +U G| dz:
o B L Ca ST
That is
2
Ci Sﬂ’[cr_umin +Umax]l 9)
\2
L ke
where 4 = 5 4
T 2
; Tk

(Zz - 21)
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Theorem 3.3:

it A< Awhere 4, = (U, —U,; )-2JU, U —U_ Jthen ¢? < A[c, ~U 5, +U,,. |

intersect the Howard semicircle.
Proof:

The Howard semicircle is given by

Umin +Umax 2 Umax_Umin ’
C,—— |+ |———-—- -
2 2

Substituting (9) in (10), we get

2
C, +(ﬂ“_Umin _Umax)cr +(Umin
The discriminant part of above equation is given by

Z+lu, -6U_ J+U,., U] >0.

Solving, we get

ﬂ“:(wmax _Umin)iz\/umax(zumax _Umin)'

U, -AU. +aU_ )<0.

1fA <A, where 4, =(3U,, -U,. )- 2\/UmaX (2U,. —U, .. ) then the parabola

2
c < /1[0r -U.i U, ] intersect the Howard semicircle.

Theorem 3.4:

in

If [U?_IBJ > O then

(10)
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Cfs/i[cr—ZUmin +Umax],where/1= 4

Proof:

Multiplying (6) by (U max -U min )and adding with (5), we get

% . “UfU-c +U,, -U,, 2y’
i@)—c,—UMn+Umm{p|2+kﬂGf}t+£( X Jbtcf HGrdz+£(2!—ﬂ}Grdz=0

Since (U —C, -U min T U max ) >0 , dropping this term from the above equation, we get

max )

" \2
ZZ(UZ—ﬁJp ~d’ +(U4)(U —¢, +Up, —U

zl U - c|2

}Grdz<0.

Since |U - C|2 > ¢, we get

c2<le,-2U, . +U_ ] (11)

where 4 = U—
5

L - max

Theorem 3.5:

If A< ﬂ’c Whereﬂ’c :(3U _3Umin)_2\/§(umax _Umin) then Ci2 Sﬂ’[cr _2Umin +Umax]

max

intersect the Howard semicircle.

Proof:
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Substituting (11) in (10), we get

Cr2 +(/1_Umin _Umax)cr +(UminUmax _Zﬂ’umin +ﬂ’Umax)So

The

discriminant part of above equation is given by

ﬂ‘z +[6Umin _6Urmx]ﬁ'+[umax _Umin]z >0.

Solving, we get

A=(3U_ -3, )22, U ).

1f A

<A, where 4, = (3U rox — 3 i )— 2\/§(U rax — Y i ) then the parabola

2
(R /1[0r -2U... +U max] intersect the Howard semicircle.

[1]

[2]
(31
[4]

[5]

6]

IV. Concluding Remarks

In this present paper, we derived analytical results on Kuo problem, which deals with linear stability of zonal
flows of an inviscid, incompressible fluid on a B—plane. We obtained two parabolic instability region which

intersect with standard Howard semicircle for a class of flows under some condition.
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