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1. INTRODUCTION

Let X denote the class of functions of the form
f(z) =21+ Zanz” (1.1)
n=1

which are analytic in the punctured open unit disk
Ur:={2:2€C,0< |2 <1} =U\{0}.

Let Xs, ¥*(a) and Yk (), (0 < o < 1) denote the subclasses of ¥ that are meromor-
phically univalent functions , meromorphically starlike functions of order a and mero-

mophically convex functions of order « respectively. Analytically, f € ¥*(«) if and only
if, f is of the form ([1.1]) and satisfies

® (L) 0 cew
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similarly, f € ¥ («), if and only if, f is of the form (1.1)) and satisfies

="(:) :
R (1+ 72 ) >a, ze€ U,
and similar other classes of meromorphically univalent functions have been extensively
studied by Altintas et al. [2], Aouf [3, 4], Ganigi and Uralegaddi [9], Mogra et al. [17],
Uralegadi [25], Uralegaddi and Ganigi [26] and Uralegaddi and Somanatha [27] and others
[T, 6, 7, [T, T4, (15, (16, (18, (19}, 21, 22, 23, 24, 29].

Let Xp be the class of functions of the form

2) =z + Zanz", a, > 0, (1.2)
n=1

that are analytic and univalent in U*. For functions f € ¥ given by (|1.1) and g € ¥ given
by

2) =21+ Z b, 2", (1.3)
n=1

we define the Hadamard product (or convolution) of f(z) and g(z) by

(f*9)(z +Zanbz = (g% )(2). (1.4)

For s € N, the set of natural numbers with s > 2, an absolutely convergent series
defined as .
Liz) =Y =
n=1 n
is known as the polylogarithm. This class of functions was invented by Leibnitz [12]. For
more works on polylogarithm and meromorphic function (see [1, 24} 29]).

We consider a linear operator
Q. f(z) : X=X

which is defined by the following Hadamard product (or convolution) :

oo

©f(2) = 0(2) ¢ F(2) = S+ 3 g™

— (n+2)

where
$,.(2) = 272 Li, . (2).

Next, we define the linear operator

O, 00— 2
as follows:
1 (oo}
ouf(2) = (Q%f(z) - —ao) Loy L
— n+2
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For function f in the class Xp, we define a linear operator & f(z) as follows
D, f(2) = 0. (2)
D, o f(2) = (1= )0 f(2) + 12(0.f (2)) = D, ] (2)

1 [+ pn+ 1)
-+ anz", k€ N.
z ; (n+2)~

Now, in the following definition, we define a subclass ¥p(«, A, p, 3) for functions in the
class Yp.

Definition 1.1. For 0 < a < 1,0 < pu, A <1, k,x € Nand » > 2, let Yp(a, A\, p, »)
denote a subclass of 3 consisting of functions of the form (1.1]) satisfying the condition

ha
o a A2 LS )Y
17 1) + (T 1)

2. COEFFICIENT ESTIMATES

) >a, ze€ U (1.5)

Our first theorem gives a necessary and sufficient condition for a function f € ¥p(a, A, u, ).

Theorem 2.1. Let f € Xp be given by . Then f € 9p(a, A\, p, ») if and only if

g[n +a— a1+ n)] ! igf;;%l)]n a, < (1—a). (2.1)

Proof. If f € 9p(a, A\, p, »), then
LE Deumenl
"l A5 S ) ) - P N ol
A=1DZ; .. f(2) + X(Z) L f(2)) (14 gy Lat D
1+7;)()\ 1+nA) (12

Zn-i—l

n

By letting z — 171, we have
< [L+pn+D)

1 .
—l—nz::ln 27 ap2 .
o0 14 p(n+1)]" '
-1 A—1 A n+l
-I—n;l( +n ) (n+2)" Ap 2

This shows that (2.1)) holds.
Conversely assume that (2.1]) holds. It is sufficient to show that

w—1 <
w+1-—2«

A9 f(2)
A=1Z5 f(2) + (D5 L f(2))

where

w =
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Using (12.1) that

2D f(2) = [(A=1)Z5 f(2) + X2(Z5 . f(2))]
2D L f(2) + (1 —2a) [(A=1)2D5 f(2) + X2(Z5 L. f(2))]

e 14 p(n+1)]"
1)\ 1 s
_ D R U
N S 1 1|"
“21-a)+ 5 [0+ (1= 20+ (1= 20)(3 - 1) TR g o
s 14+ p(n+1)]"
1—-A 1 n
) Sa-nmrn
- s [L+p(n+ 1))
1-— 1—2a)A 1—2a)(A—1 n
2(1 — o) — n; [(T+ (1 =2)A)]n+ (1 = 2a)(A = 1)] e+ 2
< 1.
Thus we have f € ¥p(a, A, p, »). O
For the choice of A = 0, we get the following.
Corollary 2.2. Let f(z) € £p be given by (1.9). Then f € Sp(c) if and only if
= 1 1))~
Z(n—i—a) L+ p(n + 1)) a, <1—a.
— (n+2)~*
Our next result gives the coefficient estimates for functions in ¥p(a, A, u, ).
Theorem 2.3. If f € 9p(a, A\, p, ), then
-«
an < n=123,....
"= EFCESY
—aA(1
{n+a—aX1+n)} o+ 2
The result is sharp for the functions F,(z) given by
1 -«
Fy(z) =~ n ~1,2,3,....
= Z+{n+a—a)\(1+n)} (G
(n+2)*
Proof. If f € 9p(a, A, p, 5), then we have, for each n,
1 - 1 1)]*
{n+a—aAl+n)} [ j;s:il; Z:: {n+a—aXl+n)} [ jL(;LE:L;)_% ) a, < l—a.
Therefore we have
< 11—«
ap >~
14+ p(n+1)]F

{n+a—aXl+n)} e+ 2)
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Since

1l —« n

{n+a—aXl+n)}

ECES
(n+2)*

satisfies the conditions of Theorem [2.1, F,(2) € ¥p(a, A, p, ») and the equality is

attained for this function. 0J
For A = 0, we have the following corollary.
Corollary 2.4. If f € ¥4(«), then
-«
. , —1,2,3,....
TN T CESII
(n+2)*
Theorem 2.5. If f € ¥p(a, A, p, ), then
1 11—« 1 11—«
- - r<lfEl< -+ r (2l =7).
14 2u|f 14 2u|f
" (1—1—@—2@)\)[—2—%M] " (1—|—a—2a)\)[—;—%u]
The result is sharp for
1 11—«
flz)=—-+ 2 (2.2)
14 2u)"
° {1+a-2a\} [J;—%”]
Proof. Since f(z) =+ 377 a,z", we have
<0 <y
z - apr” < =41y ay,.
T n=1 r n=1
Since,
"= 1+ 2u]"
n=1 (14+a—2a)) [4;)—%,“]
Using this, we have
1 11—«
f(2)] < =+ r
14 2u)"
" (1+a-2a)) “‘3—%’”
Similarly
1 1l—a
1f()] =~ - r
14 2p|f
" (l4+a-2a)) [g—%“’]
: _ 1 l—o
The result is sharp for f(z) = - + TG z. O
(1+a—2aX) 3—%

Similarly we have the following:
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Theorem 2.6. If f € Yp(a, A\, p, 3), then If f € Gp(a, N\, pu, ), then

1 -« <\f’()]<1+ -«
— — z

2 14+ 2u| — 2 14 2ul"
" 1+ a—2a0) “3—“] " 1+ a—2a0) “3—“]

The result is sharp for the function given by .

(] = 7).

3. CLOSURE THEOREMS

Let the functions Fi(z) be given by
1 o0
_ = 2 k=1,2,...m. 3.1
2) . + ;f K2 m (3.1)

We shall prove the following closure theorems for the class ¥p(a, A, u, ).

Theorem 3.1. Let the function Fy(z) defined by be in the class 9p(a, A, u, ) for
every k =1,2,...,m. Then the function f(z) defined by

1 o
=2+ 4. W >0
z) Z+n:1az (a, > 0)

belongs to the class 9p(a, A, p, ), where a, = % Yoy fak (n=1,2,..)
Proof. Since F,(z) € 9p(a, A, u, »), it follows from Theorem [2.1| that

o

14 p(n+ 1))~

>t arm] S f <1 - (32
for every k =1,2,..,m. Hence
N [+ p(n+ DI

> [n+a—ai(l+n)

n=1 (TL—’—Q)% "
— T+pun+D)F (1 &
gn+a—a/\1+ n) e+ 2) Ekz )
—_Z<Zn—|—a—a)\(1+n)] [1+(M( —; D" fn,k>
n=1
<1-oaq.
By Theorem 2.1} it follows that f(z) € ¥p(a, A, p, ). O

Theorem 3.2. The class 9p(, N\, p, ») is closed under convex linear combination.

Proof. Let the function Fi(z) given by (3.1) be in the class ¥p(a, A, p, s). Then it is
enough to show that the function

H(z)=MFi(z) + (1= MNFy(z) (0<A<1)
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is also in the class ¥p(ar, A, p, »). Since for 0 < XA <1,
1 [o.¢]
H(Z) = Z + ;[)‘fn,l + (1 - )‘)fn,2]zna

we observe that

>l a - axtn] I g -
v 1+ p(n+1)]"
= )\Z[n+a —aA(1l+n)] (n+2)7 fnn

[+ p(n+ 1))

; n+a—ai(l+n)] (n+2) fn2

<1-oa.
By Theorem 2.1} we have H(z) € 9p(a, A, p, ).
Theorem 3.3. Let Fy(z) =1 and

1 -«
Fn - - TL’ E N
= Z+[n+a—a)\(1+n)] [1+M(n+1)]nz '
(n+2)*
Then f(z) € 9p(a, A\, p, ») if and only if f(z) can be expressed in the form
= AFu(2)
n=0
where A\, >0 and Y~ A, = 1.
Proof. Let
f(z) = Z AnFn(2)
B - An(l — @) "
- _+;;m+a—ax1+m]“+Mn+”Vz.
(n+2)7
Then

n+a—all+n)

[+ p(n+ 1"

(n+ 2)~

A - e -
VoS (77 TE ) o
10— a1+ )]

n=1

By Theorem 2.1 we have f(z) € 9p(a, A, p, ).
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Conversely, let f(z) € 9p(a, A, p, ). From Theorem [2.3] we have

1—«a
a, < for n=1,2, -
n 1 NG y Ly
[n 4+ a—aX(1l+n)] L+ pln+1)]
(n+2)~
we may take
1 e
[n+a—a)\(1—|—n)][ —EMT;)_%)]
An = 1 n a, for n=1,2- -
—«
and
Ao=1-> A
n=1
Then

F(2) =) AFu(2).

4. NEIGHBORHOODS FOR THE CLASS g}]’(a, A, i, %)

In this section, we determine the neighborhood for the class %”’(a, A, p, »), which
we define as follows:

Definition 4.1. A function f € ¥, is said to be in the class E?I(;’)(Oz, A, p, ) if there
exists a function g € ¥p(a, A, u, s) such that

M—1‘<1—7, (zeA,0<y <) (4.1)

9(2)

Following the earlier works on neighborhoods of analytic functions by Goodman [10]
and Ruscheweyh [20], we define the d-neighborhood of a function f € ¥, by

1 o0 o0
Ns(f) = {g €, : g(z) = . + anz” and Zn|an —b,| < 5} : (4.2)
n=1 n=1

Particulary for the identity function e(z) = %, we have

1 o0 . o
Ns(e) = {g €X,:g(z)= . + anz and Zn|bn| < 5} : (4.3)
n=1 n=2

Theorem 4.2. If
-«

5= (4.4)

(14 (1—2))a) [Hg—f“]

then 9p(c, A, p, ») C Ns(e).
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Proof. ¥or f € 9p(a, A, p, 3), Theorem [2.1] immediately yields

[1+2u)"
(1+Oz—2a)\) 3—% ;anﬁ 1 —«
so that .
S s &
n=1 (1—’—()./—2@/\) 3—%M
On the other hand, from (2.1)) and (4.5) we see that
(1424 & [+ 20" &
- ;nan < (1-a)=(1=2\)a = ;an
[1+2p)" (1-a)
< 1T—a)—(1-2Na v T2
(1 +a— 20&)\) 3—%
< l-«
- 1+ (0 -2Na)’
that is
= 11—«
Z na, < =0 (4.6)
- 14 2u|”
= (14 a—2a)) [g—%“]
which in view of the definition (4.3) proves Theorem . 0
Theorem 4.3. If g € Yp(a, A, u, ) and
14+ 2p)"
d (1+a—2aN) [—;—%,u]
vy=1-— , (4.7)
1+ 2p)"
(1+a—2a)) [g—%’” —(1-a)
then
Ns(g) C MISV)(a, A).
Proof. Let f € Ns(g). Then we find from (4.2)) that
Zn!an—bn| <0 (4.8)
n=1
which implies the coefficient inequality
> lan—ba| <6, (neN). (4.9)
n=1
Since g € ¥p(a, A, u, ), we have [cf. equation (2.1])]
> 1 -«
b, < , 410

n=1 (14+a—2al) v
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so that
‘f(z) _1‘ < En:1’a:o_bn’
g(Z) 1_Zn=1bn
J (1+a—2a)) [12—3#]
(1+a—2a)) “*3—3“] —(1-a)

provided ~ is given by |D Hence, by definition f € %(])(a, A, i, ») for v given by
(4.7) which completes the proof. O

5. RADII OF MEROMORPHICALLY STARLIKENESS AND MEROMORPHICALLY CONVEXITY

The radii of starlikeness and convexity for the class are given by the following theorems
for the class ¥p(a, A, p, ).

Theorem 5.1. Let the function f € 9p(a, A, u, ). Then f is meromorphically starlike
of order p, (0<p<1), in|z| <ri(a, A, p), where

T,
1—p)(1—
r(a, A, p) = inf (1=p)l=0) — , n=1,
"l(n+2=p)n+a—ar(l+n) L+ pln+1)]
(n+2)*
(5.1)
Proof. 1t is sufficient to show that
2f'(2) ‘ -
— — 1| <1 — p or equivalently 5.2
-5 ’ 2
) D+ Dan"
Zf z n=1
+1| = = <l—-por
7 ‘ 1 . ’
- — Zanz
& n=1
o 2 _
S (et <,
n=1 1- P

for 0 < p <1, and |z| < ri(a, A, p). By Theorem 2.1, (5.2) will be true if

<n+2_p>’2‘n+1< l -«
[

L=» n+a—ai(l+n)]

1+ p(n+1)]"
(n+2)~
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or, if
_1
n+1
1—p)(1—
2] < (1=p=0a) _ L on>1 (5.3)
(n+2—p)n+a—aXl+n) 1+ pln+1)]
(n+2)~
This completes the proof of Theorem [5.1] O

Theorem 5.2. Let the function f € Yp(a, A, p, s). Then [ is meromorphically convex
of order p, (0 <p<1), in|z| <ro(a, A, p), where

=)
1—p)(1-—
o, A, p) = int U=p)l=o) S ozl
" n(n+2—p)n+aoa—ar(l+n) L+ pln+ D"
(n 4+ 2)~
(5.4)
Proof. 1t is sufficient to show that
2f"(2) ‘ :
—-1- — 1| £ 1 — p or equivalently 5.5
e >
Zn (n+1)a,z"*
1"
Z,}c/(z)+2'_ n=1 - Sl—pOI'
f'(z) 1
=R
2 —
( n(n + )anlz‘n—i-l S 1’
for 0 < p <1, and |z| < ro(a, A, p). By Theorem [2 -, will be true if
2 — 1-
() e < N (ECEa )
P [n 4+ a—ai(l+n)] n+2)
or, if
_1
n+1
1—p)(1—
2] < (1=p=a) _ L on>1 (5.6)
n(n+2—p)n+a—ai(l+n) L+ p(n+ 1)
(n+2)~
This completes the proof of Theorem [5.2] O

6. INTEGRAL OPERATORS

In this section, we consider integral transforms of functions in the class ¥p(a, A, u, ).

ISSN: 2231-5373 http://www.ijmttjournal.org Page 215



vts-1
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 66 Issue 6  - June 2020


vts-1
Text Box

ISSN: 2231-5373                              http://www.ijmttjournal.org                                 Page 215



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 66 Issue 6 - June 2020

Theorem 6.1. Let the function f(z) given by (1.2) be in 9p(c, A, u, ). Then the

integral operator
1
F(z)zl// u” f(uz)du 0<u<1,0<v<o0)
0

is in 9p(0, A, p, ), where

B (v+2){l+a—2ar} —v(l —a)
S v(l—a) {1 -2+ (1+a) {1 =22} (v +2)
The result is sharp for the function f(z)

J

_ 1 l1—a
Tz + {1+o¢—2a)\}z'

Proof. Let f(z) € 9p(a, A\, p, »). Then

F(z) = V/Olu”f(uz)du

1 ul/—l e
= y/ +anu"+”z” du
0 < n=1

1 > v n
— ;+;—V+n+1fnz .

It is sufficient to show that

[+ p(n+ D"
o v{n+d—0A1+n)} ot 2)

(v+n+D)(I—0) =

n=1
Since f € ¥p(a, A, p, ), we have
14 pn+1)]"
(n+2)*

o {n+a—aXl+n)}

n=1
Note that is satisfied if
v{in+d—0A1+n)}  {n+a—aXl+n)}
< .
(v+n+1)(1-9) — (1—a)
Rewriting the inequality, we have
v{in+o—0A1+n)}(l—-a)<(v+n+1)(1-0){n+a—aX(l+n)}.
Solving for §, we have
5 < v+n+1){n+a—aXl+n)}—vn(l—a) _ F(n).
v(l—a){1=X1+n)}+{(n+a—aX1+n)}(v+n+1)

A simple computation will show that F(n) is increasing and F'(n) > F(1). Using this,
the results follows. O
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Corollary 6.2. Let the function f(z) defined by (1) be in ¥y(a). Then the integral
operator

F(z)zy/olu”f(uz)du O<u<l,0<v <o)

is in 35(0), where 6 = LY The result is sharp for the function
1 1-«

f(z):;—i_l%—az'

Also we have the following:

Theorem 6.3. Let f(z), given by (1.2)), be in Ip(c, A, p, ),

F(z) = %[(u F)F) 4 2f(2)] = é +3 %anz”, v>0.  (6.2)

Then F(z) is in 9p(a, A\, p, ») for |z| < r(a, A, B) where

v(1—=8){n+a—aXl+n)} 1/(n+1) B
(1—a)(u+n+1){n+ﬁ_ﬁ)\(1+n)}) , n=1223....

r(a, A\, B) = ir;f (

The result is sharp for the function f,(z) = + mz”, n=123,....
Proof. Let w = (,\_1)@3,2:?(%)1/;(2;5, e Then it is sufficient to show that
w—1
—| < L
w+1-20
A computation shows that this is satisfied if
14 p(n+1))"
o {n+pB—-5BAX1+n)} [+l %)] (v+n+1)
(n + 2) n+1
an|z|" < 1. (6.3)
—~ (1-=pB)
Since f € 9p(a, A, p, ), by Theorem 2.1, we have
- 1 )
Z{n+a—a)\(1~l—n)} 1+ pln+ 1) a, <1-—a.
— (n+2)*
The equation (6.3)) is satisfied if
fn+B8-BAA+n)}(¥+n+1) [1+pun+1)" a |Z|n+1
(1—=p) (n+2)~ "
14 p(n+1)]"
n+a—aXl+n n
- -«
Solving for |z|, we get the result. O

For the choice of kK = A = 0, we have the following result of Uralegaddi and Ganigi [260].
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Corollary 6.4. Let the function f(z) defined by (1.2) be in X5(a) and F(z) given by
. Then F(z) is in X5 (a) for [2] < r(a, B) where
, v(1—B)(n+ a) M
= inf =1,2,3,....
The result is sharp for the function f,(z) = % +lam o =1,2,3,....

n+ao

7. Partial Sums

In this section, we will investigate the ratio of a function of the form (1.2)) to its sequence
of partial sums

k
1 1
= =~ and == 2" 7.1
fi(2) ~ and fi(2) Z+nz::1a z (7.1)
when the coefficients are sufficiently small to satisfy the condition analogous to
- 1 Bl
Z[n+a—a)\(1+n)] L+ p(n+ 1) a, <1-—a.
n=1 (Tl + 2)%
For the sake of brevity we rewrite it as
D dyan| <1-a, (7.2)
n=1
where 1 ( b
+ p(n +1))"
d, == —a)(1 7.3
[n 4+ a—aX(l+n)] CFE (7.3)

More precisely we will determine sharp lower bounds for R { f(2)/fx(2)} and R { fx(2)/f(2)}.
In this connection we make use of the well known result that

R {i—zg} >0, (zeU)

if and only if w(z) = > ¢,2" satisfies the inequality |w(z)| < |z|.
n=1

Unless and otherwise stated, we will assume that f is of the form ((1.2)) and its sequence
of partial sums is denoted by

k
1 n
fk<2) = ; +;CL”Z .
Theorem 7.1. Let f(2) € Yp(a, A, p, ») given by (1.2)) satisfy the condition, (2.1)
f(2) } dpr1 (A o) =1+ o
D14 > , z e U* 7.4
7] i e (4
where d,y 1 > 1—a and
l—a, ifk=1,2,3,....n
dkz{dn+1, ifk=n+1,n+2 .... (7.5)
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The result 18 sharp with the function given by

1 l—a
2)="4+-——2z
/) 2 dpa(Na)

Proof. Define the function w(z) by
1+ w(z) _ dk-i-l()‘? OZ) |:f(Z) B dk-i-l()‘? Ol) -1+ Oé:|

1 —w(z) l—a | fe(2) drr1 (N, )
k d A\ 00
1+ > a2+ (’ﬁ%ﬂ) S a2t
n=1 n=k+1

K
14+ > apzntt

n=1

It suffices to show that |w(z)| < 1. Now, from (7.8) we can write

[o.¢]
d+1(A\,2) n+1
(#252) 2 au

n=k+1

w(z) = .
k der1(na)) o=
2423 a2t + (—“f_a’ ) > apz™t
n=1 n=k+1
Hence we obtain
o0
(%282) 3 jal

2—22|an| (422) 3 al

Now |w(z)| < 1 if

dk+1>\a
2( > )Z|an|<2 22|an|

n=k+1

or equivalently,

Z\ n\+d’““Aa Z laa] < 1.

n=k+1
From the condition (|1.2)), it is sufficient to show that

Z| | + Bt ) S o n|<

n=k+1

which is equivalent to

b dy(MNa)—1+a
Z lan| +
— 11—«

o

n=k+1
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To see that the function given by (7.6)) gives the sharp result, we observe that for z = re'™/*

f(2) -« l—«
= 1+—2"—>1- —
fi(2) A1 (A, @) di+1(N, @)
(A a) —1+a when r — 1~
di+1(A, @)
which shows the bound (7.4)) is the best possible for each k € N. O

We next determine bounds for fi(z)/f(2).
Theorem 7.2. If f € 9p(a, A\, u, ») of the form (1.2) satisfies the condition (2.1), then

R {f’“(z)} > dnlde) gy (7.10)

f(Z) N dk+1(/\704>+1—()é
where dpi > 1—« and
l—a,if k=1,2,3,....n
dkz{dkﬂ, ifk=n+1n+2.... (7.11)

The result is sharp with the function given by (7.6).

Proof. We write

1+ w(z) _ dk-‘,—l()\; Oz) +1—-« [fk(z) _ dk-‘,—l()\, Oz)
1—w(z) -« f(z)  deri( N a)+1—a

k 00
djr1 (A
1+ Z a, 2"t — ( k+11_(a7a)> Z a, 2"+
n=1 n=k+1

Y

1+ > a,zntt

n=1
where

dipr1 (AN ) +1— >
(#nfeiiee) 3 o

n=k+1

0 (z)] < <
9_9 Z | — (M) S lan|
n=k+1
This last inequality is equlvalent to
dk+1 (A a) -
Z\ an| + > lanl <1
n=k+1
Make use of (2.1)) to get (7.9). Finally, equality holds in (7.10]) for the extremal function
F(2) given by (7.0). 0

Theorem 7.3. Let k € N and let the sequence {d,}, defined by (7.3)), satisfying the
inequalities (2.1). If a function f belong to the class Ml%()\,a), then

FOVL, -kt
§R{fw)}Zl Gnthva) €U (7-12)
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and

i) da(A) *
R o e e e e IR 719

The bounds are sharp, with the function given by (@
Proof. The proof is analogous to that of Theorems|[7.1]and [7.2] so, we omit the details. O

8. INTEGRAL MEANS INEQUALITIES

For analytic functions f and g in U*, f is said to be subordinate to g if there exists an
analytic function w such that

w(0) =0, lw(z)] <1 and  f(2) = g(w(z)), z € U".
This subordination will be denoted here by
=g, zeU"
or, conventionally, by
f(z) < g(2), z e U
In particular, when ¢ is univalent in U*,
f=g (zeU) & f(0)=g(0) and f(U") C g(U").
Lemma 8.1. [13] If the functions f and g are analytic in U with g < f then

2 2

’g(rew)‘ndQ < / ’f(rew)}nde, n>0 z=re? and 0 <r < 1. (8.1)
0 0

Applying Theorem with the extremal function and Lemma 8.1 we prove the fol-
lowing theorem.

Theorem 8.2. Letn > 0. If f € Yp(a, A\, p, ), and f, is defined by

1 (1— o) (n 4+ 2)°
n = - n) =1, 2, ---.
&) =t e — e ) Dt pnt O "
If there exists an analytic function w(z) such that
[w<z>]n+l _ [n + o — (1//\(1 + n)] [1 + M(n + 1)]K ianzn—%l,
(1—a) (n+2)

then for z = re? and 0 < r < 1, we have
2w 2m
/ Fre®)|"d6 < / fulre®)["d8, >0, (3.2)
0 0
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1 (1—a) (n+2)°
Proof. Let f of the form [1.2 and f,(z) = - n,
roof. Let f of the form 1.2 and fu(z) = =+ mta—aril+n)] D+pun+1]F
then we must show that
2m
= (1-a) (n+2)° K
1 n2" L dQ < 1 nH e,
/ o m /’ A e [ i e O
, =
By Lemma it suffices to show that
S (1—a) (n+2)° .
1+ o2 <1+ ntl
2 Ik n+a—ax(t+m] [+aln+DF
If we set w such that
(o)t = [P —eA+n)] L+ pn + DI i ey
(1—a) (n+2)
we get
- 1—a) (n+2)°
1 a2 =1 ( el 8.3
+;‘“ & T Ta—aniT ) Dt amrp WG (8:3)
Clearly, w(0) = 0, then from Theorem 2.1 we can write
nil |+ a—aA(l4n)] [1—1—,u n—|—
[n+ 0 — ar(1 +n)] [1+u(n+1)]“ .
< Z —~ a2
(1—a) (n+2)
< |z| <1
This completes the proof of the Thoerem O
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