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INTRODUCTION 

Fractional calculus is a branch of mathematics which deals with various differential and integral operators. 

Fractional calculus is used in various areas such as science and engineering, Banking etc. Integral operators are 

studied extensively due to their impotence in applied problems of science and engineering. In this paper we will 

study the generalized fractional differentiation of multivariable Aleph function. Multivariable Aleph Function is 

an extension of multivariable I-function which is a generalization of multivariable H-function. 

 

Definition 1: The properties and application of generalized fractional calculus operators are defined by Saigo [9] 

and the work was carried out by Samko et al. [13] further. For , ,a b c C  and 0x   the generalized 

fractional calculus operators are defined as follows: 
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where 
2 1

( .)F is the Gaussian hyper geometric function defined by: 
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Lemma: For  , , , , R 0a b c C a  

 

we have [11, 14] 
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Definition 2: Multivariable Aleph Function 

 

Multivariable aleph function is a generalization of multivariable I-function defined by C.K. Sharma and Ahmad 

[1] and multivariable I-function is generalization of multivariable G and H functions defined by Srivastava et al. 

[7].  

The multivariable Aleph Function is defined by means of the multiple contour integral: 
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The condition for absolute convergence of multiple Mellin Barnes type contour can be obtained by extension of 

the corresponding conditions for multivariable H-function given as  
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The complex numbers 
i

z are not zero. In this paper we consider the existence and absolute convergence 

conditions of the multivariable Aleph function as following 

 

1

1 2 1 1
( , , ..., ) 0 ( , ..., ) , m ax ( , ..., ) 0

r

r r r
z z z z z z z

 

    

1

1 2 1 1
( , , ..., ) 0 ( , ..., ) , m ax ( , ..., )

r

r r r
z z z z z z z

 

   
 

 

where
( ) ( )

1, 2 ... ; m in[R e( / ], 1, ...,
k k

k j j k
k r d j m   

 

and
( ) ( )

m ax[R e(( 1) / ], 1, ...,
k k

k j j k
c j n   

 
 

For convenience, we will use the following notations in this paper- 
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Main Results: 

 

Theorem: 1 In this section we drive the generalized fractional integral of multivariable aleph functions. 
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Proof: To prove the theorem, we represent the Aleph function in its contour form using equation no (7) and on 

changing the order of equation (which is permissible under the conditions stated above) we get 
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combining this expression in form of Aleph function we get the RHS of Theorem 1. 
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Proof: To prove this we follow the same process as in theorem1 and using the result of Lemma (6) we easily 

obtain the RHS of theorem 2. 
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Proof: To prove this theorem we write the contour form of Aleph function given in equation (7) and changing 

the order of integration and further using result (5) we easily arrive at RHS.
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Proof: To prove this theorem we write the contour form of Aleph function given in equation (7) and changing 

the order of integration and further using result (6) we easily arrive at RHS. 

 

 

Particular cases: 

 

Case-I: If 0
i i

p q n   then the Aleph function of n –variables reduces to product of N aleph functions of 

one variable then by using theorem 1, we find the following result: 
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Case-II: If   ( 1 ) ( )
. . . 1

i i i s
     

 then the multivariable Aleph function converted into the 

multivariable H-function defined by Srivastava et al [7] and theorem 1 reduces into following 

result  
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Case-III: If we put n = 2 in theorem 1, we obtain aleph function of two variable defined by K. Sharma [8]. And 

the result becomes 
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(18)

 
Case IV: By putting n=1 in theorem 1, we obtain aleph function of one variable defined by Sudland [10]. 

 

 

1

1 1

1,
1 , ;1

, 2 ,

2 , 2 , ; ;

1 1

1,
1 , ;

1 , 1 , , ( , ) , ( , )

1 , 1 , , ( , ) ( , )

i

i i i

i

j j n i j i j i
n p rs b

M n Vl

p q R w

j j n i ji j i
m q r

c b a A c a A
l l

z z

b c b b B c b B
l l








 
 

 
 

 
   

 

 



    
          

     
    

           
    

 

 

(19) 

References 
 

[1] C.K. Sharma, S.S.Ahmad. On the multivariable I-function. Acta ciencia Indica Math, 20(2): 113-116,1994. 
[2] D. Kumar, S. Kumar.Fractional integrals and derivatives of the generalized Mittag-Leffler type function. International Scholarly 

Research Notices, Article ID  907432, 2014. 

[3] D.Kumar, R.K. Gupta, D. S.Rawat , J. Daiya. Hypergeometric fractional integrals of multiparameter K-Mittag-Leffler 
function. Nonlinear Sci Lett A, 9(1): 17-26, 2018. 

[4] F.Y. Ayant.An integral associated with the Aleph-functions of several variables. International    Journal of Mathematics Trends 

and Technology (IJMTT), 3 (3):142-154, 2016. 
[5] F.Y. Ayant., Fourier Bessel Expansion for Aleph-Function of several variables II. Journal of Ramanujan Society of Mathematics 

and Mathematical Sciences,5(1): 39- 46, 2016. 

[6] F.Y. Ayant., Certains classes generating functions associated with the Aleph-function of several variables II. South East Asian 
Journal of Mathematics and Mathematical Sciences, Accepted for Publication in 2018. 

[7] H.M. Srivastava, R.Panda.  Some expansion theorems and generating relations for the H-function of several complex variables. 

Comment. Math. Univ. St. Paul. 24:119-137, 1975. 
[8] K. Sharma., On the integral representation and applications of the generalized function of two Variables. International Journal of 

Mathematical Engineering and Sciences, 3(1):1-13, 2014. 

[9] M. Saigo., A remark on integral operators involving the Gauss hypergeometric functions. Math.  Rep., College General Ed. 

Kyushu Univ., 11:135-143,1978. 

[10] N.Sudland, B. Baumann, T.F. Nonnenmacher, Open problem: who knows about the Aleph-functions? Fract. Calc. Appl. Anal., 

1(4): 401-402, 1998. 
[11] R.K. Saxena, M. Saigo., Certain properties of Fractional Calculus operator associated with generalized Mittag-Leffler function. 

Frac. Cal. Appl. Anal., 8(2): 141-154, 2005. 

[12] R.K. Gupta, B.S. Shaktawat, D. Kumar, Certain relation of generalized fractional calculus associated with the generalized 
Mittag-Leffler function. Journal of Rajasthan Academy of Physical Sciences, 15(3):117-126,2016. 

[13] S.G. Samko, A.A. Kilbas, O.I. Marichev.Fractional Integral and Derivatives, Theory and Applications. Gordon and Breach, 
Yverdon et alibi, (1993). 

[14] V.B.L. Chaurasia, S. C. Pandey,  On the fractional calculus of generalized Mittag-Leffler Function.   Math. Sci., 20:113-

122,2010. 

 

 

 
1

,

1
0 , ;

0 , , :
i i i

nl

p q R w
I t x t



 



 
 

 

http://www.ijmttjournal.org/

