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The Method of Calculating The Limit

SU Xiao-ya **, ZHAI Yan-hui™
25chool of mathematical science, TianGong University, Tianjin 300387, China

Abstract — The calculation of limit is the most basic operation in mathematical analysis, although the
limit calculation method is more, but it is not omnipotent. We should master the essence of each method
and solve a specific limit problem in the simplest and proper way. This paper mainly introduces some
methods and techniques of limit calculation, including known sequence limit problem and the limit of the
recursion relation problem. At the same time, we give appropriate examples and methods to

illustrate,which can help us learn mathematical analysis better.

Keywords—Sequence limit, Define the method, Forced convergence theorem

I. INTRODUCTION

Limit plays a very important role in mathematical analysis, and it lays the foundation for many important
concepts that we learn later.For example, continuous, definite integrals, derivatives, generalized integrals and
partial sums of infinite series are all defined in terms of limits.After that, we studied the double limit and the
repeated limit, both of which are very similar to the concept of the unitary limit.So if we want to learn
mathematical analysis well, we must firmly grasp the concept of limit and limit calculation methods and
skills.Although we have learned a lot of limit calculation methods in mathematical analysis, they do not solve
all problems.Therefore, to grasp the essence of each method, we should pursue the easiest and most appropriate
method for a specific computational problem of limit.

II. AMETHOD FOR CALCULATING THE LIMIT OF A GIVEN SEQUENCE

In general, we have to prove that the limit exists, and then we have to find the right way to calculate the
limit.Of course, there are many ways to find the limit, we need to carefully observe different types of limit
problems, find the most appropriate, the most simple method.The commonly used methods include the
definition of limit, forced convergence theorem, formula, logarithm limit and the definition of definite integral
and so on.Below we will grasp the specific examples of the number limit calculation of different methods.

Case 1: By definition

In general, we have to know the guess value a for the limit of the sequence, and for a particular sequence

{a,}, we can usually solve the inequality |an - a| <eg,andget N .

Method: Step 1: Firstly, write v ¢ > 0, solve for n that makes the inequality |an - a| <& ftrue;
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Step 2: You get N and you have to round it off.

n

7
Example 1: Prove: lim —=0.

now NI

Proof. V& > 0, tomake the following inequality true,

7 7 7 7 7 7 7 71 707
|—=0]=——ii—m o — o —— —S=— . — g g — . —
n! 1 2 7 8 n-1n 6! n 7! n
771
We get n>-—.—,
6! ¢
N 771 7" 771
Let =[—-—],Sowhen n> N ,wehave |—-0|< —- —< ¢,
6! ¢ n! 6! n

n

7
Therefore, lim — = 0 s true.

nsw NI

Case 2:Use the limit algorithm

When we come to the limit of a sequence in the form of summation,difference,product and quotient, we
naturally think of using the four rules of the limit.

Four Arithmetic Operations[1]: If {a } and {b_ } are convergent sequences, {a +b }, {a, - b },

{a, - b, }are also convergent sequences, and

lim (a, £ b,)=lim a, £ lim b_, lim (a, -b,)=lim a, - lim b,

n— o n— o n— o« n— o« n— o n— o

Especially if b isaconstant c ,yes

lim (a,+c)=lim a_+c, lim ¢ a ,=c lim a .

n— o« n— o n— o n— o

aﬂ

If b, =0and lim b = 0 aresatisfied, {—- }is also a convergent sequence, and

s b,

a
lim —-=lim a, /lim b .

n— o bn n— o n— o

Method: For the addition and subtraction of fractions, the general fraction can be decomposed later and
then reduced. And then we plug in n approaches infinity.and then n tends to infinite.Some fractions can
divide the numerator and denominator by the highest degree of n , some fractions with radical expression
can be rationalized by the numerator and denominator, etc.
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.. 4n*-5Bn-1
Example 2 Calculate the limit:  Iim ———————.
nswo [+ 20 —8n

. . 4n?-5n-1 . .
Solve. We divide the numerator and the denominator ——————— by n ? . According to the algorithm,we
7+2n-8n
get
4 5 1
o 4n'-sn-1_ 52 1
lim . =lim =—-—.
now 7 +20n-8n" ..., 1T 2 2
—+—-8
n n

Example 3: Calculate the limit: lim (+/n +1 - \/;) :

n— o«

Solve. Let numerator rationalization,we get

lim (/n + —\/B:lim( n- _\/;)(“n”“/;):nm;
n— o n— o \/n+1+\/; naw\/n+1+\/;

Case 3:Use the Sandwich (Forced convergence) theorem

=0.

Sandwich (Forced convergence) theorem[2]: Suppose {a,} ,{b } ,{c } is three sequences, if

IN eN_,vn>N et a <b <c ,and lima, =limc =1,then lim b =1.

now now n—

Method: We will first ask sequence amplification and the narrowing of two equal sequence limit value,
then the convergence theorem tells us that the limit value of the sequence in question exists and is equal to
the limit value of the newly obtained sequence. This method is often considered first in cases where
multiple fractions are added. If not solved,consider using the definition of definite integrals, which I'll talk
about later.

. 1 2 3 n
Example 3: Calculate the limit: Tim ( ; +— +— I + ).
e N 4+N+1 N +n+2 n"+n+3 n"+n+n
1 2 3 n
Solve. Let X = + + b —_
n 2 2 2 2
n"+n+1 n +n+2 n +n+3 n"~+n+n
142+ ------ +n 1+2+-----. +n
Then X, 2 )
n"+n+1 n"+n+n
n(n+1) n(n+1)
So - > X >

2(n2+n+1) T 2(n2+2n)
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. n(n+1) 1 . n(n+1)
Because lim Y == lim - -
oo 2(N°+N+1) 2 15x2(n°+2n)

According to Forced convergence theorem,we get

. 2 3 n 1
|Im( + 2 + . [N +2—):_
e N 4+N+1 N +n+2 n +n+3 n"+n+n 2
4 5 1
o 4n’-5n-1_ . .2 1
lim z:I|m = — —.
now 7 4+20—8n now 2 2
— -
n n

Case 4:Use the necessary condition for several series to converge

For a series whose limit is known to be zero, it can be proved by the necessary condition for several
series to converge.

o

the necessary condition for several series to converge[2]: If the series > u converges, then lim u =0.

n=1 n— o

Method: A summation sign is added before the sequence u, , that is)’ u . Construct a several
n=1

series,and then the convergence of the series is determined by the criterion of the convergence of the

series.If it's a positive series, it can be judged by the method of the partial sum sequence are

bounded,comparison test, ratio test and Cauchy test (radical test).If it is a general series, it can be judged

by Abel test and Dirichlet test.If it is a staggered series, it can be judged by leibnitz's test.

Example 5: Calculate the limit of the sequence x = (n=1,2,3------ ).

0

Solve. Let's think about the positive series »* x,

n=1

n+11

n+1

Because lim = lim
n—w Xn nsw 3N+ 2

1
=—<1,
3

o

So we know that the series )" x  converges,then lim x =0.

n=1 n—ow
Case 5:Use the Stolz formula

Stolz formula[6]: Suppose that the sequence {y ,} increases monotonically and tends to +« , while
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Xy T Xy . P Xy
lim —— = A (finite or infinite), then Iim =A.

oo Yo = Yo e Y,

Method: The key is to determine whether the denominator of the fraction satisfies the monotone approach
to+« . This method is applicable to the case where the numerator is the sum of the firstn terms of a

sequence,thatis x, + x, +------ +X, .
. Xl + )(2 4 e +Xn )
Example 6: Set lim x, =a, & = . prove:lim &, = a.
n— o n N o
Proof. Let Z, =X, X, e X, yn=n.Then lim y, = +oo
n— o
While
Ilm n+l_ Zn
n—=x® yn+1 yn
_ lim (X, + Xy 4 oemee FX, ) =X+ X, e +X)
no o (n+1)-n
=lim x, .,
n— o«
—a

According to the Stolz formula, we get lim & =a.

n— o

Case 6:Using the function limit method, and then using the summation principle (Heine's theorem)

Heine's theorem[1]: If f is defined in U °(x,,5), lim f (x)exists if and only if the limit lim f(x)

X Xq n— oo

exists and is equal .For any sequence {x } thatinvolveU ° (x,, 5 ) and with a limit of X, -

Note 1:  Heine's theorem can also be simplified as:

lim f(x)= A < Foranyx, — x,(n — o) ,wehave lim f (x )= A.

X X n— o

Note 2:  If you can find a series{x } with x, asthe limit, let lim f (x ) does not exist, or find two

n— o«

series {x | and {x }with x, as the limit, make lim f (x,) and lim f(x, ) exist but are not equal,

then lim f (x ) does not exist.

n— o
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The function is continuous, differentiable, integrable and so on, while the sequence is a special function, but
their domain is different. We can associate the limit of sequence with the limit of function by Heine's theorem,
and we can transform the limit of sequence into the limit of function by virtue of these good properties of
function, so that the problem can be simplified.

Va + b,
—2 )

Example 7: Calculate the limit: 1im ( ,(a>=0,b>0).

n— o

Va + b b
Solve. (i) When either a orb is 0, for examplea = 0, then Iim (u)n =lim —=0=+/ab .

n— o n— o

X X

. a +b - 1
(i) When a > 0,b >0,lety = (——)*,then Iny = —-In
2 X 2

a‘+b”

1 a’+b” 2 a‘lna +b”Inb 1
limhh y=I1lim—-In———=1im -( )=—(na +1Inb)=Invab .
x—0 x>0 X 2 X— 0 ax+bx 2 2

Case 7: Use the monotone bounded theorem

monotone bounded theorem[2]: A monotone bounded sequence must have a limit.

This method is often suitable for calculating the limit of recursive sequence

Method:Stepl: From x = f(x,_,) to judge the sequence {x } monotony.We can use the difference or

quotient method, that is, to judge the positive or negative of x_-x, _,, or to judge whether

X, . . . . .
"~ is larger or smaller than 1.You can also judge the magnitude relationship between x,

and x, and then use mathematical induction.

Step2: Judge that the sequence { x|} is bounded.Assume that the limit of { x  } exists and estimate
limit a , which is usually the upper or lower bound of { x } .And then judge x, is greater
than or less than the upper or lower bound .1t can be proved by mathematical induction.

Step3: Find the limit a of the sequence {x_} .
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Example 8: Set a, = \/;, a,,, =+2a, ,Nn=12,--- ,» prove:{ a, }is convergent, and find its limit.

+1

Proof. From known conditions, we get O< a, < 2,

<A2.2 =2,

If weassumethat O<a <2 then O<a_

By mathematical induction, we know that 0 < a, < 2,

Now let's prove that a ., > a, ,

+1

a, ., 2a, 2
In fact, —— = > .|— =1 therefore a6 > a,
2

So the monotonically increasing sequence{ a } has an upper bound,

So lim a, =1 exists, then | =,/21, weget | =2 or | =0 (rounding),

n— o«

Therefore lima =2.

n— o

Case 8: Use the definite integral definition

definite integral definition[1]- Let f (x) be a function defined on[a,b], with n -1 points inserted in

(a,b), a=X,<X <X, <----~ <X,,<x, =b.If||T |Fmax (x,—x,_,),for Ve >0, there is always

n-1 .
1<is<n
36 >0, so that for any partition T on [a,b].,and any¢&, e [x,,,x; J(i =1,2,----~ ,n), as long as its

n

T f(E)AX, ~

i=1

fineness is || T ||<& , there are real Numbers J , so that <¢ is true.Then the function f is

integrable on the interval[a,b].The number J is called the definite integral of f over [a,b], or the

b n
Riemann integral, signas J :I f(x)dx =lim z f(&)Ax,.

n>wo j_1

It is clear that definite integrals are defined in terms of limits.If the limit of the sequence is the sum of a

particular series of integrals of some integrable function, then we can convert the limit of the sequence to a
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definite integral. What we've seen in general is that the [0,1] interval is divided into n equal parts. The key

1" i 1
istouse lim —z f(—) = J‘ f (x)dx , but there are special cases.

noow N -y n 0

Method: Stepl: Take a sequence of transformations, and transform a_ into a special form of integral sum

U R
an=z f(;)—.

n

i
Step2: Find the upper and lower bounds of the integral function f ,and let — = x, then the
n

integral function is f (I—) = f(x).
n

" i 1
Step3: By the definition of the definite integral, we get a = lim > f(—)—.
-1 n n

n— o

Step4: Calculate the definite integral.

Example 8: Calculate the limit: Tim ( + EIRERREE + )
nbe N+1 N+ 2 n+n
[ 1
1 1 1l 1 1 A L T
Solve. + LR + = —| 1 + 5 Foeee + |: ” L (1)
n
n+1 n+2 n+n om0t 44 140 g
L n n n | n
Let f(x)= , 0< x <1, by the definition of a definite integral, we get
1+ X
1 d = li Z — .= )
X = lim —_—
J-01+X n—w T k n
1+ —
n
1
Because j dx = In 2. 3
0

By (1),(2) ,(3), we get
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. 1 1

lim( ) =In2.
e N+1 nN+2
Case 8: Use equivalent substitution

When the limit is very complex, in order to solve it or convert it to a known limit, we can introduce a
new variable according to the characteristics of the limit equation, so that the limit obtained can be
converted to a new limit.

Example 9: Let a, and b, are any two positive numbers, and

a, <b,set
2an—lbn—l
a, —,bn 1lanilbnil,(n =23..-e ) (4)
an—l + bn—l
Prove: Sequencesa,, a,------ andb, b, ------ converge and have the same limit.
1 1
Proof. Let ¢, = —, d_ = —, then
an bn
Cn—]. + dn—].
c, = » d =4c,d > (n=23..... ), ¢, =d,
2
Cn—l + dnfl
o) c, > 4c d ,=d (5)
Cn—l + dn—l 2Cn—l
from (5), we have c, < =cC, >
2 2

then {c_} is monotone decreasing.

While ¢, > ¢,

1 .
L > ¢, > d, ,the sequence{c,} hasalowerbound,so limc = ; (exist).

n—>N

then |c, |< M (bounded),-M <c <M .d =.c d , >d_ ,, so {d }ismonotone decreasing.

and d <c, <M ,so {d } ismonotonically increasing with an upper bound.

lim d, =

n—N

» |-

. 1 1
(exist), lima, =1lim —=1, limb =Ilim—=s
n— o naaoCn

n— o n— o dn

We take the limit of both sides of equation (5),and we have

J",ZIS
{lzx/f’

Solve this equation, and we get s =1.S0 lim a_=lim b, .

n— o n— o
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Since there are many ways to find the limit of a function, we also need to choose the most appropriate,
easiest and fastest method according to different types of problems.The following introduces several typical
methods to find the limit of the function, so that the reader can choose the appropriate method when applying

the principle of generalization.

IHI. AMETHOD OF CALCULATING THE LIMIT OF AFUNCTION

Case 1:L'Hospital's rule

L'Hospital's rule[1]: If the functions f and g satisfy :

@@ lim f(x)=1limg(x)=0;

X = Xg X— Xq

(ii)Both are derivable in some hollow neighborhood U ° () of point x,, andg (x)#=0;

f'(x
(i) lim ():A(Acanbearealnumber,+ooor—oo)
x>x, 9'(X)
f(x f(x
then lim ( ):Iim ( ):A.
X=X, g(X) X—> Xg g'(X)

0
Method: To see if the limit of the function is an infinitive limit.For type — and =z , We can use L 'Hopital's
0 0

0 o0
rule directly.For type 0 -0 ,17,0°, °, o — oo ,we can transform them into type — and — .

0 0
e o Inx
Example 10: Calculate the limit: lim ——(a > 0) .
Xx— 4o X
Solve. Because
1
I nx 0
lim —(a >0) (—) =lim —%—=1lim =0.
X —> 400 Xa 0 X —> 40 (ZXW X 40 OAX

Inn
According to the L'Hospital's rule,we get lim —=10.

nsw N

Case 2:Use the substitution of the equivalent infinitesimal (large) to find the limit

When x — 0 the common equivalent infinitesimal is as follows:

X

sinx ™ X3 tanx X arcsi nx ™ X3 arcta nxk U x3; e —17x;
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2

X X a
Inl+x) ~x;l1-cosx ~—; a -1~xlna ; d+x)" —-1"~ax.
2

L. . arcta nx
Example 11: Calculate the limit: 1im
x»o0 In(L+ sinx)

Solve. By equivalent infinitesimal, arcta nx ~x, In(1+sinx) ~sinx (x > 0) ,

A arcta nx .
then lim —————=1lim
x~>0|n(1+ SinX) x>0 Si NX

=1.

Case 3:Using Taylor's formula

The commonly used Taylor formula is as follows:

X X 5
cos X=1-—+—+0(x"),

2 4
3
. X X 6
sin X=X—-—+—+o0(x ),
3! 51
x*2x° 6
tan X = X+ —+ —+0(X ),
3 15
2 n
X X X n
e =1l+Xx+—+--+—+0(x ),
2! n!
2 3 n
X X o1 X n
Inl+x)=X-—+—+ -4+ (-1) —+o0(x).
3 n
xIn(l+ x)

Example 12: Calculate the limit: lim .
x»0 X—=In(1+ x)

2
X
Solve. By In(1+x)=x-—+o0(x"), In(L+x) ~x (x> 0),
2
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xIn(+ x X
we have lim ( ) =lim =2.
Xx—0 X—In(1+ X) x—> 0

Case 4:Using two important limit formulas

X

. L X 1
two important limit formulas[1]: lim =1,1lim (1 + —) =e.
x—>0 X xﬁw\ X)

2
X" +1 -2

Example 13: Calculate the limit: lim (———)" .
X—> oo X _1

1 ! (1 ! "
. Xz 1 x? . " X2 x2 . " X2 . 1 x2 l -x?
Solve. lim (———)" =lim( ) Tlim ————=lim(l+ —) (1-—)
x> X _1 X— o 1 X— o ><2 X—> o0 X X
1-— (1-—2
X X

1 2
=lim(1+ —2>x dim(l+

X—> o0 X n— o - X

Case 5: Using logarithmic

The limit of infinitive can be calculated by logarithm,such as type 1”,« °.

1

Example 14: Calculate the limit: lim x*.

X —> 40

. 1
1 z
1
Inx * lim —Inx im X

Solve. lim x*=1im '™ =g/ix" = @

X —> +o0 X —> 400

IV. THREE METHODS OF LIMITING RECURSION OF KNOWN SEQUENCE
Case 1: We first determine the existence of this limit, and then calculate the limit

Method: First use monotonic definite theorem to prove the existence of the sequence limit, and then solve it.

X
Example 15: Set a >0, 0<x, <a, x_,, = x, (2-—),ne N, prove{x, }isconvergent, and find
a

its limit.

Proof. Let's prove by mathematical induction that
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0<x,<aneN (6)

When n = 1, the conclusion is true.Assuming that the conclusion holds for n , then we prove n + 1,

X 1

Because X, =x(2-—")=-—(x,-a) +a,
a a

SO 0<x ., <a.

That is to say, formula (6) holds.

X X a
then Lo 2- s — =1,

So the monotonically increasing sequence{ X, } has an upper bound, lim X, =b exists,

n— oo

X
We take the limit of both sides of equation x__, = x_(2 - —) ,and we have
a
b
b=b(2-—) (7
a

From formula (6) and {xn } monotonically increasing, it is obvious that b = 0 ,and b = a can be obtained .

from (7).Therefore lim x =a .

n— o«

Case 2:Use compression mapping

compression mapping[6]: If the sequence{x} satisfies the condition |xn - X, ., |<r| X=X |

-1
n=3,4,--(0<r<1),then it is called the compressed variation sequence (abbreviated as the
compressed sequence).Any compressed sequence must converge.

Method: Stepl: Accordingto x = f(x ), firstjudge whether sequence{x } isa compressed

sequence.That is to say whether | f ‘(x) | is less than 1.

Step2: Suppose the limitof {x } is a.

Step3: Find the limit a of the sequence {x_ } .
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X+ 2
Example 16: Set f (x) = ;the sequence { x } is defined by the following recursive formula: x, =1 ,
X+1
Xy, = f(x,)(n=0212,-) Prove: lim xn:\/;.
Proof. By x, =1,
X, +2 1
Xne = =1+ >1. (n 201112,...) (8)
Xn +1 Xn +1
. 1 1
| () 7= ———|< = (whenx >1).
(x+1) 2
= = ' 1
N D R ORI ER I A B PR

Then{x_} isthe compressed sequence.

| + 2 i )
gthatis 17 =2.

So lim x =1 exists,from (8), we have | =
n—o o I +1

Then | = \/; or | = —\/; (rounding),

Therefore lim XHZ\/E.

n— «

Case 3: Writing down the general term and then calculate the limit

Method:Obtain the general term expression of the sequence based on the known recursion relation, and then

find its limit.
Xn + Xn—l - R
Example 17: Let x, = 0,x, =1,x,,, = ——"=% then calculate the limit: lim x_.
2 n— o
X+ X X — X
Solve. X, — X, = Zn "ol X, =- n n-1
2 2
Apply this result repeatedly,
n _ (_1)n
Xoor = X, = (=) (X, = X%,) = 5 (n=12,-)
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Therefore
17(77)n+1
Xn+1_(Xn+l Xn)+(xn_xn—1)+ +(X1_XO)+X0:(__)n+(__)n+ +l: 1 ’
1-C—-—)
2
1 Ly
. . _(_2) 2
So limx, =lim =—.
n— oo n— «w 1 3
1-(-0)
2

V. CONCLUSIONS

Limit is a good practice of leap thinking in dialectical thinking logic. The method of using limit is a
remarkable sign that mathematical analysis is different from elementary mathematics.Almost all concepts in
mathematical analysis cannot be separated from limits, and a lot of knowledge learned later is defined in terms
of limits. Therefore, the concept of limits is a very important and fundamental concept in mathematical
analysis.In general, the limit problems that we encounter are tricky to find. If we have a problem proving that
the limit is equal to some constant, we need to consider the definition;In order to solve the limit problem of the
sum of multiple factors, we need to consider two methods: the pinch theorem and the definition of definite
integral;When we encounter the limit problem of recursive relations, we must first consider the monotonically
defined principle...Therefore, we have to choose the most appropriate solution according to the different types

of problems.

In this paper, the basic concepts and operation properties of the limit are given, various representative
methods of solving the limit are introduced in detail, and some appropriate examples are listed.This can
concentrate on the essence of various methods, but also has a comparative, convenient for readers to understand

each method and flexible use.
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