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Abstract. BN-algebra is a non-empty set )0,,( X
 
satisfies the axioms (B1) ,0 xx  (B2) xx  0  and 

(BN) )()0()( xyzzyx   for all .,, Xzyx 
 
BN1-algebra is a BN-algebra that satisfies axiom (BN1) 

).()0()( xyzzyx 
 
The operation  is called a subcompanion when satisfies x((  0))  yxy

 
in 

BN1-algebra. The subcompanion operation  is said to be a companion if 0)(z  yx , then x(z   0) y . 

In this paper, we develop the formula definition of companion BN1-algebra. We also investigate the properties of 

of companion BN1-algebra, such as being unique or singular and commutative with certain conditions. 
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I. INTRODUCTION  

In 1966 Y. Imai and K. Iseki introduced a new a subclass of Q-Algebra:  BCK-algebra. Iseki also [15] 

constructed a general class of BCK-algebra which is called BCI-algebra. In 1985, the wide class of BCI-algebra, 

BCH-algebra, was introduced by Ping Hu and Xin Li [20]. Then in 2002, based on the properties of BCI, BCK 

and BCH-algebra, J. Neggers and H. S. Kim [13] found a new structure algebra: B-algebra. B-algebra is a set of 

non-empty (X, 0) of type (2.0) which the binary operations   that satisfies the axioms (B1) ,0 xx  (B2)  

xx  0  and (B) ))(0z( z)( yxyx   [13]. 

Four years later, in 2006, C.B. Kim and H. S. Kim [2] introduced a new algebra, BG-algebra, which is a 

generalization of B-algebra. In 2008, they also introduced BM-algebra [3]. In 2013, they introduced a new 

algebra which is called BN-algebra by taking some properties of B-algebra [4]. BN-algebra is a non-empty set 

(X, 0) that satisfies the axioms (B1) and (B2) and (BN) )()0()( xyzzyx   for all  .,, Xzyx    

Recently,  L. D. Naingue and J. P. Vilela [16] developed  the companion concept in B-algebra which called 

companion B-algebra. Based on companion B-algebra, we applies the companion concept in BN1-algebra and 

develop the formula definition of companion  BN1-algebra. Furthermore, we also investigate its properties. 

 

II. B-ALGEBRA, BN-ALGEBRA AND BN1-ALGEBRA 

In this section, the definition and some properties of B-Algebra, BN-algebra and BN1-algebra are given. 

Definition 1.1 (B-algebra) A non-empty set )0,,( X
 
 is called B-algebra when it satisfies the following axioms 

[13]: 

(B1) ,0 xx
 

(B2)  ,0 xx    

(B) ))(0z( z)( yxyx  . 

for all .,, Xzyx 
 

 

On B-algebra, the companion concept is given by [13]: 

Definition 1.2 (Companion B-algebra) Let )0,,( X
 
be a B-algebra and binary operation .   Define the binary 

operation  is called a subcompanion of X when satisfies axiom x((  .0))  yxy   A subcompanion 

operation  is said to be a companion of X   if 0)(z  yx , then  x(z   0) y  for any .,, Xzyx 
 

 

C.B Kim and H.S Kim [4] introduced  a new structure algebra, BN-algebra, by using some properties of B-

algebra in 2013.  

Definition 1.3 (BN-algebra) A non-empty set )0,,( X
 
 with binary operation    is called BN-algebra when it 

satifies the following axioms [13]: 

(B1) ,0 xx
 

(B2)  ,0 xx    

(BN) ),(yz)0( z)( xyx  . 

for any .,, Xzyx 
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Example 1.1 Let 2,1,0:X  be a set with Cayley table as follows: 

TABLE 1 

 TABEL CAYLEY OF A BN-ALGEBRA 

  0 1 2 

0 0 1 2 

1 1 0 1 

2 2 1 0 

then is X  a BN-algebra based on axioms on Definition 1.3 and Table 1. 

Theorem 1.1 For any non-empty set )0,,( X  BN-algebra with a binary operation   satisfying the following 

additional axioms: 

(i) ,0)0(0  x  

(ii) ),(0)0( yxxy   

(iii) ,)0()0( xyyx   

(iv) ,00  xyyx  

(v) ,00 yxyx   

(vi) ).()()()( xzyzzyzx   

Proof. we can see in [4]. 

Sub-algebra of BN-algebra is defined as follows [4]: 

Definition 1.4 Let )0,,( X  be a BN-algebra and  XS  . S is called a subalgebra of X if Syx   for all 

., Syx   

One of the subalgera of BN-algebra is BN1-algebra. It was introduced by C. B. Kim  and H. S. Kim [4] and  

define by: 

Definition 1.5 (BN1-Algebra) A non-empty set )0,,( X
 
of BN- algebra is said to be BN1-algebra if satisfies 

(BN1)
 

yyxx  )(  for any ., Xyx     

Example 1.2 Let 3,2,1,0:X  be a set with Cayley table as follows: 

TABLE 2 

 TABEL CAYLEY OF A BN1-ALGEBRA 

  0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 

Then X  is a BN1-algebra based on axioms on definition 1.3, definition 1.5 and  and table 2. 

Theorem 1.2 If )0,,( X  be a BN1-algebra with a binary operation  , then for any ,,, Xzyx  we have
 

(i) ,0 xx   

(ii) .xyyx   

 

http://www.ijmttjournal.org/


International Journal of Mathematics Trends and Technology (IJMTT) – Volume 66 Issue 6 – June 2020 

 

ISSN: 2231-5373                               http://www.ijmttjournal.org                                Page 294 

Proof.  

(i)  Let  .,, Xzyx 
 
By using (BN1) yyxx  )(

 
and (B1)

 
,0 xx  for  ,yx 

 
we have 

.0)()( xxxxxyyx   

(ii) By theorem 1.1 (ii) and theorem, 1.2 (i), we have .)(0)0( yxyxxy   

Theorem 1.3 Let )0,,( X  be a BN1-algebra with a binary operation  . If ,0 yx   then yx   for 

any ., Xyx   

Proof. we can see in [4] 

III.  COMPANION BN1-ALGEBRA 

In this section, we develop the formula definition of Companion BN1-algebra. We also investigate its 

properties such as unique and commutative with certain conditions.  

 

Definition 1.6 (Companion BN1-algebra) Let )0,,( X
 
be a BN1-algebra with binary operation  . Define the 

binary operation  is called a subcompanion of X when satisfies axiom (SC) x((  .0))  yxy   A 

subcompanion operation  is said to be a companion of X   if (C) 0)(z  yx , then  x(z   0) y  for any 

.,, Xzyx 
 

 

Companion BN1-algebra ia  unique or singular and can be stated as the following theorem: 

Theorem 1.4 Let )0,,( X be a BN1-algebra. If   is a companion operation in X , then it is unique. 

Proof.  Assume the binary operations 1 and 2 are companion operations in X . By using (SC) in 1, we have  

x(( 1 0))  yxy  

and z x 1 .y By apllying (C) in 2  for 0)(z  yx  , we have 

x(z  2  .0) y  

Since z x 1 y , so we have 

x( 1 xy ()  2  .0) y
 

By using theorem 1.3 (ii), we obtain  

x( 1 xy ()  2  )y
 

                1  2. 

Hence the operation  is unique. 

 

Example 1.2 Let 3,2,1,0:X  be a BN1-algebra with Cayley table as follows 

  0 1 2 3 
 

 0 1 2 3 

0 0 1 2 3 
 

0 0 1 2 3 

1 1 0 3 2 
 

1 1 0 3 2 

2 2 3 0 1 
 

2 2 3 0 1 

3 3 2 1 0 
 

3 3 2 1 0 

By using definition 1.8, then ,,( X  )0,  is a companion BN1-algebra. 

 

Theorem 1.5 Let ,,( X  )0,  be a companion BN1-algebra and   is a binary operation on X  such  that satifies, 

)()( zyxzyx   

 for any .,, Xzyx  Then )0,,,( X
 
is a companion BN1-algebra and   is a  exactly the operation  . 

Proof.  Assume Xzyx ,,
 
and ).()( zyxzyx  We can prove that   is  subcompanion by 

.0))((  yxyx  From  ),()( zyxzyx   we have 
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).()())(( yxyxyxyx   

By using (B1), we obtain 

0))((  yxyx
 

statisfying (SC)  which profing that   is subcompanion. Then we must to prove that   is a companion. 

Interchange xyzx  , and yz   in ),()( zyxzyx 
 
so we get  

 .)()( yxzyxz   

If 0)(z  yx , then   

0)(  yxz  

satisfying (C) which implies that    is a companion operation. Hence )0,,,( X
 
is a companion BN1-algebra 

and   is a  exactly the operation   

 

Theorem 1.6  If  ,,( X  )0,  be a companion BN1-algebra, then   

(i) x  ,0 x  

(ii) 0  ,xx   

for  any ., Xyx 
  

Proof. 

(i)  Let  Xyx , and 0y . By using (SC), (B1) and theorem 1.3, we have 

x((  0))  yxy
 

x((  00))0  x
 

        
x(  0)0  x

 

                
x  x0

 
 

(ii) By applying theorem 1.3 (ii) in theorem 1.6 i), we get  

x  x0
 

 
0  .0 x

 
 

Theorem 1.7  Let ,,( X  )0,  be a companion BN1-algebra. If z,)( z)(  yxyx  then   

(i) x  ,yxy   

(ii) xx (  ,) yy   

(iii)  is comutative, 

for  any .,, Xzyx 
  

Proof. 

(i) Let  Xzyx ,, and z.)( z)(  yxyx . By using (SC) and theorem 1.3, we have 

 
x((  0))  yxy

 

       
x((  0)()0  yx

 

        
x(  0)0  x

 

                     
x  yxy 

 
 

(iv) From (BN1) and (i),  we get  

              
yyxx  )(  

  
xx (  .) yy   
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(ii) By applying (i) and  theorem 1.2 (ii), we obtain x  yxyyxy   .x  

 

IV. CONCLUSIONS 

The companion concept can be applied to BN-algebra and it is called Companion BN1-algebra.  Let 

)0,,( X be a BN1-algebra  and the binary  operation  is called a subcompanion when satisfies x((  

.0))  yxy   A subcompanion operation  is said to be a companion  if  0)(z  yx , then  x(z   

0) y  for any .,, Xzyx 
 
Companion BN1-algebra has several properties. First, it is single or unique. If there 

is another binary operation,  , on Companion BN1-algebra that  fulfils ),()( zyxzyx   then the 

operation is a companion.  Companion BN1-algebra is also commutative if z)( z)(  yxyx  for any 

.,, Xzyx 
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