
International Journal of Mathematics Trends and Technology (IJMTT) – Volume 66 Issue 6 – June 2020 

 

ISSN: 2231-5373                              http://www.ijmttjournal.org                                 Page 195 

Application of Browder’s and Göhde’s Fixed 

Point Theorem to Solutions of Operator 

Equations in Banach Spaces 
 

Neeta Singh 

Department of Mathematics 

University of Allahabad, Prayagraj-211002, India 

 

Abstract — the Browder's and Göhde's fixed point theorem for the existence of solutions of operator equations 

involving asymptotically nonexpansive mappings in uniformly convex Banach spaces. 

 
Keywords — Browder's and Göhde's fixed point theorem, Uniformly convex Banachspaces, Nonexpansive 

mapping,  Asymptotically nonexpansive mapping. 

 

2010 Subject Classification: 47H09, 47H10. 

 
I. PRELIMINARIES 

       We recall some definitions and the Browder's and Göhde's fixed point theorem. 

 

Definition 1.1 [2] We apply A mapping T  from a metric space  ,X d  into another metric space  ,Y   is 

said to satisfy Lipschitz condition on X  if there exists a constant 0L   such that 

                             

                               , ,Tx Ty Ld x y   

 

 for all ,x y X . If L  is the least number for which Lipschitz condition holds, then L  is called Lipschitz 

constant. If 1L  , the mapping is said to be nonexpansive. 

 

Definition 1.2 [3] Let K  be a nonempty subset of a Banach space X . A mapping :T K K  is said to be 

asymptotically nonexpansive if for each n n  there exists a positive constant 1nk   with lim 1n
n

k


  such 

that 

 

                        
n n

nT x T y k x y    

 

for all ,x y K . 

 

Theorem 1.3 [1] Let X  be a uniformly convex Banach space and C  a nonempty, closed, convex and bounded 

subset of X . Then every nonexpansive mapping :T C C  has a fixed point in C . 

 

We now state the Main theorem. 

 

Theorem 1.4 Let X  be a uniformly convex Banach space and K  a nonempty subset of X . Let :T K K  

be an asymptotically nonexpansive mapping and nf K , then the operator equation 

 

                            
n

n nk x T x f  , 

 

where n  and nk  is the Lipschitz constant of the iterates 
nT , has a solution if and only if, for any 1x K , 

the sequence of iterates  nx  in K  defined by 
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1

n

n n n nk x T x f   , 

 

n  is bounded. 

 

II. Proof of the Main Theorem 

       For every n , let 
nf

T  be defined to be a mapping from K  into K  by 

 

                             
1

n

n

f n

n

T u T u f
k

    . 

 

Then nu K  is a solution of 

 

                            
1 n

n

n

x T x f
k

     

 

if and only if nu  is a fixed point of 
nfT . 

 

       Since T  is asymptotically nonexpansive it follows that 
nfT  is nonexpansive for all n . 

 

                                   
1

n n

n n

f f

n

T x T y T x T y x y
k

     . 

 

Suppose 
nfT  has a fixed point nu K . Then 

 

                               1

1
n n

n

n n n n n f n f n n n

n

x u T x f u T x T u x u
k


          , 

 

nfT  being nonexpansive. Since  n nx u  is non-increasing, hence  nx   is bounded. Conversely, suppose 

that  nx  is bounded. Let   diam nd x  and 

 

                               :dB x y K x y d     

 

for each x K . Set 

 

                            n d i

i n

C B x K


    . 

 

Hence nC  is a nonempty, convex set for each n n . 

 

       Now we claim that   1nf n nT C C  . Let d ny B x     which implies ny x d  . Since 
nfT  is 

nonexpansive, we get 

 

                               
n nf f nT y T x d   
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1 1n n

n n n

n n

T y f T x f d
k k

        
 

or                           1

1 n

n n

n

T y f x d
k


      

 

 

or                        
1

1 n

n d n

n

T y f B x
k


         

 

giving 

 

                               1nf d nT y B x   

 

proving that   1nf n nT C C  . 

 

       Let 
n

n

C C


 . Since nC  increases with n , C  is a closed, convex and bounded subset of K . We can 

easily see that 
nfT  maps C  into C . 

 

                                1n n n nf f n f n f n n

n n n n

T C T C T C T C C C

   

   
          

   
. 

 

Applying the Browder and Göhde's theorem to 
nfT  and C  we get a fixed point of 

nfT  in C . Since C K , 

we obtain a fixed point of 
nfT  in K . 
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