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Introduction, Definition and Notation

Let f be function in the unit disc U = {z : |z| < 1} is said to be of finite Nevanlinna order [8] if their exist a number
u such that the Nevanlinna characteristic function

1 (2™ )
Te(r) = ﬁj log|f(re®)|de
0

satisfies Te(r) < (1 —r) M forall 0 <ry(p) <r < 1.
The greatest lower bound if all such number p is called the Nevanlinna order off. Thus the Nevanlinna order p¢ off
is given by

_ i log Te(r)
Pr= P Tog(1— 1)
Similarly, the Nevanlinna lower order A of f are given by
log T¢(r)

A= I e -
Banerjee and Datta [5] give the following definition in a unit disc.

Definition 1.[5] of f be analytic in U and g be entire, the relative order of f with respect to g denoted by py(f) is
defined by

1 \M®
pg(f) = inf{u >0: Te(r) <Tg (:) ],forallO <rg(p<r< 1}

Similarly, one may defineA4(f), the relative lower order off with respect to g, with g(z) = expz. The definition
coincides with the definition of Nevanlinna order off.

log Ty ' Te(r)
—log(1—r)
Extending the nation of single variables to several variables, let f(z,, z,, ....z,) be a non-constant analytic function
of n complex variables z,, z,, .... z, in the unit polydisc
U= {(zl,zz,....zn) : |Z]-| <1j=12,..,n;r; >0,r, >0,....1, > 0}
generalized n-variables k™ Nevanlinna order and the generalized n-variables k™ Nevanlinna lower order for
functions of n complex variables analytic in a unit polydisc as follows.
log® Te(ry, 1y, oon, 1)

Ag(H) = lrgrll inf

Mo
NPT et Tlogl(d — 1) (1 — 1) . (L — )]
and
log™ Te(ry, r )
[k] — 1 g f\l1,12, -+ 1n
VA = im

rirzern=1" —log[(1 —r)) (1 —1ry) ... (1 — 1y)]
where log! x = log(logl~Ix) for I = 1,2, ... and log[®'x = x when n = k = 1, the above definition reduces to the
definition of Juneja and Kapoor [8].
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Definition 2. Generalized n-variables k™-relative Nevanlinna order and the generalized n-variables k'-relative
Nevalinna lower order for functions of n-complex variables analytic in unit polydisc as follows:

M= fm sup O e O T )
b et = log[(1 —r)(A —ry)....(1 —ry)]

and

AN = lm o inf log T Te(r) (ry, 1z, v, Ty)

8 rirzearp=1"  —log[(1 —r))(1 —ry) ... (1 —1py)]
where k and n are any two positive integers. If we consider k = n =1 in definition 2, then it coincides with
definition 1.
Somasundaram and Thamizharasi [6] introduced the notion of L-order for entire functions where
L = L(ry,r,, ..., ry) is a positive continuous function increasing slowly i.e.,
L(ary,ary, ....,ary)~L(ry,ry, ..., ry) @S 14, Iy, ..., Iy IS @ POSItive constant a.

L L*
Definition 3. The generalized L-order [Vn pEk]] and [Vn 7\?‘]]

[ p[k]]L* = lim _sup log" Ty(ry, 13, ..., 1)
Vo Pt - r1,2,..,Tn—=>1" 1 ! . -
v log [(1—r1)(1—r2)....(1—rn) expL (EE “"'1—rn)]
and
- log®! Te(ry, 1p) von, 1)
[Vn}‘f ] = lim inf

rq,rg,.p>1"

log [(1—r1)(1—r12)....(1—rn) expL (1—1r1 ’ 1—1r2 P i)] |

L
Definition 4. The generalized L-order (alternatively generalized relative L-order) [vnp[gk](f)] and relative

L
(alternatively generalized relative L-lower order)[\/n A[gk] (f)] of analytic function fin U (unit polydisc) with respect to
another entire function g are defined as

L
[k] o
[Vnpg (f)] _r1-r2-l--1--rnrrln_’1_ Supl [ - L( : - : )]
8 [t r “\imry " 10r, " 1o

logll Tg'le(l‘) (ry, 1z, ..., )

log™ T Te(r) (ry, 1) e, )

and

[vn Kg(] (f)]L = lim _inf

rq,r2,..,'n=>1" 1 ( 1 1 1 )]
! log [(1—r1)(1—r2)....(1—rn) L 1-r; 1-1r," " 1-1p

Lt
Definition 5. The relative generalized L'-order (alternatively generalized relative L*-order) [vnp[gk](f)] and

.
relative generalized L*-lower order (alternatively generalized relative L'-lower order) [vnlg‘](f)] of analytic
function fin U (unit polydisc) with respect to another function g are defined as
L . log™ TAATe(r) (ry, 1p) oov 1)
[vnp[gk](f)] = lim su g .

_sup 1 1 1 1
rq,rz,..rn—>1 - i
! log [(1—r1)(1—r2)....(1—rn) expL (1—1"1 T1-ry,” 1—rn)]

and
log™ T Te(r) (ry, 1) e, )

log [(1—r1)(1—r12)....(1—rn) expL (i' 1—1r2 P 1—1rn)].

[vnp[g“](f)]v = lim _inf

rq,r2,.,fp>1"

The following definition is also well known.

Definition 6. Two entire function f and g are said to be asymptotically equivalent if there exist 0 < a < oo, such

that % — a as a = oo and in this case we write f~g. If f~g then clearly g~f

In the paper we establish some results relating to the composition of two non-constant analytic functions of
n complex variables in the unit polydisc
U= {(zl,zz,....,zn) : |z]-| <1j=12,...,n;r; >0,ry, ..., 1, > 0}
Also we prove a few theorems related to generalized n —variables based k' relative L*-Nevanlinna order

L* L*
[Vnpg‘](f)] (generalized n-variables based k™relative L*-Nevanlinna lower order [Vnk[gk](f)] of an analytic
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function f with respect to an entire function g of n complex variables. Which are in fact some entertains of earlier
results. We do not explain the standard definitions and notations in the theory of entire functions are available in

[71[1][4][2](3].

Theorem 1. Let f and g be any two non constant analytic functions of n-complex variables in the unit polydisc U
na |- i 1 - "
such that 0 < [Vn?\fog < [Vnp ] <ooand 0 < [vnlg ] < [Vn Pg ] < o, Then

L*
[V Afo m inflog[k] Trog (1, T2 v, Tn)
[ vp ] - r1,rz,----,rn—>1‘ log¥] Ty(ry, 12, s Tp)
g
L*
[k]
[V }\fog] . lOg[k] Tfog(rl, 1'2, ey I‘n) [V pf()g]
_rrhnl}—»rsup lo [I]T(r r r) < 1 L*
[ v ol ] 1T2,Tn gl Ty(ry, rp) ooney Ty [an[g]

where k and 1 are any two positive integers.

Proof.From the definition of generalized n-variables based k™ Nevanlinna L* — order and generalized n-variables
k™ Nevanlinna L* — lower order of analytic functions in the unit polydisc U, we have for arbitrary positive € and for
all sufficiently large values of T L

—I1 —1"2

log™™ Trog (ry, T3, ..., Ty)
L 1 1 1 1
> ([v }\Ek] - s) [log expL( , ) e )] (D
n-tog A-rA-ry)...(1—ry) 1-1r,'1-r, 1-r,
and
1 L( 1 1 )] )
exp 1-r,’1-r, " "1-r1, @

m ) Tp) = ( [ ) [
lOg Tg(rli r21 1rn) = [V pg ] +e lOg (1 _ rl)(l _ rz) L (1 _ rn) X
now from(1)&(2), it follows for all sufficiently large values of (1 lr )(1 lr ) ....and (1 lr ) that
—I1 —12 ~In

s
log Tyg (ry, T2, vovy Ty) - <[Vn og] 8)

logl! Tg(ry, T2 e Tn) ([v p[l]]” n s)

as € > 0 is positive we obtain that

[k
im lOg[k] Tfog(rl; T3, ey Tn) > [ Afog]
rurzrn=1" logll Ty(ry, 1y, oovt, Ty) [ ]
pg

(3)

again for a sequence of values of (E) (E) .and ( ) tending to infinity.

log[k] Trog (1, T2, oo, Tn)

2([ f°g] +E)[10g(1—r1)(1—:2)....(1—rn)eXpL(l—lrl'l—1r2"""1—1rn)] )

and for all sufficiently large values of( — ) (1 1r ) ....and (1 1r )

1 —12 ~In
log" T, (r,, r ry) = ([v A ]] - E) [log ! expL( ! ! )] ©))
gy iz ins = A Te A-r)A-ry)...(A-r,) 1—r1’1—r'2 T -1,

so combining (4)&(5), we get for a sequence of values of (1_1 )( ! ) .and ( ) tending to infinity that

rq 1-ry

i
log[k] Tfog(rl' Iz, sy rn) < <|:Vn Og] + s)
log T, (rq, 1y, oo, 1y) m1-
g gy, I n ([Vnpg] —s)

since (> 0) is arbitrary, it follows that
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[k]
log[k] Tfog(rl,rz,....,rn) [V }‘fog]
wIp—1 10g[l]Tg(l’1.l‘z.----.rn) [V A[]]

hmrl.rz,..

(6)

—1r1)'(1—1r2) .and ( ) tending to infinity, we get
log T, (ry, ry) < ([v 7\[1]] + £> [log ! expL( ! ! )] (7)
ghvizmnind = A\ 78 A1-rD)A-1))...(0-r1y) 1—r1’1—r2 -1y,

now from (1)&(7), we obtain for a sequence of values of (1 lr )(1 lr ) .and ( ) tending to infinity that
—11 —12

[k] _
logh Trog(ry, 1z, oov, ) - <[Vn og] 3)

log[l] Tg(rlerI""!rn) - ([V )\[l]:IL* +£)

also for a sequence of (1

choosing € — 0, we get that

ALkl
log[k]Tfog(rer,---- [V” f°g
logM Tg(ry,r,...T0) [V }\[1]]

(®)

llmrl,rzﬂwrn_,1 su

also for all sufficiently large values of (ﬁ)( ! ),....and (1—1rn)’

1-ry
log! Tyog(ry, 12, e, Ty)
1

< ([v pfog] + 8) [logu ) =1 (=1 Pl <1 —11'1 1 —lr2 Tl —1r>] ©)

so form(5)&(9), it follows for all sufficiently large values of (1 lr ) T lr ) .and ( ) that
—I1 —12

Lt
[k]

log[k] Tfog(rp T2, ey Tp) < ([V" pfog] " S)

log[l] Tg(r1' Iy, v, I‘n) - ([V }\[l]:IL* ~ E)
n"'g

ase(> 0) is arbitrary, we obtain that
L*
log[k] Tfog(r1,r2,.n) < [Vn Pfog
In—>1 log[l] Tg(rlanJ-“urn) - [V }\[l] L*
n"'g

lim. . (10)

Thus the theorem (3), (6), (8)&(10)the following theorem can be proved in the line of theorem 1 and so its proof is
omitted.
Theorem 2. Let f and g be any two non constant analytic functions of n-complex variables in the unit polydisc U

L L
with 0 < [v Kfog < [v Pfog] <o and 0 < [ 7\[5] < [v pgs]] <oo. and k and s are any two positive
integers. Then

L* L*
[k] [k]
[V Afog] < lim . 1ogM Tgog (ryra,..rn [V "\fo lim 1og!¥ oo (ry 12, tn) < [Vn Pfog
[V pgs]] r1,r2,.,n—>1 loglsl Tg(ry,ra,...rn ) [an[gs]] = r1,r2,.,n=1 logls] T 20n) [Vnhgs]]]-‘*

Theorem 3. Let fand g be any two non constant analytic functions of n-complex variables in the unit polydisc

Usuch that 0 < [v pfog] <ooand 0 < [v Pg ] < o0, Then

[k]
he i log™ Troq (ry, 15, <.e., Ty) - [V pfog] im s log™ Trog (ry, 1z, .o, Ty)
1,2 =1 log!X! Tg(ry, T2, oeev, Ty) [v p[gl]] T ryrge -1 P log' T (01, Ty e, 1)

where k and I are any two positive integers.

Proof. From the definition of generalized n-variables based k™-Nevanlinna L*-order, we get for sequence of values
1 1
of (1_r1) ) (1—r2) .and ( )tendlng to infinity that
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log" Ty (ry, 15, ..c., 1)

< ([ [ki]” )[1 ! L( LI ! )] 11

= \L%:Pe € Og(l—rl)(l—rz)....(l—rn)EXp 1—r1'1—r2"""1—rn ab

now form (9)&(11), it follows from a sequence of values of (%), (L) .and ( ) tending to |nf|n|ty that
-~

1-ry
L*
[k]
v +e
log[k] Tfog(rl,rz,....,r ) < ([ Pfog )

TR —— ({V pﬂl] = s) ,as e(> 0) is arbitrary,then lim; ., ., inf

[k]
loglkl Tfog(T1.I2,Tn) < [Vn pfog]

1og Tg(rytz ) [V ol v
g

(12)

again for a sequence of values of (1 ) (1 ! ) ....and (1 ! ) tending to infinity
r1 —I2 ~Tn

log!®! Trog (1, T2, v, T)

2 ([uo] )] : e | Ak
= \[VaProg & Og(l—rl)(l—rz) (1—rn)eXp 1—r1'1—r2 -1y, (13
so combining (2)&(13), we get for a sequence of values of ( ) (ﬁ) .and ( ) tending to infinity that

lOg[k] Trog(r1, T2, e > ([V pf(’g] B 8)

(1 I« r r
lOg g( 17820 ey n) ([Vnpl ] S)
since (> 0) is arbitrary, it follows that

[k] ( ) [V P[k] ]L*
. log™ Tfop(ry,r2,....tn n"fog
lim su 2 > 14
r1rz,...rn~>1 SUP logl!l Tg(r1,rz,...n) [V p[l] ( )
g

Thus the theorem follows from (12)&(14).

Theorem 4. Let fand g be any two non- constant analytic functions of n-complex variables in the unit polydisc

Uwith 0 < [v pfog] <ocand 0 < [v Ps ]] < oo. Where k and s are any two positive integer then

[k]
i in 108 Tyt 13, 1) _ % ol 1og™ oy, Ty o 12)
42,0 In—1 log[S]Tf(rl,rz,....,rn) [ p] _r1r2 o1 10g[S]Tf(r1,r2,....,rn)
£

The following theorem is a natural consequence of theorem 1 and theorem 3.

Theorem 5. Let f and g be any two non constant analytic functions of n-complex variables in the unit polydisc U
such that 0 < [v }tfog [v pfog] <ooand 0 < [v 7\”] < [ V,Pg ] < oo. Then

lim ; log ]Tfog(rl,rz,....,rn) [ fog] [V pfog]
rq,I2,e =17 log Kl Ty (ry, 12, e, ) = [V )\1]] [ pg]
< max [V }\fog] [ pfog] < . sup log Tfog(rl,rz,....,rn)
- [ 7\[1] [ .ol ] T ryrge.tnol log Ty (ry, 1z, ooy 1)

where k and 1 are any two positive integers.
Theorem 6. Let f and g be any two non constant analytic functions of n-complex variables in the unit polydisc

U with0 < [v Afog] < [v pfog] <o and0 < [v Al ]] < [v ps]] < oo, where k and s are any two positive
integers.then

. . log[k] Tfog(rll 1'2, ey rn) [ ng] [V pfog]
lim inf ,
rF2,mmn—1" logls! Te(ry, 1y, ... rn) [ }\[S ] [Vn ol ]]L
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[V 7\fo]g] [ pfog] < 1 sup 1ogM Trog (1, 15, .o, 1)
[ A s]] [ pf ] T rurzen=1 lOg[S] Te(ry, ry, ey )

< max

we establish some comparative growth properties related to generalized n-variables based k'™ relative L* Nevanlinna
order (generalized n-variables based k'™ relative L*-Nevanlinna lower order) of an analytic function with respect to
an entire function in the unit polydisc U.

Theorem 7. Let f,h be any two non- constant analytic functions of n-complex variables inU and g be entire in n
complex varibales such 0 < [v Ak] (f)] < [ v, Pg ](t)] <oand0 < [v A[k (h)] < [ pgk] (h)] < o0, Then
log™ To 1 Te(ry, 1) o, Tn)

[Wx”@ﬂ lim

in
" rurgeernot logM ToAT (ry, 1y, o, )

L*
K
B (2 G . log™ T Te(ry, Ty o T [v%kﬂ
S—— =< im _supr—g——y
[Vn)\f[gk](h)] r1,02,mln—=1 log!®! Ty Th(rl,rz,....,r) Vn)\gk](h)]

where K is any positive integer.

Proof. From the definition of generalized n-variables based k" relative L* Nevanlinna order and generalized n-
variables based k' relative L*-Nevanlinna lower order of an analytic function with respect to an entire functions in
an unit polydisc U, we have for arbitrary positive € and for all sufficiently large values of

(1 1r1) (1 1r2) ....and (1—1rn) that

log™ Tg 1 Te(ry, 1) oo, Ty)

= ([anf[%k] (D]L* - 8) [log (1-r)(1— rlz) IR <1 —1 1 —1 r, 1 —1rn>] (15)

log™™ Ty 1Ty (ry, 1z, e, Ty)

1 1 1 1
<
([V Pe (h)] + E) [log A—r)d =1 .a—r,) Pl (1 . rn)] (16)
now from(15)&(16), it follows for all sufficiently large values of (1 1r ) (ﬁ) ....and (1 1r ) that
1 -2 ~In

log T ¢ 'Te(ry, 1) oot ) ([V }\[k] (D]L* - E)
logdI T 1Th(r1,r2,...., ([ pg](h)] + s)

as € > 0 is arbitrary, we obtain that

(k]
logKl Tngf(rl,rz,....,rn) [V Ag (f)]

lim in 5 17
ryrz,..n=1 log[k]TélTh(rer,.....I‘n) [V p[k](h)]L ( )

again we have for a sequence values of (1 ) (L) .and ( ) tending to infinity that
ry

1-ry

log Tg 1 Te(ry, 1y) e, Ty)

< ([ ;\[k](f)]” + s) [10 ! ex L( LI ! )] (18)

= \L"%" g(1 —r)(1=-ry)...(1=ry) P 1-r,'1-r, " "1-r,
and for all sufficiently large values of (1 lr )(1 lr ) ....and (1 lr ) ,

—11 —12 —In
log™ T ATy, (ry, 1p, oo, Ty)
1 1 1

= ([V"}\g (h)] €)|log 1-r)A-ry)...(—rp) expL 1- r1 "1-1r,""" "1 =1y (19)
so combining (18)&(19), we get for sequence of values of (1;) ( ! ) .and ( ) tending to infinity that
-~

1-ry
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log™ T Ty(ry, 1) oo T ([ (f)] +8)
log®l Tg 2Ty, (g, 1p, vvv) Ty ([ (h)] _5)

since €(> 0) is arbitrary, it follows that

(k]
log[k]Tngf(rl,rz,....,rn) >[ Vo Ag (f)]
loglkl Tngf(I'er.----.l'n) [V A[k](h)]

(20)

hmrl.rz,....,rn—& in

also for sequence of values of (1—1r1)' (1—1r2) .and ( ) tending to infinity,

log To 1Ty, (ry, 1p, ooe, 1)
1 1

= ([t m] o) - ey
= vV g(1—r1)(1—r2) (1_rn) p l_rlﬂl_rz,....,l_
nowfrom (15)&(21), we obtain for sequence of values of (1 ry ) ( : ) -and ( ) tending to infinity that

1-ry
log™ T Ty(ry, 1) oot ) <[ (f)] )
log To 1 Ty(ry, 1y oo, <[ (h)] n 8)

choosing € > 0 is arbitrary that

[k]
lim Suplog[k]Tngf(rer.....,rn) >[ Ag (f)]
122 2 10g K TE AT (ry 1y, o)
g 1fIryr2,...Tn K]
[v, (h)]

(22)

also for all sufficiently large values of (1 r1) (L) ....and (1—1rn)’

1-ry
log!k! Tg ' Te(ry, Iz, e, )

< ([nok'o] + o) os 5= =
Vi Pe &)1o8 rl)(l—rz)....(l—rn)eXp 1-r,’1-r, " "1-r1, (23)
1 1 1
so for (19)&(23), it follows for all suff|C|entIy large values of ( 1) (1 rz) .and (1_rn) that
(k]
log™ T 1 Te(ry, gy oot <[V Pg (f)] + S)

IOg[k 1Th(r1! rz,...,r <[V )\k](h):l _ S)
as (> 0) is arbitrary, we obtain from above that

(k]
lim sup log[k] Tngf(rl,rz,....,rn) [V Pg (f)]
T1r2,In =1 loglKlI TZ 1Ty, (rq,r rn) L*
g 'hryr2,....I'n [k]
[v, 25 ]

(24)
Thus the theorem follows from (17), (20), (22)&(24).

Theorem 8. Let f,h be any two analytic functions of n- complex variables in U and g be entire in n complex

variables with0 < [v Pg ](f)] <ooand 0 < [v Pg ](h)] < oo, where P is any positive integer then

lim i flog[k M Te(ry, 1) e, Ty) < [V Pg (f)] - lim su log!®l T'le(rl,rz, ey )
r1,rz.----.rn—>1 log T Te(ry, 1, oon T [ ](h)] T ryrpennol plog[k Ty LTy (ry, gy ooy T)
v, Pg

Proof. From the definition of generalized n-variables based k™- relative L*-Nevanlinna order we get for a
sequence values of (ﬁ)(ﬁ) .and ( )tendlng to infinity, that
—11 —12

logM Tg 1Ty, (ry, 1z, oov, )

([ [i] ] )[1 1 L( 1 1 1 )] .

weg O —e)lloer—Sa—y a P Ton ' T-r' T (25)

now from (23)&(25), it follows for a sequence of values of (1 1r )(1 1r ) .and ( ) tending to infinity, that
—I1 -2
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(k]
log!¥l Tg ' Te(ry, 12, vy Tn) < ([V P (O] N S)

IOg[k 1Th(r1l er o I ([ p ](h)] _ S)
g
as (> 0) is arbitrary, we get
. 10g!¥ Tz 1T¢(rs 2, .n) [V P[k](f)]L
Mt IO T () = v, p[k](h)]L* “

again for a sequence of values of ( ) tending to infinity,

r1) (1—1r2) -and (
log!k! Tg "Te(ry, Iz, ooev, Ty)

> ([wei'o] <) 1 )l

Vi Pe & Og(l —r)l-ry)...(1 _rn)exp 1-r,’'1-r, " "1-r1, @7)

so combining (16)&(27), we get for a sequence of values of (ﬁ)(#) ...and (1 ! ) tending to infinity,
1

1-ry —I'n
that

log® T, 5 1 Te(ry, Tp, .. <[V Pg](f)] )
logldl T 1Th(r1,rz,...., <[ p (h)] +s)

since (> 0) is arbitrary, it follows that

L*
[k]
lim sup log[Kl Tngf(rl,rz,...., > [V Pg (ﬂ]
rorze o1 SR o T Iy (g ) v, p[k](h)]L*

thus the theorem from (26)&(28) from theorem 7& theorem 8 we may state the following theorem without proof.

(28)

Theorem 9. Let f,h be any two analytic functions of n complex variables inUand g be entire in n-complex
L* L*
variables such that 0 < [vnlék] (f)] < [Vn p,[gk](f)] <oand0 < [Vnk[gk] (h)] [ v, Pg ](h)] < o, Then

log k]T Te(ry, rp) v ey ) [an[gk](f)] [V Pg (0]
lim 1' fl k]T T C )Smin
rq,rz,...I'n=> I Y.
1I2 0og h(Iy, T2 Iy [an[gk] (h)] [ p (h)]

[an[gk](f)]L* [ p (f)] log[k Ty LT(rg, Tgy ooy Tr)
L’ < lim W7
[ 28 m] " Ty eMm)] eyt 1ogM T AT, (1, T, .., Tp)

where K is any positive integer.
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