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I. INTRODUCTION 

The notion of Intuitionistic  fuzzy set (IFS) was introduced in [1]. Various properties on intuitionistic fuzzy sets  

were discussed in [2- 4,7]. The concept of  induced intuitionistic fuzzy sets was introduced in [5]. Later a few 

properties of  induced intuitionistic fuzzy sets have been discussed in [6 ].  Some relations of   second order induced 

intuitionistic fuzzy sets have also been established in [6] . Here, in this paper, we have discussed some theorems on 

induced  intuitionistic fuzzy sets and established a few relations between induced intuitionistic fuzzy sets and second 

order induced intuitionistic fuzzy sets. 

The section 2,  deals with the definitions , notations and some properties of induced intuitionistic fuzzy set of a set. 

In section 3, we have proved some theorem on  induced intuitionistic fuzzy sets. 

Finally, in section 4, we have established  some relations between induced and second order induced intuitionistic 

fuzzy sets . 

 

II. Preliminaries 

This section contains some basic definitions, notations and  properties of intuitionistic and  induced intuitionistic 

fuzzy sets on a set which are used through-out the paper. 

Definition 2.1 [1,2]: Let E be any non-empty set. An intuitionistic fuzzy set 𝐴 of 𝐸 is an object of the form   A =

 { (x , μ
A

(x) , νA(x) ) ∶  x ∈  E } , where the functions μ
A

: 𝐸 → [0,1]  and νA: 𝐸 → [0,1]   denotes the degree of 

membership and the non - membership of the element x ε E respectively and for every  𝑥 ∈ 𝐸, 0 ≤ μ
A

(x) + 𝜈𝐴(𝑥) ≤

 1. 
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Definition 2.2 [1-3]: If 𝐴 and 𝐵 are two intuitionistic fuzzy sets of a non - empty set 𝐸,  then 𝐴 ⊆ 𝐵 if and only if for 

all 𝑥 ∈ 𝐸, μ
A

(x) ≤ μ
B

(x) and 𝜈𝐴(𝑥) ≥  𝜈𝐵(𝑥); 

A =  B  .if and only if for all  x ∈  E , μ
A

(x)  =  μ
B

(x)  and 𝜈𝐴(𝑥)  =  𝜈𝐵(𝑥); 

𝐴 ∩ 𝐵 = {(𝑥, min(𝜇𝐴(𝑥), 𝜈𝐴(𝑥)), max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))): 𝑥 ∈ 𝐸}; 

A ∪  B =  { (x , max(μ
A

(x) , μ
B

(x)) , min(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)) ) ∶  x ε E }. 

Considering the degree of membership μ
A

(x), μ
B

(x) and the non - membership νA(x), νB(x) of each element 𝑥 ∈ 𝐸 

of the intuitionistic fuzzy sets 𝐴 and 𝐵 respectively of  a non-empty set 𝐸 , the  four types of induced intuitionistic 

fuzzy sets are defined follows:  

Definition 2.3 [5]: If A and B are two intuitionistic fuzzy sets of a non - empty set E then  

𝐴°(𝐵) = 𝐴° = { (x , μA(x), min(νA(x), νB(x)) : x ∈  E }; 

𝐴°(𝐵) = 𝐴° = {(x , μA(x) , max(νA(x), νB(x))) ∶  x ∈  E } ; 

𝐴∗(𝐵) = 𝐴∗ = { (x , max(μA(x), μB(x)) , νA(x)): x ∈  E }; 

𝐴∗(𝐵) = 𝐴∗ = {( x , min(μA(x), μB(x)) , νA(x): x ∈  E )}. 

Note 2.4 [5]:  It is to be noted that, in general, 

 𝐴∘(𝐵) ≠ 𝐵∘(𝐴), 𝐴∘(𝐵) ≠ 𝐵∘(𝐴), 𝐴∗(𝐵) ≠ 𝐵∗(𝐴), 𝐴∗(𝐵) ≠ 𝐵∗(𝐴). 

Property 2.5 [6]: (𝐴°)∗(𝐵) = (𝐴∗)°(𝐵) = 𝐴 ∪ 𝐵 

Property 2.6 [6]: (𝐴°)∗(𝐵) = (𝐴∗)°(𝐵) = 𝐴 ∩ 𝐵 

Property 2.7 [6]: (𝐴°)
∗(𝐵) = (𝐴∗)°(𝐵) = {(𝑥, 𝑚𝑎𝑥( 𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))): 𝑥 ∈ 𝐸} 

Property 2.8 [6]: (𝐴∗)°(𝐵) = (𝐴°)∗(𝐵) = {(𝑥, 𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝑚𝑖𝑛(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))) : 𝑥 ∈ 𝐸}     

III. Some properties of induced intuitionistic fuzzy sets 

Theorem 3.1: Let 𝐴1, 𝐴2 and 𝐵 be three intuitionistic fuzzy sets of 𝐸. If 𝐴1 ⊆ 𝐴2 then  

 i)  𝐴1
∗(𝐵) ⊆ 𝐴2

∗(𝐵)               ii)  𝐴1
°(𝐵) ⊆ 𝐴2

°(𝐵) 

iii) 𝐴1∗
(𝐵) ⊆ 𝐴2∗

(𝐵)     iv) 𝐴1°
(𝐵) ⊆ 𝐴2°

(𝐵). 
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Proof: Let 𝐴1, 𝐴2 and 𝐵 be three intuitionistic fuzzy sets of 𝐸 and 𝐴1 ⊆ 𝐴2 .Then for each 𝑥 ∈ 𝐸, 𝜇𝐴1
(𝑥) ≤ 𝜇𝐴2

(𝑥) 

and 𝜈𝐴1
(𝑥) ≥ 𝜈𝐴2

(𝑥)   … … … (3.1.1) 

i) For each 𝑥 ∈ 𝐸,   

   𝜇𝐴1
∗(𝐵)(𝑥) = 𝑚𝑎𝑥 (𝜇𝐴1

(𝑥), 𝜇𝐵(𝑥)) ≤ 𝑚𝑎𝑥 (𝜇𝐴2
(𝑥), 𝜇𝐵(𝑥)) = 𝜇𝐴2

∗(𝐵)(𝑥)    and 

    𝜈𝐴1
∗(𝐵)(𝑥) = 𝜈𝐴1

(𝑥) ≥ 𝜈𝐴2
(𝑥) = 𝜈𝐴2

∗(𝐵)(𝑥)    ( By (3.1.1) ). 

Hence,  𝐴1
∗(𝐵) ⊆ 𝐴2

∗(𝐵). 

ii) For each 𝑥 ∈ 𝐸,   

𝜇𝐴1
°(𝐵)(𝑥) = 𝜇𝐴1

(𝑥) ≤ 𝜇𝐴2
(𝑥) = 𝜇𝐴2

°(𝐵)(𝑥)    and 

    𝜈𝐴1
°(𝐵)(𝑥) = 𝑚𝑖𝑛 (𝜈𝐴1

(𝑥), 𝜈𝐵(𝑥)) ≥  𝑚𝑖𝑛 (𝜈𝐴2
(𝑥), 𝜈𝐵(𝑥)) = 𝜈𝐴2

°(𝐵)(𝑥)    ( By (3.1.1) ). 

Hence,  𝐴1
°(𝐵) ⊆ 𝐴2

°(𝐵). 

iii) For each 𝑥 ∈ 𝐸,   

𝜇𝐴1∗(𝐵)(𝑥) = 𝑚𝑖𝑛 (𝜇𝐴1
(𝑥), 𝜇𝐵(𝑥)) ≤ 𝑚𝑖𝑛 (𝜇𝐴2

(𝑥), 𝜇𝐵(𝑥)) = 𝜇𝐴2∗(𝐵)(𝑥)    and 

  𝜈𝐴1∗(𝐵)(𝑥) = 𝜈𝐴1
(𝑥) ≥ 𝜈𝐴2

(𝑥) = 𝜈𝐴2∗(𝐵)(𝑥)    ( By (3.1.1) ). 

Hence, 𝐴1∗
(𝐵) ⊆ 𝐴2∗

(𝐵). 

iv) For each 𝑥 ∈ 𝐸,   

𝜇𝐴1∘(𝐵)(𝑥) = 𝜇𝐴1
(𝑥) ≤ 𝜇𝐴2

(𝑥) = 𝜇𝐴2∘(𝐵)(𝑥)    and 

    𝜈𝐴1∘(𝐵)(𝑥) = 𝑚𝑎𝑥 (𝜈𝐴1
(𝑥), 𝜈𝐵(𝑥)) ≥  𝑚𝑎𝑥 (𝜈𝐴2

(𝑥), 𝜈𝐵(𝑥)) = 𝜈𝐴2∘(𝐵)(𝑥)    ( By (3.1.1) ). 

Hence,  𝐴1
°(𝐵) ⊆ 𝐴2

°(𝐵).  

Theorem 3.2: Let 𝐴, 𝐵1 and 𝐵2 be three intuitionistic fuzzy sets of 𝐸. If 𝐵1 ⊆ 𝐵2 then 

  i)  𝐴∗(𝐵1) ⊆ 𝐴∗(𝐵2)   ii)  𝐴∘(𝐵1) ⊆ 𝐴∘(𝐵2) 

iii) 𝐴∗(𝐵1) ⊆ 𝐴∗(𝐵2)    iv) 𝐴∘(𝐵1) ⊆ 𝐴∘(𝐵2)  

Proof: Let 𝐴, 𝐵1 and 𝐵2 be three intuitionistic fuzzy sets of 𝐸 and 𝐵1 ⊆ 𝐵2. Then,  
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 for each 𝑥 ∈ 𝐸, 𝜇𝐵1
(𝑥) ≤ 𝜇𝐵2

(𝑥) and 𝜈𝐵1
(𝑥) ≥ 𝜈𝐵2

(𝑥)   … … … (3.2.1) 

i) For each 𝑥 ∈ 𝐸,   

   𝜇𝐴∗(𝐵1)(𝑥) = 𝑚𝑎𝑥 (𝜇𝐴(𝑥), 𝜇𝐵1
(𝑥)) ≤ 𝑚𝑎𝑥 (𝜇𝐴(𝑥), 𝜇𝐵2

(𝑥)) = 𝜇𝐴∗(𝐵2)(𝑥)    and 

    𝜈𝐴∗(𝐵1)(𝑥) = 𝜈𝐴1
(𝑥) ≥ 𝜈𝐴2

(𝑥) = 𝜈𝐴∗(𝐵2)(𝑥)    ( By (3.2.1) ). 

Hence,  𝐴∗(𝐵1) ⊆ 𝐴∗(𝐵2). 

ii) For each 𝑥 ∈ 𝐸,   

𝜇𝐴∘(𝐵1)(𝑥) = 𝜇𝐴(𝑥) ≤ 𝜇𝐴(𝑥) = 𝜇𝐴∘(𝐵2).(𝑥)    and 

          𝜈𝐴∘(𝐵1)(𝑥) = 𝑚𝑖𝑛 (𝜈𝐴(𝑥), 𝜈𝐵1
(𝑥)) ≥  𝑚𝑖𝑛 (𝜈𝐴(𝑥), 𝜈𝐵2

(𝑥)) = 𝜈𝐴∘(𝐵2).(𝑥)    ( By (3.2.1) ). 

Hence,  𝐴∘(𝐵1) ⊆ 𝐴∘(𝐵2). 

iii) For each 𝑥 ∈ 𝐸,   

𝜇𝐴∗(𝐵1)(𝑥) = 𝑚𝑖𝑛 (𝜇𝐴(𝑥), 𝜇𝐵1
(𝑥)) ≤ 𝑚𝑖𝑛 (𝜇𝐴(𝑥), 𝜇𝐵2

(𝑥)) = 𝜇𝐴∗(𝐵2)(𝑥)    and 

  𝜈𝐴∗(𝐵1)(𝑥) = 𝜈𝐴(𝑥) ≥ 𝜈𝐴(𝑥) = 𝜈𝐴∗(𝐵2)(𝑥)    ( By (3.2.1) ). 

Hence, 𝐴∗(𝐵1) ⊆ 𝐴∗(𝐵2) . 

iv) For each 𝑥 ∈ 𝐸,   

𝜇𝐴°(𝐵1)(𝑥) = 𝜇𝐴(𝑥) ≤ 𝜇𝐴(𝑥) = 𝜇𝐴°(𝐵2)(𝑥)    and 

    𝜈𝐴°(𝐵1)(𝑥) = 𝑚𝑎𝑥 (𝜈𝐴(𝑥), 𝜈𝐵1
(𝑥)) ≥  𝑚𝑎𝑥 (𝜈𝐴(𝑥), 𝜈𝐵2

(𝑥)) = 𝜈𝐴°(𝐵2)(𝑥)    ( By (3.2.1) ). 

 Hence, 𝐴∘(𝐵1) ⊆ 𝐴∘(𝐵2). 

IV. Some relations between induced and second order induced intuitionistic fuzzy sets 

Here we have established some relations between induced intuitionistic fuzzy sets and second order induced 

intuitionistic fuzzy sets. 

Property 4.1: (𝐴∗)°(𝐵) = (𝐴°)∗(𝐵) = 𝐴∗(𝐵) ∪ 𝐵∗(𝐴) = 𝐴°(𝐵) ∩ 𝐵°(𝐴). 

Proof: By Property 2.8 we have,  

 (𝐴∗)°(𝐵) = (𝐴°)∗(𝐵) = {(𝑥, 𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝑚𝑖𝑛(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))) : 𝑥 ∈ 𝐸}    … … (4.1.1) 
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Now, 𝐴∗(𝐵) ∪ 𝐵∗(𝐴) 

= {(𝑥, 𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝜈𝐴(𝑥)) : 𝑥 ∈ 𝐸} ∪ {(𝑥, 𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝜈𝐵(𝑥)) : 𝑥 ∈ 𝐸} 

   = {(𝑥, max (𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥))) , min(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))) : 𝑥 ∈ 𝐸} 

           = {(𝑥, 𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝑚𝑖𝑛(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))) : 𝑥 ∈ 𝐸}     … … … (4.1.2) 

and  𝐴°(𝐵) ∩ 𝐵°(𝐴) 

= {(𝑥, 𝜇𝐴(𝑥), min(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))): 𝑥 ∈ 𝐸} ∩ {(𝑥, 𝜇𝐵(𝑥), min(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))): 𝑥 ∈ 𝐸} 

= {(𝑥, min(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) , max(min(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)) , min(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)))): 𝑥 ∈ 𝐸} 

                      = {(𝑥, 𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝑚𝑖𝑛(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))) : 𝑥 ∈ 𝐸}         … … … (4.1.3) 

So from (4.1.1), (4.1.2) and (4.1.3), we have,  

 (𝐴∗)°(𝐵) = (𝐴°)∗(𝐵) = 𝐴∗(𝐵) ∪ 𝐵∗(𝐴) = 𝐴°(𝐵) ∩ 𝐵°(𝐴). 

Property 4.2: (𝐴°)
∗(𝐵) = (𝐴∗)°(𝐵) = 𝐴∗(𝐵) ∩ 𝐵∗(𝐴) = 𝐴°(𝐵) ∪ 𝐵°(𝐴). 

Proof: By Property 2.7 we have, 

  (𝐴°)
∗(𝐵) = (𝐴∗)°(𝐵) = {(𝑥, 𝑚𝑎𝑥( 𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))): 𝑥 ∈ 𝐸}  …  … … (4.2.1) 

Now, 𝐴∗(𝐵) ∩ 𝐵∗(𝐴) 

          = {(𝑥, 𝑚𝑎𝑥( 𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝜈𝐴(𝑥)) : 𝑥 ∈ 𝐸} ∩ {(𝑥, 𝑚𝑎𝑥( 𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝜈𝐵(𝑥)) : 𝑥 ∈ 𝐸} 

          = {(𝑥, min (𝑚𝑎𝑥( 𝜇𝐴(𝑥), 𝜇𝐵(𝑥)), 𝑚𝑎𝑥( 𝜇𝐴(𝑥), 𝜇𝐵(𝑥))) , max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))) : 𝑥 ∈ 𝐸} 

          = {(𝑥, 𝑚𝑎𝑥( 𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) , max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))): 𝑥 ∈ 𝐸}                  … … … (4.2.2) 

and   𝐴°(𝐵) ∪ 𝐵°(𝐴) 

 = {(𝑥,  𝜇𝐴(𝑥), max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))): 𝑥 ∈ 𝐸} ∪ {(𝑥,  𝜇𝐵(𝑥), max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))): 𝑥 ∈ 𝐸} 

            = {(𝑥, max( 𝜇𝐴(𝑥),  𝜇𝐵(𝑥)) , min(max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)) , max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥)))): 𝑥 ∈ 𝐸} 

            = {(𝑥, 𝑚𝑎𝑥( 𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) , max(𝜈𝐴(𝑥), 𝜈𝐵(𝑥))): 𝑥 ∈ 𝐸}                 … … … (4.2.3) 

Hence from (4.2.1), (4.2.2) and (4.2.3), we have,  
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 (𝐴°)
∗(𝐵) = (𝐴∗)°(𝐵) = 𝐴∗(𝐵) ∩ 𝐵∗(𝐴) = 𝐴°(𝐵) ∪ 𝐵°(𝐴). 
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