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ABSTRACT. In this paper we study to solve two additive 3— functional inequality the
2k — variables and their Hyers — Ulam stability. First are investigated in complex
Banach spaces and last are investigated the Hyers — Ulam stability of additive
B — functional equation associated with the additive 8 — functional inequalities
in complex Banach spaces. Then I'll show that the solutions of first and second
inqualities are additive mappings. Then Hyers—Ulam stability of these inequalities
are given and proven. These are the main results of this paper.
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1. INTRODUCTION

Let X and Y be a normed spaces on the same field K, and f : X — Y. We use the
notation || - || for all the norm on both X and Y. In this paper, we investisgate some

additive [-functional inequality when X is a real or complex normed space and Y is a

complex Banach spaces.
In fact, when X is a real or complex normed space and Y is a complex Banach spaces
we solve and prove the Hyers-Ulam stability of two forllowing additive -functional in-

equality:.
1k k k Thss k
f Eszkﬂ-l-zifj —Zf e —Zf<%)
=1 =1 =1 =1 Y
1 & i This -
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<

Y

3(1.2)

where (3 is a fixed complex number with ‘ﬁ‘ < 1 and k be a fixed integer with £ > 2.

The Hyers-Ulam stability was first investigated for functional equation of Ulam in [6]
concerning the stability of group homomorphisms.

The functional equation
(wu)=1(r) +1(v)

is called the Cauchy equation. In particular, every solution of the Cauchy equation is said
to be an additive mapping.

The Hyers [7] gave firts affirmative partial answer to the equation of Ulam in Banach
spaces. After that, Hyers’ Theorem was generalized by Aoki[l] additive mappings and by
Rassias [8] for linear mappings considering an unbouned Cauchy diffrence. Ageneralization
of the Rassias theorem was obtained by Gavruta [4] by replacing the unbounded Cauchy
difference by a general control function in the spirit of Rassias’ approach.

(552 50+ 310)

is called the Jensen equation. See [2, 3, 9, 10] for more information on functional equa-
tions.

The Hyers-Ulam stability for functional inequalities have been investigated such as in
[14, 15]. Gilany showed that is if satisfies the functional inequality

() +25(5) - (o) < o)

then f satisfies the Jordan-von Newman functional equation
2f<:v) —|—2f<y) = f(:vy) —l—f(:vy_l). (1.3)

See also [15,16]. Gildnyi [13] and Fechner [9] proved the Hyers-Ulam stability of the func-
tional inequality.

Choonkil Park [17, 18] proved the Hyers-Ulam stability of additive S-functional inequal-
ities. Recently, in [17, 18, 19, 22| the authors studied the Hyers-Ulam stability for the

following functional inequalities
((55) - 0)-)| oo

flz+y) = f(z) - 1)

<
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2f<4’3;y>—f<:v)—f<y) < p(f(a:+y)—f<a:)—f<y)>“. (1.5)
f<af;y+z>—f<i’3;ry>—f<2) < 7<2f<562+2y+;>_f<$;y>_f<z3l>6l
o) 0l o))

b(50) -S| b(or(25w)-See))| oo

in complex Banach spaces.
In this paper, we solve and proved the Hyers-Ulam type stability for two (-functional
inequalities (1.1)-(1.2), ie the § -functional inequalities with 2k — variables . Under suit-
able assumptions on spaces X and Y, we will prove that the mappings satisfying the
f-functional inequatilies (1.1) or (1.2). Thus, the results in this paper are generalization
of those in [17, 18, 19, 22| for f-functional inequatilies with 2k — variables.
The paper is organized as followns: In section preliminarier we remind some basic nota-
tions in [18, 19, 20] such as We only redefine the solution definition of the equation of the
additive function.
Section 3: is devoted to prove the Hyers-Ulam stability of the addive - functional in-
equalities (1.1) when we assume that G be a 2k — divisible abelian group and X is a real
or complex normed space and Y complex Banach space.
Section 4: is devoted to prove the Hyers-Ulam stability of the addive - functional in-
equalities (1.2) when X is a real or complex normed space and Y complex Banach space.

2. PRELIMINARIER

f(rro)=1(=) +1(0)

is called the cauchuy equation. In particular, every solution of the cauchuy equation is
said to be an additive mapping.

The functional equation
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Now, we first study the solutions of (1.1). Note that for these inequalities, X is a real
or complex normed space and Y is a complex Banach spaces. Under this setting, we can
show that the mapping satisfying (1.1) is additive. These results are give in the following.

k

Lemma 3.1. A mapping f: G — Y satilies
k k k
' f<%ziﬂk+j + Z%) - Zf(%) - Zf(fj)
j=1 j=1 j=1 j=1 Y
1 & 1 F k . k
B\ kf ﬁzikﬂ*‘%zl}' > f & - (=)
j=1 j=1 j=1 j=1

forall zj,xp1; € G forall j =1 —k if and only if f : G — Y 1is additive.

(3.1)

Y

Proof. Assume that f: G — Y satisfies (3.1).
Letting z; = 234, = 0,7 =1 — k in (3.1), we get

(=)= [ £ ()], <o
So f(o) _

Letting z44; =0 and x; = x for all j =1 — k in (3.1), we get

Iee) -5, <

and so f(kx) = kf(x) for all x € G.

Thus
T 1
/(2)- o »

for all x € G It follows from (3.1) and (3.2) that:

= Jj=1 Y
12 1k k . k
k41
< 'ﬁ(kff(ﬁsz—l—j‘l'g Zj —Zf< 2 )‘Zﬂ%’))
J=1 J=1 J=1 J=1 Y
k
. Lty
- ﬁ\H ( ZxkﬁZ%) —Zf( 2 ) -2 @) 63
J=1 J=1 Y
and so
1 k k . k
f EZZEkH-I-ZIj :Zf 2 -I-Zf(%)
j=1 j=1 j=1 j=1
for all z;, 244 € G for all j =1 — k. Hence f : G — Y is additive.
The coverse is obviously true. O
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Lemma 3.2. A mapping f: G — Y satisfy f(0) =0 and
k k k k
(o3 n) -3 (52) - o)
J=1 J=1 J=1 J=1 Y
Lk k k o k
B\ f Eszkﬂ-l-zij —Zf & —Zf<%)
=1 j=1 j=1

J=1

(3.4)
for all zj, 2445 € Gforall j =1 — kifand if f: G — Y is additive.

Proof. Assume that f: G — Y (3.4).

Letting 1 = 2 and xj41 = 244; =0 for all j =1 — k in (3.4), we get

i (3) o) =
Y

and so

It follows from (3.4) and (3.5) that

Y

VAN
A
T~ I
IIMw
Z'?'
+
<.
_|_
8]
<.
\_/
|
M-
~
/N
)
=7
<
N~~~
|
Bl
~
~
8]
<
~——
~__—

: : jzl Y
and so
i TE+1 i
zzkﬂ ' z% =35 ) (=)
=1 j=1
for all z;,z44; € G for all j=1—- k:. Hence f: G — Y is additive.
The converse is obvoiusly true. O
From Lemma 3.1 and Lemma 3.2 we have Corollarys.
Corollary 3.3. A mapping f : G — Ysatilies
k k
T T
(3] -2o(%) -2o()
j=1 j=1 j=1
L. - k
k k
=3 krf( k—;’+2%> Zf( *”)—Zf(%)) (3.6)
j=1 j=1 j=1

forall zj,xp1; € G forall j =1 —k if and only if f : G — Y 1is additive.
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Corollary 3.4. A mapping f : G — Y satilies f(0) =0 and

k k
k:f(Z IZ;J + Zlatj>
=

j=1

k

Zf<l’k+3> if@)

(g 5)Se) ) w

forall zj,xpr; € G forall j =1 —k if and only if f : G — Y 1is additive.

* Note: The equations (3.6) and (3.7) is called an additive 8 — functional equations.

Theorem 3.5. Let r > 1 and 6 be nonnegative real numbers, and let f : X — Y be
mapping such that

J=1 J=1 J=1 j=1 Y
k k
x 1 T
oS5 i3m) - (%) -2 (0)
J=1 J=1 J=1 J=1 Y

+9<é‘:vj +i”l'k+j T) (3.8)

for all x;,xp; € X, for all j = 1 — k. Then there exists a unique additive mapping
j j

QX =Y such that
() - )], < 2

(3.9)

for all z € X.

Proof. Letting z; = 254, =0 for all j =1 — k in (3.8), we get

[l =21 [se )l )], =0 510
f(o) — 0.

Letting z44; =0, z; =z for all j =1 — k in (3.8), we get

So

f(k:a:)—k:f(a:) geka (3.11)
16w <2l
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oi(i) s3] =S o) ool =

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.12) that

-— k:@ k7
- kr Z km

Y

(3.12)

the sequence {k:"f( mn)} is a cauchy sequence for all x € X. Since Y is complete space,

the sequence {k:"f (k—n) } coverges.
So one can define the mapping ) : X — Y by

Q(z) := lim k:"f(%)

n—oQ

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.12), we get
(3.9).
Now, It follows from (3.8) that

. k 1 k k k
(S-Sl 5o
< lim £"|(3( kf i“*uiiz —if ke —if(ﬁ)
o0 sy fen+2 kn s J s L+l = kn y
n k T k T
w2 (Sl 5 e
= j=1
k:f i“*ﬂ'+liaz» Y P s —if(a:») (3.13)
j=1 kj:l ’ j=1 k Jj=1 ’ Y |
for all zj, x4 € X, for all j =1 — k.
So
k . k k Tor) k
Q=+ m -2 el —ZQ(%)
=1 =1 =1 =1 Y
k k k
<o L iya)-Yo(5e) - Sof)| e
Jj=1 Jj=1 Jj=1 Jj=1 Y

for all z;,254; € X, for all j =1 — k. By Lemma (3.1), the mapping @ : X — Y is
additive.
Next, suppose that 7' : X — Y be another additive mapping satisfying (3.9). Then we
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o) -2, - o) -7 ()

(o) ()

2kn+19

ArE) - E))

which tends to zero asn — oo for all x € X. So we can conclude that Q(:B) =T <£E) for

all x € X. This proves the uniqueness of ). Thus the mapping ) : X — Y is a unique
additive mapping satisfying (3.9). O

have

Y

r
T

(3.15)

Theorem 3.6. Let r < 1 and 6 be nonnegative real numbers, and let f : X — Y be
mapping such that

f<zl'l;€+j +Z%’> —Zf<$k—;> > flx)

Jj= Jj=1

k‘f(} IZ;MF%’ ifj>—2f<zz+j>—2f(ﬂfj)>

J=1

<

g

+9<;‘xj —I—iHZEk—l—j ) (3.16)

for all x;,xp; € X, for all j = 1 — k. Then there exists a unique additive mapping
j j
QX =Y such that

T

T

(3.17)

ko
- <
|#() - @), < =%
Proof. Letting z; = 244, =0 for all j =1 — k in (3.16), we get

(J2+= 11~ o) s )1, <o o9
f(o) — 0.
Letting z44; =0, z; =z for all j =1 — k in (3.14), we get

f(e) s ()|
1) =3

forallz € X

So

< Ok ||| (3.19)

T

<ol
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Hence
m—1 m—1 .
1 I 1 m 1 . 1 1 kT r
Y g=l Y j=l
(3.20)

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.20) that
the sequence {,%f(k:":c)} is a cauchy sequence for all x € X. Since Y is complete space,

the sequence {klnf (k:"a:) } coverges.
So one can define the mapping ) : X — Y by

) = i 1 (1)

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.20), we get
(3.17). The rest of the proof is similar to the proof of Theorem (3.3).
By the triangle, we have

() () £

j=1 =1 =1 =1 y
k k k
—W(w(Ejﬁ?+%§j%>—ZN(%?)—}jﬂ%O
j=1 =1 j=1 j=1 Y
k . k k . k
< f<z kﬁ—l—Zatj)—Zf( kﬁ>_2f<a:j)
=1 =1 =1 =1
k k k
- Bl kf 2372'21') ‘l'%ZIJ)_Zf(iZﬂ)—Zf(IJ)) . (3.21)
=1 =1 =1 =1 v
]

From Theoem 3.5 and Theoem 3.6 we have Corollarys.

Corollary 3.7. Let r > 1 and 6 be nonnegative real numbers, and let f : X — Y be
mapping such that

=1 =1 y
1 k k
< <kf<za7]l;'2|'ﬂ +E > $j>_Zf<II;€+J>_Zf<a?J)>
j=1 j=1 J=1 Jj=1 Y

3
+9<§:‘» rr> (3.22)
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for all xj, x5 € X, for all j = 1 — k. Then there exists a unique additive mapping
QX =Y such that
ko
— <
[1(5) -e(@)], = 7=l

Corollary 3.8. Let r < 1 and 6 be nonnegative real numbers, and let f : X — Y be
mapping such that

f< :m:j +Z%’> —Zf<g:2+j> =) fl))

T

(3.23)
for all z € X.

j=1 j=1 j=1 j=1 Y
k k k
< ﬁ(’ff( IZ?JF%ZSEJ')—Zf<zlzrj>—2f(ifj)>
j=1 j=1 j=1 j=1 Y

' + i HZEk+j T) (3.24)

for all zj, x5 € X, for all j = 1 — k. Then there exists a unique additive mapping
QX =Y such that

T

(3.25)

Hf@ - Q<I) HY =% ﬁek:r

T

forallz € X

4. ADDITIVE ﬁ—FUNCTIONAL INEQUALITY IN COMPLEX BANACH SPACE

Now, we study the solutions of (1.2). Note that for these inequalities, X is a real or
complex normed space and Y is complex Banach spaces. Under this setting, we can show
that the mapping satisfying (1.2) is additive. These results are give in the following.

Theorem 4.1. Let r > 1 and 6 be nonnegative real numbers, and let f : X — Y be
mapping with f(()) = 0 such that

Jj=1 Jj=1 Jj=1 Jj=1 Y
k k
< ﬁ(f(Zg:';:’ +ij> —Zf(g”’;*’) —Zf(%))
Y Jj=1 Jj=1 Jj=1 Jj=1 Y
k k
+9<Z‘Ij + 3 [|ewes ) (4.1)
=1 j=1

for all xj, x5 € X, for all j =1 — k. Then there exists a unique additive mapping

QX =Y such that
1) =@, < &5

T

(4.2)

for all z € X.
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Proof. Letting xj41 = x44; =0 and 1 =z for all j =1 — k in (4.1), we get

x
b (5) 1] < (43
for all x € X. Hence
1 . 1 s x , x T
ts() s ()| <Eer(e) o) | oSk
(4.4)

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (4.4) that

the sequence {k‘" f < mn)} is a cauchy sequence for all x € X. Since Y is complete space,

the sequence {k:"f <k—n) } coverges.
So one can define the mapping ) : X — Y by

Q(:r) — lim k" f <£>
n—00 kn
for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (4,4), we get (4.2).

The rest of the proof is similar to the proof of theorem (3.5) O]

Theorem 4.2. Let r < 1 and 6 be nonnegative real numbers, and let f : X — Y be
mapping with f(()) = 0 such that

(%) (%) -2

ﬁ(f(ZII;:j +iiﬂj> _if<931;€+j> —if(:@))
+e<;\ 43 o

) (4.5)

for all zj, x5 € X, for all j = 1 — k. Then there exists a unique additive mapping
QX =Y such that

<

L

Hf(z) _Q<:’3)HY = k;k—rek;r o (4.6)
for all x € X
Proof. Letting xj41 = x44; =0, 2y =z for all j =1 — k in (4.5), we get
b ()~ (2] = (4.7)
for all x € X. !
So
r(e) - )| <ol .

ISSN: 2231-5373 http://www.ijmttjournal.org Page 144


ssrg 5
Text Box


International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 66 Issue 7  - July 2020


ssrg 5
Text Box


ISSN: 2231-5373                                          http://www.ijmttjournal.org                                       Page 144



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 66 Issue 7 - July 2020

for all x € X.
Hence
m—1 m—
klf<k‘l ) kmf(k‘”‘:c) < —f <k":v> — Wf(k"“x) —
Y = j=l
(4.9)

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (4.8) that

the sequence { f(k:" )} is a cauchy sequence for all x € X. Since Y is complete space,

the sequence { =f (k‘" )} coverges.
So one can define the mapping ) : X — Y by

or): JE&W(’” )

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (4.8), we get (4.6).
The rest of the proof is similar to the proof of theorem (3.6). O

By thetriangle inequality, we have

(4.10)

Y

From Theoem 4.1 and Theoem 4.2 we have Corollarys.

Corollary 4.3. Let v > 1 and 6 be nonnegative real numbers, and let f : X — Y be
mapping with f(()) = 0 such that

(8] $) S0

j=1 j=1 j=1 j=1 Y
k k
< ﬁ(f(ZI';:’ +ij> ~ Zf(ﬁ”) - Zf(%))
Y =1 =1 =1 =1 Y
k k
+9<Z‘Ij + 3 onss ) (4.11)
j=1 j=1
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for all xj, x5 € X, for all j =1 — k. Then there exists a unique additive mapping
QX =Y such that
_ <
(=) =), = =l

Corollary 4.4. Let r < 1 and 6 be nonnegative real numbers, and let f : X — Y be
mapping with f(()) = 0 such that

kf( i) Lo () -2

<<i ’“ﬂtz a;,) - if(f’““’;jj) - iﬂxj))

-1 =1 =1 Y
+9<Z‘ T—I-ZHZUIHJ' ) (4.13)
=1 =1

for all zj, x5 € X, for all j = 1 — k. Then there exists a unique additive mapping

QX =Y such that
1) - @), <=l

(4.12)
for all z € X.

L

T

(4.14)
for all z € X.

Remak: If § is a real number such that —1 < 8 < 1 and is Y is a real Banach space,
then all the assertions in this sections remain valid

5. CONCLUSION

In this paper, I have shown that the solutions of the first and second 2k-variable [3-
functional inequalities are additive mappings. The Hyers-Ulam stability for these given
from theorems. These are the main results of the paper , which are the generalization of
the results [17, 18, 19, 22| .
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