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I. INTRODUCTION and PRELIMINARIES

Fixed point theory is an important branch of the functional analysis. In 1989 Bakhtin [1] worked on the
Contraction mapping principle in metric space. In 1993 Czerwik [3] extended the result of Contraction
mappings in b-metric space. We see also the fixed point theory of the contraction principal for single valued and
multivalued mappings in b-metric space was used by many authors in [6], Shah [9], Khamsi [13]. The notion of
b-metric space has been introduced and generalization of Banach [2] fixed point theorem. Recently, Hussain and
Mitrovic [7] proved fixed point results for multivalued weak quasi contractions in a b-metric space with the
increased range of the Lipschitzian constants.

Defination 1: Let X be a nonempty set and let s > 1 be a given real number. A function d: XxX — R" is said to
be b-metric if and only if for all x,y,z € X the following conditions are satisfied:

(1) d(x,y)=0ifandonlyifx =vy;
(2) d(xy) =d(y,x);
(3) d(x, 2) <s[d(x,y) +d(y, 2)].
A triplet (X, d, s), is called a b-metric space with coefficient 's'.

The classical spaces IP R and L"[0, 1], p € (0, 1), are examples of b-metric spaces. The concept of convergence
in such space is similar to that of the standard metric spaces.

Defination 2
Let (X,d) be a b-metric space, {x,} be a sequence in X and x € X. Then

i.  The sequence {x,} is said to be convergent in (X,d) and converges to X, if for every ¢ > 0 there exist no e N
such that d(x, ,x) < e for all n > n,. This fact is represented by lim,,_.. %, = x or x,_, X as n—oo.

ii. The sequence {x,} is said to be a Cauchy sequence in (X,d) if for every ¢ > 0 there exist ny € N such

that d(Xs. Xn4p ) < € for all n > no, p > 0 or equivalently, if lim d(Xs, Xq.p) =0 forall p > 0.
===
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iii. (X,d) is said to be a complete b-metric space if every cauchy sequence in X converges to some x € X.

Definition 3. Self maps f and g of a b-metric space (X, d, s) are b-compatible if rEim d(fgx, gfx,) = 0, when {x,}

is a sequence such that lim fx, = lim gx, =t for some t € X.
n—5=c f—sc=e

The following recent result of Miculescu and Mihail [14] is useful in the context of b-metric spaces.

Lemma 1. [15] Every sequence (X,)n.n Of elements from a b-metric space (X, d, s), having the property that there
exist y € [0, 1) such that

d(xn+1| Xn) S 'Y d(an Xﬂ-l)
for every n € N, is Cauchy.

The aim of this paper is to obtain some Gregus type fixed point theorem for four mappings [5] in b-metric space.
Il. MAIN RESULT

Now, we present our result on common fixed point theorem of Gregus type for four mappings in the context of

b-metric spaces.

Theorem 1. Let the pairs (S, I) and (T , J) be b-compatible defined on a complete b-metric space

(X, d, s) and satisfying

(dke, Ivy + ATy Iy +diSx Iy

d(Sx, Ty)<a .

diSx Iy +diTy [x)
Iz

+ (1 —a) max {c-j(lx, Jy), d(Sx, Ix), d(T vy, Jy), } 1)

forall x,y € X where 0 <a<1. If S(X) € J(X), T(X) € I(X) and if I, J, Sand T are continuous, then I, J, S and
T have a unique common fixed point.

Proof. Assume thata € (0, 1). Let xq€ X be arbitrary. Since S X, € J(X), there is any x; € X such that Jx; =
Sxg, and also as T x;€ 1(X) , let x, € X be such that I1x,= Tx;.
In general, Xpn.+1 € X is chosen such that J Xon41 = S Xon and Xopsp € X such that | Xonso = T Xonaq,
n=0,1,2,....Denote asequences y, with
Yon = J Xone1= S Xon,
y2n+1= I Xon+2= T Xon+1s

n=0,1,2,....Weshow that sequence y, is a cauchy sequence. We suppose that d(yan, Yan+1) > 0 for every n. If
not then for some K, Yox+1 = Yo
And from (1) We obtain

d(Yaks2, Yaket) = d(SXakez, T Xoke1)
(drbezk+2, [e2k+1) + 4T x2k+1, Jx2k+1) + d(5xzk+32, Jxzk+17)

Z

+ (1 —a) max { d(Ixaisz, IXaks1), A(SXaws2, Xaks2), A(T Xae, Xoks1),
d5x2k+2, [xfk+1) + d(Txzk+1, DxZk+I) }

1=
< divzk+1 yZk) +d(vik+1l ¥2k) +d(yzk+2, vik)
sa

2

+ (1 —a) max { d(Yaks1, Yai), d(Yoke2, Yore)s A(Yare1s Yo,
divzk+2, yIk) +divzk+1 yik+1)
2= }

divik+1. vik) +divik+2Z wIk)
S a 5 + (1 - a) maX{ d(y2k+ly YZk):

duj:.r':'k+:_j.r:kj + 0 }

A(Yaks2, Yoke1), .
divzk+2, yik) divzk+2, yik)
<a— e —

28
+ (1 — a) max {d(yaks2, Yoke1)s d(Yoke1, V). Z }

]
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divik+2. vik)
<2 SR L (1 a) max{d(yakea Y20, AYaker, Y2}

diyzk+2, vIk)
<a % + (1 —a) d(Yoks2, Yoke1)

dryzk+2, yok+1) + dyzk+, yIk)
<a 2 3+ (1 — a)d(yzke2, Yake1)
diyzk+2, yIk+1)
=a - + (1 = a)d(yaks2, Yoks1)
(11237

=d(Yaks2) Yoke1)-

<

g

Which gives d(Yok+2, Yok+1) = 0 and S0 Yoxsz = Va1 Which further implies that Yoo = Yarss. Thus y, becomes a
constant sequence and Yy, is a common fixed pointof S, T, I and J.
Now take d(Yan, Yon+1) > 0 for each n. From (1) we have

d(Yan+1s Yon) = d(SXan, T Xans1)

dibxin, [xin+10+diTxIn+1, xIn+10+ diSxin, [xin+1)
H

+ (1 - a) max{d(IXZn, JX2n+1), d(SXZn, |X2n), d(T Xon+1, JX2n+1),
di5xIn, [xIn+1) + d(TxIn+1 LxIm)
2= }

a d(¥In—1,5In) + d(¥In+Lyin) + d(¥InyIn)

<

b

+ (1 —a) max{d(yan1, Y2n), d(Yon, Y2n-1): d(Y2ns1, Yon),
d(¥InyIn) + d(yIn+LyIn—1) }

=

So,

d(y¥In-1.52n) + d(¥In+1L¥In)
d(Yan+1, Yon) <a 2 t(l-a)

divz yFin—
max{d(yay 1, Vo) A(Vanet, Yan), ot

=

¥ @)

If d(Yon+1, Yon) > d(Yan-1, Y2n) fOr some ne N, then from the (2) we have

diyan+1, yIny + diyIn+1. yInm)
A(Yznes, o) < @ B (1~ 2)d(Yanen, Yan)

= :Ti d(y2"+1' Yan) T (1 = a)d(y2n+1| an)
<(1 = ) d(¥are, Yan)

< d(y2n+1: an),
which is a contradiction. Hence

d(Yan+1, Yon) < d(Yan-15 Yan) 3)
for all n € N and from (2) we obtain

di¥In—-1, yvIm) + d(¥In—-1, ¥In) + d(yIn. yIn)
d(Yan+1, Yon) < a -

di¥In+1, yIn-1)
=

+ (1 - a) max {d(yZn—ll YZn): }

. divz . ¥in—
< TE d(Yan-1, Yzn) + (1 = @) max{d(yzn-1, Yzn), w

TRy @
by (3) we have
d(¥In+1, yin—1) < (d{¥In+1. ¥In)+d(yIn, yIn—1))
S
P - 2=

< d(YZny y2n—1)'

Consequently
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d(¥anet, Yon) < (1 =5) dYan 1, Yar) 5)
for all n € N. Similarly
d(Yznst, Yore2) < (1 =) d(¥2n, Yaner) 6)
forallne N. So
d(¥nes Vo) < (1 =3) d(¥at, o) <7)

for all n € N. hence {y,} is a Cauchy sequence in (X, d, s). By completeness of (X, d, s) there exist

u € X, such that

lmp o Donyp =lmp o Tognyy =limg o Jwgp,y =lmp . Sxop,, =0 ®)
Since J and T are continues and b-compatible we obtain

= d(Ju, T w) < d(Fu, JT Xgn1) + AT Xgne, T )

<d(Ju, JT Xpn41) + S(AQIT Xaner, T IXone) + d(T IXaner, T U))

—0
because T Xpn+1 — u, it implies JT xop4g — Ju and d(JT Xop+1, TIXone1) — 0 because TXpneg and JXonsg CONVErge
same u so because b-compatible implies that d(JT Xpne1, TIXon+1 )— 0 and finally TJIXpn1 — T u. So, Ju=T u.
Similarly, we have lu = Su.
Really,

 d(Tu, Su) < d(Iu, ISxz,) + d(1SXzn, SU)

< d(Iu, ISxzn) + s(d(I1SXzn, SIXzn) + d(SIXzn, Su))
—0

If Su# T u From (1) we obtain

dilu, Tu) +d(Tu, Tu) +d(5u. )

g

d(Su, Tu) <a + (1 — a) max{d(Iu, Ju),

di5u, Tu) +d(Tu,
=

d(Su, Iu), d(T u, Ju), }

difu, T diTu, T d(5u, Tu
<a— e j+(l—a)max{d(Su,Tu),

Z

di5u, Tu)+d(Tu, 5u)
=

d(Su, Su), d(T u, T u), }

<2 d(Su, Tu) + (1 - a)d(Su, T w)
<(1 - 3)d(Su, Tu)

<d(Su, T u),
which is a contradiction. Therefore Su =T u, this implies that lu=Su=Ju=T u.
Letv=1lu=Su=Ju=Tu, we get
Sv=Slu=ISu=lv 9)
and
Tv=Tlu=JTu=Jv (10)
If Su#T v from (1) we obtain

dilu, v) +d(Tw Iv)+d(5u Iv)

g

d(Su, Tv)<a + (1 —a) max{d(Tu, Jv),

di5fu, Ivi+d(Tv, Iu)
=

d(Su, 1u), d(T v, Jv), }
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diSu, Tv) +diTv, Tv)+di5u, Tul
<a

g

+ (1 —a) max { d(Su, T v),

d(Su, Su), d(T v, T ), m}

< Z4(Su, Tv) + (1 - a)d(Su, T v)
<(1-3)d(Su, Tv)

<d(Su, Tv)
which is a contradiction. So we have Su =T v, hence we obtain T v = v so, from (10) we have v is a common
fixed point for T and J.
Similarly, if Sv # T u from (1) we obtain

d(Sv, Tu) <(1-2)d(Sv, Tu)
<d(Sv, Tu)
It is contradiction. So we have Sv = T u. Therefore Sv =v from (9). We have v is a common fixed point for S

and J. Therefore v is a common fixed point for S, T, I and J.

Theorem 2. Let the pairs (S, 1) and (T, J) be b-compatible on a complete b-metric space (X, d, s) and satisfying
d(Sx, Ty)<(1-3) d(Ix, Jy) (12)

forall X,y € X where 0 <a<1.If S(X) € J(X)and T(X) < I(X)and if I, J, S and T are continues, then I, J, S
and T have a unique common fixed point.
Remark 3. We note that Theorem 1 improves the main result Theorem 2.1 in [8].

Now we present example and application of our main result.
I11. EXAMPLE and APPLICATION

Let us consider the metric space X = [0, 1] defined by d(x, y) = (x —y) 2, 50 (X, d, 2) is a b-compatible b-metric
space. We see that b-metric d is continuous. Also consider the self mappings on X as follows:
SST,L]I:X—->X
SK) = (D)4 T =(5)2,3(x) = () %and I(x) = (2) forall x € X

From the Figure 1, it is clear that each function satisfy the required condition. Clearly, S, T, I, J are self
mappings complying with S(x) € J(x), T(x) € I(x) then the pairs (S, I) and (T , J) are b-compatible. If {x,} is a
sequence in S satisfying

lim,_._ 5x, =lim,_ _Jx, = x forsome x € X,
then by the continuity of S and I we have
limy,_, . d(S(IGm)), 1(SGm))) =limp_,. (S(I(3m)), I(S(xn)) *
=(S(x) —1(x))?
=((D* - (D)

=0
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Figure 1: Graph of mappings S, T, I and J.

only for x = 0. Similarly, the pair (T , J) is b-compatible. It is easy to see that both pairs are not commuting.

Now for x, y € X, we have

d(S(), T(y)) = (S(x) = T(y))’
=(P Dy
=(P- A -H)
< C+27dA0). 1Y)
= ()7 d(1(x), J(y))
= (1-3) d(1(3), y)).
where (1 — E) = (ﬁ)2 € (0, 1). Thus, the contractive condition (11) satisfied for all x, y € X. Hence all the

hypothesis of the Theorem (1) are satisfied, note that S, T, I, J have a unique common fixed point x = 0.

The main theorem of this paper has a unique common fixed point in X, which is ’0’. Now we will see it
graphically as follows:
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0.8

04

Figure 2: Unique fixed point *0’ is shown graphically in 3D for the function S, T, I, J.

From the figure we observe that by means of certain transformation through a fixed point we can have
different structures from original structure or vice versa. The result of the paper can be applied to other branch
of applied sciences with this aim. The results or their extended form (which of course need further research with
this specific aim) may also be used to construct fixed point in Euclidean geometry ,which generally require the
use of a compass and ruler. These can be achieved by replacing geometrical figures by suitable (approximate)
functions.

Theorem 4. Let T and | be a commuting mappings of a complete b-metric space (X, d, s) into itself satisfying
dTx, Ty)<(1-3)d(Ix, ly) 12)

for all x, y € X, where 0 < a < 1. If the range of | contains the range of T and if I is continuous, then T and I
have a unique common fixed point.

Theorem 5. Let (X, d, s) be a complete b-metric space and let T : X — X be a map such that for all x, y € X and
some a € [0, 1),

dTx Ty) <1 -2)dxy) (13)

Then T has a unique fixed point u and lim,_... T"x=ufor all x € X.

For this we give some example of b-metric space (X, d,%) with self mapping T which satisfy (5) where b-metric

d is not continuous.
Example. Let X =N U o and letd : X x X — [0, o) be defined by
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0, x =g
i, —|.if one of x v i= even and the other iz even or oo ;
d(x,y) = x* ¥ ;
3,if one of , v is odd and the other is odd (and x6 = yJor oo ;

2, other:

then considering all possible cases, it can be checked that for all x, y, p € X,
we have d(x, p) <= (d(x, y) + d(y, p)).

a

Thus, (X, d) is b-metric space (with s =— ). Let x, = 2n for eachn € N.
Then

11 1
d(2n,oo)=|¥—:|: o5 — 0asn— oo,

that is X, — oo, but d(x,, 1) =2 #3 = d(x, 1) as n — oo,
Now, define the mapping T : X — X as

_ |5, ifx e N,
T = Im, ifx = oo

In order to check the contractive condition of Theorem 5, consider the following cases.

If X, y € N then
1|t 1
dTe0. TO) =1 | = - =1,

while

0. x=y
|
=
3.if one of x, ¥ is odd and the other is odd (and x 6 = yJor oo;

2, other:

1] . . .
- F_| if one of % y is even and the other is even oroo;

d(x, y) =

In all cases there exist A € (0, 1) such that for all X, y € X the inequality

d(T(x), T(y)) Md(x, y),
holds.

IV. CONCLUSION

From our investigations we conclude that the self mappings defined on a b-metric space satisfying Gregus type
contraction and b-weak compatible conditions have a unique common fixed point. Our investigations and results
obtained were supported by the suitable example with graphs which provides new path for researchers in the
concerned field.
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