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ABSTRACT

In this paper, we introduce the class of semi 4-open sets in Topology. It is obtained by generalizing
A-open sets in the same way that semi-open sets were generalized open sets. We study some properties of

semi A-open sets. We also define the semi A-interior and the semi A-closure of a set A in a space (X, 7).
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INTRODUCTION

Let (X, 1) be a topological space and let A < X . Then the closure of A and the interior of A will
be denoted by cl(A) and int(A), respectively. A subset A < X is said to be semi-open [3] if there exists
O et such that O c A c cl(A). It is evident that A is semi-open if and only if
A c cl(int(( A)) . The complement of a semi-open set is said to be semi-closed [1]. A-open sets are
defined and studied by Veera [5]. A subset A of a space X is said to be A-open if
A =(B-C)u (C - B),where B and C are open subsets of X. The complement of a A-open set is

said to be A-closed [5]. The notions of A-interior and A-closure of a set A in X [5] are defined analouge to

interior and closure of a set A in X.
Definition 1. A subset S of a space (X, 1) is said to be semi A-open if

S=(A -B)u (B - A),where Aand B are semi-open sets in X.

It is evident that every A-open set as also every semi-open set is semi A-open. But the converse

implications are not true in general. Following is an example:
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Example 1. Let X ={a,b,c} and t = {X, ¢,{a}} isatopology on X. Then {b} is semi A-

open. But is neigher A-open nor semi-open.

Theorem 1. If S is a semi A-open subset of a space (X, 1), then there exists a A-open set O such
that O <« Sc cl(0).
Proof. S is semi A-open, there exist semi-open sets A and B such that

S=(A -B)u (B - A).Now, A and B are semi-open sets, it follows that there exist open sets U

and VinXsuchthat U ¢ A < cl(U) and V < B < cl (V) . Thisimplies that

(U-V)u(V-U)c(A-B)u (B-A)
c [cl(U) —cl (V)] v [cl (V) - cl(U)]
cc(U-V)uclv -U)
=cl[(U-V)u (V-U).
Hence the result.
Theorem 2. If O isopen and S is semi A-open in a space (X, 1), then O m S is semi A-open in X.
Proof. O NS =0 nN [(A -B)u (B - A)],whereAandBaresemi-opensetsinx.
=[0n(A-B)]Ju[0on (B-A)]
=[(0NnA)- (0N B)]U[(ONB)-(0n A)]
which is semi A-opensince O N A and O n B are semi open sets [2].

Theorem 3. A subset A of a space (X, t) is semi A-open if and only if A < cl (A int( A)) .

Proof. Let A be a semi A-open subset of X. Then there exists a A-open set U such that

Uc Accl(U) .But U=Aint( U)c Aint( A) andso cl(U) < cl(A int( A)) .
Thus A < cl(U) < cl(Aint( A)). Now, suppose A < cl(Aint( A)) . Put U =Aint( A).

Then U is A-openwith U < A < cl (A int( A)) .Hence U < A < cl(U) and A is semi A-open.
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Theorem 4. If {A , Q€ I} is a family of semi A-open subsets of (X, 7), then U A " is semi A-

ael

open.

Proof. For each o e |, there exists a semi A-open set Ua such that

U cA ccd(U ). Nw u A < UA c uclU )gcl(uU j.Then
a o (03 o o o

o
aecA ael ael acel

v A " is semi A-open.

acel

Definition 2. Let (X, 1) be a topological space and let A < X . Then the union of all semi A-open

sets contained in A, denoted by SA int( A), is called the semi A-interior of A. It is clear that
int( A) < sin t(A) < sAint( A), for any subset A of X. Recall that sint(A) is the semi-interior of
A c X [2]

Theorem 5. Let A be a subset of a space (X, t). Then sAint( A) = A ncl(Aint( A)).

Proof. A ncl(Aint( A)) < cl[Aint( A ~int( A))]
cocl[aint( Ancl(aint A)].

Thus A ncl(Aint( A)) is semi A-open set contained in A. Hence
A ncl(Aint( A)) < sAint( A). On the other hand, since SA int( A) isa semi A-open set, we
have sAint( A) < cl(Aint( sAint( A)))c cl(sAint( A)) . Hence,
sAn( A)=A ncl(Aint( A)).

Theorem 6. Let (Y, 1 v ) be a subspace of a space (X, t) and let A < Y . If Ais semi A-open
in X, then A is semi A-openin'.

Proof. A is semi A-open in X, there exists a A-open set U in X suchthat U <« A < cl(U).
ThenU=UNY cAccd(U)nY =cl v (U) . Thus A is semi A-openin Y.

Theorem 7. Let Y be a A-open set in a space (X, 7). If A < Y and A is semi A-open in Y, then

A is semi A-open in X.
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Proof. Let A be semi A-open in Y. Then there exists a A-open subset U of (Y, 1 v ) such that
UcACcd v (U). Since Y is A-open in X, therefore, U is A-open in X and
Uc Acd v (U) < cl (U) . Hence A is semi A-open in X.

Definition 3. A subset A of a space (X, 7) is said to be semi A-closed iff XOA is semi A-open.

Remark 1. Since all open sets are semi A-open, it follows that all closed sets are semi A-closed.

Definition 4. Let A be a subset of a space (X, 1), then the semi A-closure of A, denoted by

sAcl (A), is defined as the intersection of all semi A-closed subsets of X containing A.

Remark 2. sAcl(A) < scl (A) forany A < X .

Theorem 8. A subset F of a space (X, ) is semi A-closed if and only if int (Acl(F))c F.

Proof. Obvious.
Theorem 9. If A is a subset of a space (X, 1), then sAcl (A) = A U int (Acl(A)).

Proof. int [Acl(A u int( AclA ))]c int [Acl(A U cl(A))]
=int [Acl(A)]c A U int [Acl(A)].
Thus by Theorem 8, A u int (Acl(A)) is a semi A-closed set containing A and so
sAcl(A)c A U int (Acl(A)).
On  the  other hand, since sAcl (A) is  semi A-closed, therefore,
int [Acl(sACIA ))] < sAcl(A). Hence int [Acl(A)]c int [Acl(sAcl(A))] < sAcl(A) and
consequently A U int (AclA )< sAcl(A).Thus sAcl(A) = A U int (AclA ).

Theorem 10. Let A is a subset of (X, ). Then sAcl (A) < scl (A) n Acl(A).

Proof. sAcl(A) = A uint (Acl(A))

c int (cl(A))=scl (A) (Theorem 1.5 of [2]).

Also, sAcl (A) < A u Acl(A) = Acl(A) . Therefore, SAcl (A) < scl (A)n Acl(A).
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Remark 3. The equality in Theorem 10 does not hold. Following is an example:
Example 2. Let X ={a,b,c} and let T = {X, ¢,{a,c}, {c}} be a topology on X. Then

scl ({a,c})= X = Acl({a,c}) but sAcl({a,c})={a,c}.

Theorem 11. If Fis closed and S is semi A-closed in a space (X, 1), then F U S is semi A-
closed.
Proof. (XOF) is open and (X OS) semi A-open. Then by Theorem 2, (X — F) n (X = S) s

semi A-open. Thatis X — (F w S) issemi A-open. Hence F U S is semi A-closed.

Theorem 12. Let (X, 1) be a topological space and A < X . Then:
(@  AlissemiA-openiff A = sAint( A).
(b)  Aissemi A-closed iff A = sAcl(A).
() sAint( X - A)=X —-sAcl(A).
(d)  sAcl(X - A)=X —sAint( A).

Theorem 13. If Ais a subset of a space (X, 1), then the following are equivalent:

(@  Alis adense subset of X.
(b) sAcl(A)=X.
(c) If F is a semi A-closed subset of Xand U < F ,then F = X .
(d)  Forany non-empty A-open subset Sof (X, 1), S ™ A = ¢.
(e) SAIN( X —A)=96.
Proof. Same proof as Theorem [4].
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