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Abstract
In this paper we have developed certain definite integral involving Struve and modified struve
Function in association with Hypergeometric function.
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1. Introduction

Yurry A. Brychkov|[Brychkov p.221(4.11.5.2-4.11.5.5)] has derived the following formulae
! 1
/ cos 'z Ho(ax)dr = =[C — Ci(a) + log a, [|arg a < 7 |]. (1.1)
0 a
"1 1
/ — cos 'z Hy(azx)dx = C — 1 — Ci(a) + log a+ — sin a, [| arg a < 7 |]. (1.2)
o L a
! 1
/ cos tx Lo(ax)dr = ~[Chi(a) — C —log a, [| arg a <7 |]. (1.3)
0 a
"1 1
/ — cos 'x Ly(ax)dz = 1 — C + Chi(a) — log a — ~ sinh a, [|arg a <7 |]. (1.4)
o T a
Struve functions are solutions of the non-homogeneous Bessel’s differential equation:
d’y | dy a(3)""
2 2 2 2
ZJ - — = 1.
* d:c2+xd:c+(x ")y ﬁf(a—i—%) (1.5)
and are defined as: ( )a -
2(z 5
H,(x) = é/ sin(x cos 0)sin®*(6) do (1.6)
la+ $HI(3) Jo
Modified Struve function is:
Lo(z) = I_o(z) — % /Oo sin(zu)(1 + u®)*"7 du (1.7)

Bessel functions of the first kind, denoted as J,(z), are solutions of Bessel’s differential equation that
are finite at the origin (xz = 0) for integer or positive «, and diverge as = approaches zero for negative
non-integer «( See[12]). It is possible to define the function by its Taylor series expansion around x = 0.

© (_1)m T\ 2m+a
Ja(@) :mzzom! 'm+a+1) (5) (1.8)
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where I'(2) is the gamma function, a shifted generalization of the factorial function to non-integer values.
The Bessel function of the first kind is an entire function if « is an integer.

The Bessel functions are valid even for complex arguments x, and an important special case is that of
a purely imaginary argument( See[12]). In this case, the solutions to the Bessel equation are called the
modified Bessel functions (or occasionally the hyperbolic Bessel functions) of the first and second kind.
The first kind of modified Bessel function is defined as

o 0 1 T 2m—+tao

Io(2) = 1T (1) = (_) 1.9

N T e 19
m=0

A generalized hypergeometric function ,Fy(ai, ..., ap; b1, ..., bg; 2) is a function which can be defined in the

form of a hypergeometric series, i.e., a series for which the ratio of successive terms can be written

cky1  P(k) (k+a1)(k + a2)...(k + ap)

o Q) (k+b) (K +ba).(k+by)(k+1) = (1.10)

Where k£ + 1 in the denominator is present for historical reasons of notation[Koepf p.12(2.9)], and the
resulting generalized hypergeometric function is written

- a1, ag, -, ap . :i (Gl)k(a2)k"'(ap)k2’k a11)
T b by = (b1)k(b2)k - - (bg)ik!
where the parameters b1, bg, - - -, bg are positive integers.

The ,F, series converges for all finite z if p < ¢, converges for | z |< 1 if p = g + 1, diverges for all z ,
z#0if p> g+ 1[Luke p.156(3)].

The function oFi(a,b;c; z) corresponding to p = 2,q = 1, is the first hypergeometric function to be
studied (and, in general, arises the most frequently in physical problems), and so is frequently known as
”the” hypergeometric equation or, more explicitly, Gauss’s hypergeometric function [Gauss p.123-162].
To confuse matters even more, the term ”hypergeometric function” is less commonly used to mean closed
form, and ”hypergeometric series” is sometimes used to mean hypergeometric function.

In mathematics, the falling factorial or Pochhammer symbol (sometimes called the descending facto-
rial, falling sequential product, or lower factorial) is defined as the polynomial[Steffensen p.8]

@ =2 -1 —-2.z—n+1)=[[@—k+1) = ]:[(x—k) (1.12)
k=1 k=0

2. Main Formulae of the Integration

1 2
1 355 a
“ly Hy(az)d :—[4 F(1 2:2.2 —-——)]. 2.1
/033003 x Ho(ax)dx or a 231, 151575 (2.1)
1 2
1 355 aa
1y Lo(az)d :—[4 F(1 2-———-—)}. 9.2
/033003 x Lo(az)dx o aq2r3|1, 51505 (2.2)
1 1
/ 22 cos 'z Hy(az)dr = 103 [a2—|—4 Ci(a) — 4 log a —4a sin a — 8 cos a—4”y—|—8}. (2.3)
0 a

1
1
/ 22 cos 'z Lo(ax)dr = i [a2 —4 Chi(a) + 4 log a —4a sinh a + 8 cosh a + 4y — 8}. (2.4)
0
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/le cos 'z Ho(ax)dr = 75% [16& 3F4(1, 2,3; g, g, g, g; —%2)}. (2.5)
/0133 cos 'z Lo(ax)dr = 75% [16& 3F4(1, 2,3; g, g, g, g; %2)} (2.6)
/0 z° cos™'a Hy(ax)dr = ﬁ [32& 3F4(1, 5,4; g, g, g, g; —%2)}. (2.7)
/1 z° cos™'x Lo(ax)dr = ﬁ[fﬁa 3F4(1, g, ;g, g, g, g; %2)} (2.8)

/01 z7 cos™'x Hy(ax)dr = ﬁ [256& 3F4(1, g, 5; g, g, 12—1, 12—1; —%2)} (2.9)
/01 z" cos™'x Lo(ax)dx = 28;57T [256& 3F4(1, g, 5; g, g, 12—1, 12—1; %2)} (2.10)
/0133 cos 'x Ho(ax)dr = 76;3 [512& 3F4(1 121,6; g, g, g, 12—3; —%2)}. (2.11)
/le cos 'z Lo(az)dz = 76;3 [512& 3F4(1 =6 g g g 12—3 %2)} (2.12)
/O 2 cos™\z Lo(az)dz = 390139 [2048@ 3F4( 23 7; g g % % %2)} (2.13)
/01 x'3 cos™'x Hy(ax)dx = 9651257T [4096@ 3F4(1, 12—5, 8; g, g, 1—27, 1—27; —%2)} (2.14)
/01 x'3 cos™'x Lo(ax)dr = 9651257T [4096@ 3F4( > —,8; g, g, 1—27, 1—27; %2)} (2.15)
/01 i cos~\a Holaz)dz = Hm 3F4(1, % 1; g g g g; —%2)] (2.16)
/Oli cos~ 'z Lo(az)dz = Hm 3F4(1, % 1; g g g g; %2)} (2.17)
/01 % cos~ ' Ly (az)dz = 3% [2&2 3F4(1, % 1; g g g g; %2)} (2.18)
/01 cos~ 'z Hy(az)ds = % [4&2 2F3(1, 2. g g g; —%2)}. (2.19)

! 1
/0 z cos 'z Hy(ax)dr = 12 [a2 —4 Ci(a)+4 log a+4 cos a+ 4y — 4}. (2.20)
/01 22 cos 'z Hy(az)dr = CoT [16& oF3 (1 3; g, g, g; —%2)} . (2.21)
/01 x3 cos 'z Hy(ax)dx = 901 [3&44—8&2—1—96 Ci(a)—96 log a+32(a®—T7)cos a—128 sin a—96y+224|.
(2.22)
/01 zt cos™'z Hy(az)dz = T [32& 3F4(1,4, g, g, g, g, g; —%2)} (2.23)
/01336 cos L& Hi(az)de = 8535 [256a 3F4(1,5,g, 2212_112_1_%2” (2.24)
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1 2
1 11351313 a
8 cos~Lw Hi(az)de = [5122F(16———————)} 2.25
/Oxcosxl(m)x 228697 [T 374 272272727 1 (2:25)
1 2
13351515 a
10 —1 2
H,(az)d :7[24 F(1 ————,—;——)} 2.2
/0‘75005‘751(6”3%C 77 208 s ha(L T 5 55 50 5y (2.26)
1 2
1, 1 1.3335 a
- Hi(az)d :—[2 2 4F (1,—,1;—,—,—,—;——)} 2.27
| gz cos @ lan)de = 22207 5Py (1, 5. 15, 5.9, 557 (2:27)
1 . .
—a C 1 2 )
/0 cos—Var Hy(az)dz a z(a)+aa2og a+ szna+%+7a ' (2.28)
! 1
/ cos 'z Ly(ax)dr = — 502 [24 sinh a — a(a® 4+ 12 Chi(a) — 121log a — 127 + 24]. (2.29)
0
! 5.3777 a
/0 x cos 'z Hy(ax)dx = Tio5n [16& 3F4(1 2 3;5,5,5,5;—1)}. (2.30)
1 2
5.3777a
g Ly(az)dz = [163 F(1—3'————'—)}. 2.31
/0 x cos” x Lo(ax)dx o5, 10 sbal{l. 5,35, 5, 5.5 7 (2.31)

oo [a4+8a2—96 Ci(a)+96 log a+32a sin a+128 cos a+96~y—128} . (2.32)

/01 x? cos ' Ly(ax)dr = 321a3 [a —8a*—96 Chi(a)+96 log a+32a sinh a+128 cosh a+ 96y — 128}.
(2.33)
/01 z3 cos™'a Hoax)dr = 36750 [32&3 2F3(1, 4; g, g, g; —%2)}. (2.34)
/01333 cos\a Ly(az)da = 36;5 [32@ 2F3(1 4,%, g, g;a;” (2.35)

/01 zt cos™lx Ly(ax)dr = 282&5 [—5a° 4 27a" — 21642 + 288(a” + 23)a sinh a—
—288(7a? + 38)cosh a + 4320 Chi(a) — 43201og a — 4320 + 10944]. (2.36)
/0133 cos 'z Hy(ax)dr = 4251257T [256&3 3F4(1,z 5; g g 12—1 12—1 —%2)}. (2.37)
/01 z° cos ' x Lo(ax)dr = 4251257T [256&3 3F4(1, g, 5; g, g, 12—1, 12—1; %2)} (2.38)
/01 z" cos 'z Hy(ax)dx = m [512&3 3F4(1, 12—1, 6; g, g, 12—3, g; —%2)} (2.39)
/01 27 cosT'x Ly(ax)de = ﬁ [512& 3F4(1 121 ,6; g, g, 12—3, g; %2)} (2.40)
/0 2 cos 'z Holaz)dx = % [2048&3 3F4(1 g, 7 g, g, 12—5, 12—5; —%2)} (2.41)
/01339 cos 'z Ly(az)dz = %S;W[zmsa?’ 3F4(1,?3 7; g g 12—5 12—5 %2)} (2.42)
/01 2 cos™ 'z Hy(az)dz = W[Zﬂ)%ag :,,1?4(1,?5 8; g ; g 1—27 —%2)}. (2.43)
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1 2
1 15 3 7 17 17 a
W eos e La(ar)de = ————[4096a” 5 Fy(1, 22,85, 2 - 5 L) 2.44
/Ox cos™ @ Lo(ax)de = memer (409607 s Fu( L, 5855, 9. 5 59 (244)
1 2
17 3 719 19 a
13 o5y Lo(ax)d :7[ F(l -————-—)} 2.4
/0 2 cos  x Lo(ax)dx 57895730 65536a> 5Fy 5 ,9,2,2, 5 501 (2.45)
1 2
1 19 3721 21 a
15 —1
Lo(az)d :7[1 1072 F(l, , ;—,—,—,—;—)] 2.4
/Ox cos ™ L(an)de = Geeromnm [1310720° sFy (1, 5 10: 5, 5. 5 55 5 (246)
1 2
1 21 37 23 23 a
17, 1 3
Lo(az)d :7[524288 F (1,—,11;—,—,—,—;—)] 2.47
/Ox cos™ @ Lo(ax)de = oo e e R RS MR R (247)
1 2
1 557 a
- Hy(az)d :—[4 3 F(1,2;—,—,—;——)] 9.48
/Oxcosxg(ax):c TR A S R R (248)
1 2
1 _ 1 55 7 a
‘/0 E cOoS l.I LQ(CL.I)CZCC: %[4013 2F3(1,2,§,§,§,I):| (249)
1 1
/ — cos 'z Hy(ax)dr = 9—2[a3(—3 Ci(a) +3 log a+ 3y —4) +3(a® + 1)sin a — 3a cos a]. (2.50)
0 T a
1 1
— cos tx Ly(ax)ds = —9—2[a3(—3 Chi(a)+3 log a+3y—4)+3(a* —1)sinh a+3a cosh a]. (2.51)
0 T a
3337 a
/ — Co0S x HQ(CL.I)CZCC: 15—7T|:2CL 3F4(1 B 1,5,5,5,5,—1)} (252)
1, 1 1 3337a
- Lo(az)ds = [2 3 ,F (1,—,1;—,—,—,—;—)]. 2.53
/Oxb’cosxz(m)xw S A R N M (2:53)
1 2
1 53779 a
1y Hy(az)dz = 160" sF1(1,3,5.5. 5.5 5 -] 2.54
/0 cos  x Hz(ax)dx = e 6a* 5 Fy ,3,2,2,2,2,2, 1 (2.54)
1 2
1 53779 a
~1 4
Ls(az)d :—[1 F(l, ,—,—,—,—,—;—)] 2.
/Ocos x Ls(ax)dx TSTEn 6a” 3F4(1,3 55°5'3°2° 1 (2.55)
1 - - 2
_ —3alog a — 8 sinh a+a cosh a 3 Chi(a) a T—-3y 1
1 _
/0 x cos  x Lg(ax)dr = 3 + e —ﬁ—i- - +E. (2.56)
1 2
73999 a
2 cos~ 'z Hy(az)dz = (320" sFu(1,4,5, 5,5, 2 2 =] 2.56
‘/0 €T~ cos X 3(CL$) € 257257 a 3rig\ 4, '979797 979" 4 ( )
1 2
1 73999 a
2 cos~\a Ly(az)da = 320" sFu(1,4.5.5.5. 55 )] 2.
‘/0'r cos ~x 3(CL$) € 2579571 32a 3474\ 4, 19797979797 ( 57)
! 1
/ 23 cos ' x Lz(ax)dr = — 880 4[a — 9a +216a* — 288(a” + 23)cosh a — 4320 log a+
0
14320 Chi(a) + 2304a sinh a — 4320~ + 6624]. (2.58)
1 2
_ 1 3 11 11 a
/0334 cos 'z Hg(ax)d:c:mPSGa 2F3(15 5 3 5 I)} (2.59)
1 2
1 3 11 11 a
4 -1
Ls(az)d :7[2 F(l ——,—;—)}. 2.
/Ox cos™ x Ls(ax)dx 597675n 56at 2 F3(1,5; S UCEicaly) (2.60)
1 2
1 11 3913 13 a
6 . —1 4
H. dx = |:12 F. (15_5 ;_5_5_5_7__):| 2.61
/0”'3“'5”'3?’(mj)“’C s00a15s 0120 sha(l 56555 5y (2:61)
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/01 28 cos™'z Ly(ax)dr = M[mza 3F4(1 =6 g g g g —a;)] (2.62)

/01 2% cos™'x Hs(ax)dr = m [2048& 3F4(1 23 7 g, g, %, %, —%2)}. (2.63)

/leg cos 'z Ly(az)dz = m[mﬂsa 3F4(1 23 7; g g % % %2)} (2.64)

/01 2% cos™'a Hz(ax)dx = W[ZLOQGQ 3F4(1 25 8; g g g g —%2)}. (2.65)
/1 z'% cos™'x Ly(ax)dr = m [4096& 3F4(1 25,8, g, g, g, g, %2)} (2.66)
/le Ly Hy(az)dz = m[ﬁsmﬁa‘l 3F4(1, 1—27,9; g g 12—9 12—9; —%2)} (2.67)
/le Ly Ly(az)dz = m[%%(m 3F4(1 127,9, g g 12—9 12—9 %2)} (2.68)
/01 @ Ly Ly(az)ds = m [1311072& 3F4(1, 129, 10; g g, 22—1 22—1; %2)} (2.69)
/le ng(ax)d:c:m[524288a4 3F4(1,22—1,11;g,g,22—3,22—3;%2)] (2.70)
/le o Ly(ar)de = o [1048576@4 3F4(1, 22—3 12; g g, % 22—5; %2)} (2.71)
/01 x e Ly(az)da = m[%ssms@“ 3F4(1, % 12; g g, % 2—27; %2)} (2.72)
/01 é cos 'z Ls(az)dr = 18(1)a3 [60(a®—4)sinh a+a®(—3a*—60 Chi(a)+60log a+60y—140)+240 a cosh aj.
(2.73)

/01 é cos 'z Hz(ax)dx = 18(1)a3 [60(a®+4)sin a+a*(3a*> —60 Ci(a)+60 log a+60y—140)—240a cos a.
(2.74)

/1 % cos~ 'z Hs(az)dr = 9415 [4@ 2Fg(1,2, g g g; —%2)}. (2.75)

/ = cos™' Ly(ax)dr = ——— [4@4 2Fg(1,2; g g g; %2)} (2.76)

/ — cos 'z Hy(ax)ds = E[za‘l 3F4(1, 1,%; g g g g;_a;” (2.77)

/01 cosVa Ly (az)dz — 8 sZzh a 161LZO 8 ci;h a Chz(a)a log a n % n 8 ;”y' (2.78)
/le cos™ 'z Hy(az)dz = ﬁ [32@5 3F4(1, 5,4; g g, g, 12—1; —%2)] (2.79)

/le cos™ 'z Ly(az)dz = ﬁ [32@ 3F4(1, 5,4; g g, g, 12—1; %2)} (2.80)

/01333 cos™\o Hy(az)dz = m[%(m 3F4(1,g,5 g 12—1 12—1 12—1 —%2)] (2.81)
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1

1
/ 23 cos 'x Ly(ax)dr = —————
0 26790757

2
[256@53F4(1 9 '3 11 11 11' a )}

22 = = .2
’2’7

1

1
/ z° cos™ 'z Hy(azx)dr = —————
0 72037357

[512&5 2F3(1, 6;%

1

1
% cos'w Ly(ax)de = oo
/Ox cos”w Lalaz)dr = Z5pamars

[512&5 2F3(1, 6;%

1 2
1 13311 15 15 a
7 —1 5
Hi(az)ds = sz 20480 5Py (1,7, 2 5, o, 2 55— )|
/Ox cos” w Hylaz)dr = sgearamer |2048a” s Fu (LT 5350 5 50 557
1 2
1 133 11 15 15 a
7 —1 5
Li(az)de = s [20480° 5Py (1,7, 25 5, o, 2 55 ) |-
/033 cos” x Ly(ax)dx 363918550 048a° 3F4 (1,7 5733391
1 2
1 153 11 17 17«
9 -1 H d :7[4 5 F (1 T Ty Ty T _'__):|
/0 x” cos” x Hy(az)dx 912161257 096a° 3Fy (1,8, 5733331
1 2
1 15 3 11 17 17 «
9 cos~lz Ly(ax)d :7[4 5 F(1 —'————'—)]
/0 x” cos™ x Ly(ax)dx 912161257 096a’ 3F4 (1,8, 5733391
1 2
17311 19 19 a
U os—e Hy(az)d :7[ 5 F(l Lo —'——)}.
/0 v cos @ Halaw)dr = qmemraneme 095367 s Fu (1,9, 55 9. 5 5 57—
1 2
17 3 11 19 19 «
1 o5 le Lu(az)d :7[ 5 F(l —-————-—)}.
/0 v cosw La(aw)dr = fmeanere 095367 sFu (1,9, 55 5. 5 5 573
1 2
19 3 11 21 21 «
1 cos o L(az)de = pom— [1310720° 5 F (1,10, 5 5, -, 5, 55 %) |-
/0”“" cos™w Lalar)dr = qreeiame s (18107207 s P (1,10, 55 5, 5 5 55
1 2
1 21 3 11 23 23 a
19 cos ™l Ly(ar)de = o [5242880° oy (1,11, 55 5, . =, 25 2 .
/0 v cos i La(ax)dr = To0ronsisony (02428807 sFu(L 1L 55 5 5 59 g
1 2
1 21 3 11 23 23 «a
17 —1 5
La(az)d :7[14 F(1,11,—;—,—,—,—;—)}.
/0”“" cos™ @ La(az)dr = o 59005, | 04897607 o Fu 2°2°2° 27271

1

1, 1

- Ly(az)de = [1 5 F(l —-————-—)]
/Oxcos v Lalaa)de = zreze |1607 P13, 55529 57 7

1 2
1, 1 5511 a

- H,(az)d :—[45 F(l 2-———-——)].
/0 3 o5 w Halaw)de = eepen|da” 2 15 (1,25, 50 55—
1 2
1, 1 5511 a

- La(ax)d :—[45 F(l 2-———-—)]
/03:3005 v Lalaz)dr = o [4a” 2 F5(L 250 5, 535
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