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ABSTRACT. We aim at introducing two new families of holomorphic and bi-univalent functions
in the open unit disc D by making use of Horadam polynomials, which are known to generalize
some potentially useful polynomials such as the Lucas polynomials, the Pell polynomials and the
Chebyshev polynomials of the second kind. For functions belonging to the defined families, the co-
efficient inequalities and the Fekete-Szegö problem are discussed. Some interesting consequences
of the result found here are also presented.

1. INTRODUCTION AND PRELIMINARIES

Let A be the family of normalized functions that have the form

g(z) = z +
∞∑
j=2

djz
j (1)

which are holomorphic in D = {z ∈ C : |z| < 1} and let S be the collection of all members
of A that are univalent in D. It is well- known that every function g ∈ S contains a disc of
radius 1/4 (see[8]). According to this, every univalent function g has an inverse g−1 satisfying
g−1(g(z)) = z, z ∈ D and g(g−1(ω)) = ω, |ω| < r0(g), r0(g) ≥ 1/4, where

g−1 = s(ω) = ω − d2ω2 + (2d22 − d3)ω3 − (5d32 − 5d2d3 + d4)ω
4 + ... (2)

A member g of A is said to be bi-univalent in D if both g and g−1 are univalent in D. We
denote the family of bi-univalent functions that have the form (1), by

∑
. For detailed study and

various subfamilies of the family
∑

, one can refer the works of [4],[5], [6], [7], [14] and [18].
We recall the principle of subordination between two holomorphic functions g(z) and s(z) in

D. We say that g(z) is subordinate to s(z), written as g(z) ≺ s(z), z ∈ D, if there is a ψ(z)
holomorphic in D, with ψ(0) = 0 and |ψ(z)| < 1, z ∈ D, such that g(z) = s(ψ(z)). Moreover
g(z) ≺ s(z) is equivalent to g(0) = s(0) and g(D) ⊂ s(D), if s is univalent in D.

Recently, Hörç¸um and Koçer [13] (See also [12]) considered the Horadam polynomials
hk(x, a, b; p, q) (or briefly hk(x)), which are given by the recurrence relation

hk(x) = pxhk−1(x) + qhk−2(x), (k ∈ N/{1, 2}) (3)

with h1(x) = a and h2(x) = bx, where a, b, p and q are some real constants. It is very clear from
(3) that h3(x) = pbx2 + qa. The generating function of the Horadam polynomials hk(x) is given
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by (see [13]).

G(x, z) :=
∞∑
k=1

hk(x)z
k−1 =

a+ (b− ap)xz
1− pxz − qz2

. (4)

Remark 1.1. Here in what follows, the argument x ∈ R, the set of real number, is independent of
the argument z ∈ C, the set of complex numbers, that is x 6= R(z).

Few particular cases of Horadam polynomials hk(x, a, b; p, q) are:
i)hk(x, 1, 1; 1, 1) = Fk(x) the Fibonacci polynomials, ii)hk(x, 2, 1; 1, 1) = Lk(x), the Lucas
polynomials, iii)hk(x, 1, 2; 2, 1) = Pk(x), the Pell polynomials, iv)hk(x, 2, 2; 2, 1) = Qk(x),
the Pell-Lucas polynomials, v)hk(x, 1, 1; 2,−1) = Tk(x), the Chebyshev polynomials of first
kind and vi)hk(x, 1, 2; 2,−1) = Uk(x), the Chebyshev polynomials of the second kind.

In literature, the coefficient estimates and celebrated Fekete- Szegö inequality are found for
bi-univalent functions associated with certain polynomials like the Chebyshev polynomials, the
Lucas polynomials and the Horadam polynomials. We also note that the above polynomials and
other special polynomials are potentially important in the mathematical, physical, statistical and
engineering sciences. More details associated with these polynomials can be found in [10], [11],
[12], [15], [19] and [21]. Additional informations about Fekete-Szegö problem associated with
Haradam polynomials are available with the works of [1] and [20]. Very interesting resources
about Fekete-Szegö inequality associated with the q- derivative operator may be found in [3] and
[16].

Inspired by recent trends on bi-univalent functions and motivated by the paper [17], we define
the following special families of

∑
by making use of the Horadam polynomials, which are given

by the recurrence relation (3) and the generating function (4).

Definition 1.1. A function g(z) in
∑

of the form (1) is said to be in the family S∑(x, γ, µ),
0 ≤ γ ≤ 1, µ ≥ 0, µ ≥ γ, if

zg′(z) + µz2g′′(z)

(1− γ)z + γzg′(z)
≺ G(x, z) + 1− a and

ωs′(ω) + µω2s′′(ω)

(1− γ)ω + γωs′(ω)
≺ G(x, ω) + 1− a,

where z, ω ∈ D, s(ω) is as stated in (2), a, b, p and q are as in (3).

Definition 1.2. A function g(z) in
∑

of the form (1) is said to be in the family B∑(x, ξ, τ),
ξ ≥ 1, τ ≥ 1, if

(1− ξ) + ξ[(zg′(z))′]τ

g′(z)
≺ G(x, z) + 1− a and

(1− ξ) + ξ[(ωs′(ω))′]τ

s′(ω)
≺ G(x, ω) + 1− a,

where z, ω ∈ D, s(ω) is as stated in (2), a, b, p and q are as in (3).

For functions of the form (1) belonging to these newly defined families S∑(x, γ, µ) and
B∑(x, ξ, τ), we derive the estimates for the coefficients |d2| and |d3| in Section 2 and also, we
consider the celebrated Fekete- Szegö problem [9].

2. COEFFICIENT ESTIMATES AND FEKETE-SZEGÖ INEQUALITY

Theorem 2.1. Let 0 ≤ γ ≤ 1, µ ≥ 0, µ ≥ γ and g(z) ∈ A be in the family S∑(x, γ, µ). Then

|d2| ≤
|b(x)|

√
|b(x)|√

|(4γ2 − (7 + 4µ)γ + 3(1 + 2µ))(bx)2 − 4(1− γ + µ)2(pbx2 + qa)|
, (5)

|d3| ≤
b2x2

4(1− γ + µ)2
+

|b(x)|
3(1− γ + 2µ)

(6)
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and for δ ∈ R

|d3 − δd22| ≤

{ |b(x)|
3(1−γ+2µ) ; if |1− δ| ≤ J

|b(x)|3 |1−δ|
|(4γ2−(7+4µ)γ+3(1+2µ))(bx)2−4(1−γ+µ)2(pbx2+qa)| ; if |1− δ| ≥ J,

(7)

where

J =
1

3(1− γ + 2µ)

∣∣∣∣(4γ2 − (7 + 4µ)γ + 3(1 + 2µ))− 4(1− γ + µ)2
(
pbx2 + qa

b2x2

)∣∣∣∣ . (8)

Proof. Let g(z) ∈ S∑(x, γ, µ). Then, for two holomorphic functions m and n such that m(0) =
n(0) = 0, |m(z)| < 1 and |n(ω)| < 1, z, ω ∈ D, and using Definition 1.1, we can write
zg′(z)+µz2g′′(z)
(1−γ)z+γzg′(z) = G(x,m(z)) + 1− a and ωs′(ω)+µω2s′′(ω)

(1−γ)ω+γωs′(ω) = G(x, n(ω)) + 1− a.
Or, equivalently

zg′(z) + µz2g′′(z)

(1− γ)z + γzg′(z)
= 1 + h1(x)− a+ h2(x)m(z) + h3(x)(m(z))2 + ... (9)

and
ωs′(ω) + µω2s′′(ω)

(1− γ)ω + γωs′(ω)
= 1 + h1(x)− a+ h2(x)n(ω) + h3(x)(n(ω))

2 + ... (10)

From (9) and (10), in view of (3), we obtain

zg′(z) + µz2g′′(z)

(1− γ)z + γzg′(z)
= 1 + h2(x)m1z + [h2(x)m2 + h3(x)m

2
1]z

2 + ... (11)

and
ωs′(ω) + µω2s′′(ω)

(1− γ)ω + γωs′(ω)
= 1 + h2(x)n1ω + [h2(x)n2 + h3(x)n1

2]ω2 + ... (12)

It is well known that if |m(z)| = |m1z + m2z
2 + m3z

3 + ...| < 1, z ∈ D and |n(ω)| =
|n1ω + n2ω

2 + n3ω
3 + ...| < 1, ω ∈ D, then

|mi| ≤ 1 and |ni| ≤ 1 (i ∈ N ). (13)

Comparing the corresponding coefficients in (11) and (12), we have

2(1− γ + µ)d2 = h2(x)m1 (14)

3(1− γ + 2µ)d3 − 4(1− γ + µ)γd22 = h2(x)m2 + h3(x)m
2
1 (15)

− 2(1− γ + µ)d2 = h2(x)n1 (16)

3(1− γ + 2µ)(2d22 − d3)− 4(1− γ + µ)γd22 = h2(x)n2 + h3(x)n
2
1. (17)

From (14) and (16), we can easily see that

m1 = −n1 (18)

and also
8(1− γ + µ)2d22 = (m2

1 + n21)(h2(x))
2. (19)

If we use (18) in the addition of (15) and (17), then we obtain

(4γ2 − (7 + 4µ)γ + 3(1 + 2µ))2d22 = h2(x)(m2 + n2) + h3(x)(m
2
1 + n21). (20)

Substituting the value of m2
1 + n21 from (19) in (20), we get

2d22 =
(h2(x))

3(m2 + n2)

[(4γ2 − (7 + 4µ)γ + 3(1 + 2µ))(h2(x))2 − 4(1− γ + µ)2h3(x)]
, (21)

which yields (5).
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Using (18) in the subtraction of (17) from (15), we obtain

d3 = d22 +
h2(x)(m2 − n2)

6(1− γ + 2µ)
. (22)

Then in view of (19), (22) becomes d3 =
(h2(x))2(m2

1+n21)
8(1−γ+µ)2 + h2(x)(m2−n2)

6(1−γ+2µ) , which yields (6), on
using (13).

From (21) and (22), for δ ∈ R, we get
|d3 − δd22| = |h2(x)|

∣∣∣(T (δ, x) + 1
6(1−γ+2µ)

)
m2 +

(
T (δ, x)− 1

6(1−γ+2µ)

)
n2

∣∣∣,
where

T (δ, x) =
(1− δ)(h2(x))2

2 [(4γ2 − (7 + 4µ)γ + 3(1 + 2µ))(h2(x))2 − 4(1− γ + µ)2h3(x)]
.

In view of (3), we conclude that

|d3 − δd22| ≤

{ |h2(x)|
3(1−γ+2µ) ; if 0 ≤ |T (δ, x)| ≤ 1

6(1−γ+2µ)

2|h2(x)||T (δ, x)| ; if |T (δ, x)| ≥ 1
6(1−γ+2µ) ,

which yields (7) with J as in (8). This evidently completes the proof of Theorem 2.1. �

Remark 2.1. The results obtained in Theorem 2.1 coincide with results found in [[2], Theorem
2.2] for µ = 0 and γ = 0.

Corollary 2.3 asserts immediate consequence of Theorem 2.1 for the family R∑(x, µ) when
γ = 0.

Corollary 2.1. If g(z) ∈ R∑(x, µ), µ ≥ 0, a subfamily of
∑

satisfying

(g′(z) + µzg′′(z)− 1) ≺ G(x, z) + 1− a and (s′(ω) + µωs′′(ω)− 1) ≺ G(x, ω) + 1− a,

where z, ω ∈ D, s = g−1 is as in (2) and a, b, p and q are as in (3), then

|d2| ≤
|b(x)|

√
|b(x)|√

|3(1 + 2µ)(bx)2 − 4(1 + µ)2(pbx2 + qa)|
, |d3| ≤

b2x2

4(1 + µ)2
+
|b(x)|

3(1 + 2µ)

and for δ ∈ R,

|d3 − δd22| ≤

{ |b(x)|
3(1+2µ) ; if |1− δ| ≤ J1

|b(x)|3 |1−δ|
|3(1+2µ)(bx)2−4(1+µ)2(pbx2+qa)| ; if |1− δ| ≥ J1.

where J1 = 1
3(1+2µ)

∣∣∣3(1 + 2µ)− 4(1 + µ)2
(
pbx2+qa
b2x2

)∣∣∣ .
Corollary 2.4 asserts an another interesting consequence of Theorem 2.1 for the family

L∑(x, µ) by putting γ = 1.

Corollary 2.2. If g(z) ∈ L∑(x, µ), µ ≥ 1, a subfamily of
∑

satisfying

1 + µ

(
zg′′(z)

g′(z)

)
≺ G(x, z) + 1− a and 1 + µ

(
ωs′′(ω)

s′(ω)

)
≺ G(x, ω) + 1− a,

where z, ω ∈ D, s = g−1 is as in (2) and a, b, p and q are as in (3), then

|d2| ≤
|b(x)|

√
|b(x)|√

2|µ(bx)2 − 2µ2(pbx2 + qa)|
, |d3| ≤

b2x2

4µ2
+
|b(x)|
6µ
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and for δ ∈ R,

|d3 − δd22| ≤


|b(x)|
6µ ; if |1− δ| ≤ 1

3

∣∣∣1− 2µ
(
pbx2+qa
b2x2

)∣∣∣
|b(x)|3 |1−δ|

2|µ(bx)2−2µ2(pbx2+qa)| ; if |1− δ| ≥ 1
3

∣∣∣1− 2µ
(
pbx2+qa
b2x2

)∣∣∣ .
Theorem 2.2. Let ξ ≥ 1, τ ≥ 1 and g(z) ∈ A be in the family B∑(x, ξ, τ). Then

|d2| ≤
|bx|
√
|bx|√

|(8ξτ2 − 7ξτ + 1)(bx)2 − 4(2ξτ − 1)2(pbx2 + qa)|
, (23)

|d3| ≤
(bx)2

4(2ξτ − 1)2
+

|bx|
3(3ξτ − 1)

(24)

and for δ ∈ R

|d3 − δd22| ≤

{ |b(x)|
3(3ξτ−1) ; if |1− δ| ≤ M

|1−δ||bx|3
|(8ξτ2−7ξτ+1)(bx)2−4(2ξτ−1)2(pbx2+qa)| ; if |1− δ| ≥ M.

(25)

where M = 1
3(3ξτ−1)

∣∣∣(8ξτ2 − 7ξτ + 1)− 4(2ξτ − 1)2
(
pbx2+qa
b2x2

)∣∣∣
Proof. Let g(z) ∈ B∑(x, ξ, τ). Then, for some analytic functions m and n such that m(0) =
n(0) = 0, |m(z)| < 1 and |n(ω)| < 1, z, ω ∈ D, and using Definition 1.2, we can write

(1− ξ) + ξ[(zg′(z)′)]τ

g′(z)
= G(x, z) + 1− a, z ∈ D (26)

and
(1− ξ) + ξ[(ωs′(ω))′]τ

s′(ω)
= G(x, ω) + 1− a, , ω ∈ D. (27)

Following (9), (10), (11), and (12) in the proof of Theorem 2.1, one gets in view of (26) and (27)

(2ξτ − 1)2d2 = h2(x)m1 (28)

4(2ξτ2 − 4ξτ + 1)d22 + 3(3ξτ − 1)d3 = h2(x)m2 + h3(x)m
2
1 (29)

− (2ξτ − 1)2d2 = h2(x)n1 (30)
2(4ξτ2 + ξτ − 1)d22 − 3(3ξτ − 1)d3 = h2(x)n2 + h3(x)n

2
1. (31)

From (28) and (30), we can easily see that

m1 = −n1 (32)

and also
8(2ξτ − 1)2d22 = h22(x)(m

2
1 + n21). (33)

If we use (32) in the addition of (29) and (31), then we obtain

(8ξτ2 − 7ξτ + 1)2d22 = h2(x)(m2 + n2) + h3(x)(m
2
1 + n21). (34)

By substituting (33) in (34), we obtain

2d22 =
(h2(x))

3(m2 + n2)

[(8ξτ2 − 7ξτ + 1)(h2(x))2 − 4(2ξτ − 1)2(h3(x))]
, (35)

which yields (23). By subtracting (31) from (29) and in light of (32), we deduce that

d3 = d22 +
h2(x)(m2 − n2)

6(3ξτ − 1)
. (36)

Then in view of (33), (36) becomes d3 =
(h2(x))2(m2

1+n21)
8(2ξτ−1)2 + h2(x)(m2−n2)

6(3ξτ−1) , which yields (24), on
using (13).
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From (35) and (36), for δ ∈ R, we write

|d3 − δd22| = |h2(x)|
∣∣∣∣(L(δ, x) + 1

6(3ξτ − 1)

)
m2 +

(
L(δ, x)− 1

6(3ξτ − 1)

)
n2

∣∣∣∣ ,
where

L(δ, x) =
(1− δ) (h2(x))2

[(8ξτ2 − 7ξτ + 1)(h2(x))2 − 4(2ξτ − 1)2(h3(x))]
.

In view of (3), we conclude that

|d3 − δd22| ≤

{ |h2(x)|
3(3ξτ−1) ; if 0 ≤ |L(δ, x)| ≤ 1

6(3ξτ−1)
2|h2(x)||L(δ, x)| ; if |L(δ, x)| ≥ 1

6(3ξτ−1) ,

which yields (25). This evidently completes the proof of Theorem 2.2. �

We conclude the below result for the family M∑(x, ξ) by putting τ = 1 in Theorem 2.2.

Corollary 2.3. If g(z) ∈M∑(x, ξ), a subfamily of
∑

satisfying

(1− ξ) 1

g′(z)
+ ξ

(
1 +

zg′′(z)

g′(z)

)
≺ G(x, z) + 1− a, z ∈ D

and

(1− ξ) 1

s′(ω)
+ ξ

(
1 +

ωs′′(ω)

s′(ω)

)
≺ G(x, ω) + 1− a, ω ∈ D,

where s = g−1 is as in (2) and a, b, p and q are as in (3), then

|d2| ≤
|bx|
√
|bx|√

|(ξ + 1)(bx)2 − 4(2ξ − 1)2(pbx2 + qa)|
, |d3| ≤

(bx)2

4(2ξ − 1)2
+

|bx|
3(3ξ − 1)

and for δ ∈ R

|d3 − δd22| ≤

{ |b(x)|
3(3ξ−1) ; if |1− δ| ≤ M1

|1−δ||bx|3
|(ξ+1)(bx)2−4(2ξ−1)2(pbx2+qa)| ; if |1− δ| ≥ M1.

where M1 =
1

3(3ξ−1)

∣∣∣(ξ + 1)− 4(2ξ − 1)2
(
pbx2+qa
b2x2

)∣∣∣.
Theorem 2.2 would yield the following corollary for the family N∑(x, τ), when ξ = 1.

Corollary 2.4. If g(z) ∈ N∑(x, τ), τ ≥ 1, a subfamily of
∑

satisfying
[(zg′(z))′]τ

g′(z) ≺ G(x, z) + 1− a, z ∈ D and [(ωs′(ω))′]τ

s′(ω) ≺ G(x, ω) + 1− a, , ω ∈ D,
where s(ω) is as stated in (2), a, b, p and q are as in (3), then

|d2| ≤
|bx|
√
|bx|√

|(8τ2−7τ+1)(bx)2−4(2τ−1)2(pbx2+qa)|
, |d3| ≤ (bx)2

4(2τ−1)2 + |bx|
3(3τ−1)

and for δ ∈ R

|d3 − δd22| ≤

{ |b(x)|
3(3τ−1) ; if |1− δ| ≤ M2

|1−δ||bx|3
|(8τ2−7τ+1)(bx)2−4(2τ−1)2(pbx2+qa)| ; if |1− δ| ≥ M2.

where M2 =
1

3(3ξ−1)

∣∣∣(ξ + 1)− 4(2ξ − 1)2
(
pbx2+qa
b2x2

)∣∣∣.
Remark 2.2. Taking particular cases of Horadam polynomials as indicated in the introduction,
we will have new results similar to Theorem 2.1 and Theorem 2.2, for subfamilies of bi-univalent
functions associated with such polynomials.
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3. CONCLUSION

Using the concept of subordination, we have introduced two families of holomorphic and bi-
univalent functions in the open unit disc D associated with Horadam polynomials. We have then
derived the initial coefficient estimations and also Fekete-Szegö inequalities for functions belong-
ing to these two families. Our main results are obtained in Theorem 2.1 and Theorem 2.2. Further
by specializing the parameters, several consequences of these new families are mentioned.
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[16] M. H. Mohd and M. Darus, Fekete-Szegö problems for Quasi-Subordination classes, Abst. Appl. Anal.,Article ID

192956, 14 pages (2012), doi: 10.1155/2012/192956.
[17] S. R. Swamy, Ruscheweyh derivative and a new generalized multiplier differential operator, Annal. Pure. Appl.

Math.,10(2) (2015), 229-238.
[18] H. M. Srivastava, A. K. Mishra and P. Gochhayat, Certain subclasses of analytic and bi-univalent functions, Appl.

Math. Lett., 23 (2010), 1188-1192.
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