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Abstract

In this paper we calculate the hybrid power mean of 2k** power inversion of L-functions, twisted
trigonometric sums and general quartic Gauss sums. We also discuss its asymptotic formula with the

help of the properties of Gauss sums and Dirichlet characters.
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1 Introduction

Trigonometric Sums over primes have been extensively studied by Mordell in article [1], later Hua [4] and

Min [5] extended this result to the case of two variables and established the formula

Zzle(ﬂf;y)) < pr it (1.1)

r=1y=1
where f(z,y) is a k*"-degree polynomial with two variable 2 and g, but can not be transformed into one

variable.
A Dirichlet L-function is defined by the series

_ 55 v
m=1 me
where s = p + fw is a complex number and p > 1.

Let r > 3 be an integer and ¥ a Dirichlet character modulo r. For any positive integer m, the general
k-th Gauss sum G(m, k,;r) is defined as

G(m, k,¥;7) qu (mbk>
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where e(t) = 297,

The analytical properties of the k"-Gauss sums, exponential sums and related other sums, has been
explored in the literature [2,12,13,14,15], for example - Li Xiaoxue and Hu Jiayuan [6] studied on
the computational problem of one of kind fourth hybrid power mean of the quartic Gauss sums and

Kloosterman sums and gave an estimate

(SIS (S () = a0t + 067
b=1 a=0 c=0

Zhang [9] studied the 2k*"-power mean value of inversion of L-functions and described some identities.
Zhang and Deng [2] described the 2k**-power mean of the inversion of Dirichlet L-functions with the

weight of general quadratic Gauss sums and gave the formula

1 G(m,;p)|* Lo
Yot Y iR = 30(m(@) + 0@ ).
p<Q 1 mod p

R. Ma, J. Zhang and Y. Zhang [8] summarized the 2m'"-power mean of L-functions, trigonometric sums

and gave the asymptotic formula,

> 3 vt IR =p2<%-1<2>1_[<1 _ 1—C> s o)

wpo a=1 Po

Ppo

The main purpose of this article is to study the 2k**-power mean of inversion of L-functions, square

of two variables trigonometric sums and general quartic Gauss sums, which has been state as below.

Theorem 1.1 Let p be an odd prime with p < 7T. Then for any positive integer k, 9 with (¢,p) =1 and
|9 <7, we have

IIEDY

p<T 4 mod p

2
|G(9,4,4;p)]?

p—1 p—1

S > vtane( 1)

a=1 b=1

-
|[L(1, )2

=o(r"),

where T is any positive number with ¥ > 2, 1 is a Dirichlet character (mod p), € is any fized positive

number.

2 Preliminaries:

In this section we discuss some properties of Gauss sums, Dirichlet character [7,11,10] and some lemmas

which can be used in the proofs of the main results.

Lemma 2.1 Let y > 2 be a real number, k a positive integer. Then for

r(c) = Z wler)...p(er),

C1C2...Cp,=C
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we have

Zsup 3 (e)| <ay(ng) =4+ FTn())?,

where u(c) is the Mobius function, A any positive number, < s, denote the constants implied by the
symbols < depend only on parameter A and k.

Proof. See [9].

Lemma 2.2 Let p be an odd prime with p = 3 (mod 4), ¢ be a positive integer with (3,p) = 1. Then

for any non-principal even character v mod p, we get

| G(9,4,4;p) I + | G(9,4,4;p) = 4p.

Proof: See [3].

3 Mean value of trigonometric sum :

Lemma 3.1 Let f(a,b) be a I~ degree polynomial with integer coefficients, 1) a Dirichlet character

modulo p, we have

S5 v (L) 1+ 5 vt

a=1b=1

p—1p—1 p—1p—

Zze( uvab)+z

u=1v=1 u=1v=
p

gk g(1,b,u,v)
> ve(TE)
1p—1

+I§ZZ¢ ( g(a,1,u, v))

u=1v=1a=2 p

Proof: Here we take f(a,b) = ag + aj(ab) + az(a?b?) + az(a®b?)...aq(a't?), 1 < u,v < p, ged(u,p) = 1
and ged(v,p) = 1.

‘pzf‘”zlw(ab)e( o lelzzd,b o100 Sl

a=1b=1 a=1b=1u=1v=1 p

CY ST S by (L2 I ()

a=1b=1u=1v=1 p

p—1lp—1p—1p—1

_ Zzz¢ab ( au,bv)—f(u,v)).

1lu=1lv=1 p

a=1 b=
Here we denote, g(a,b,u,v) = f(au,bv) — f(u,v)
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p—1p—1p—1p—1

=335 S wlane(1000)

a=1b=1u=1v=1
p—1p—1 —1p—1p—1p—-1 —1p—1p—-1

(1,1, b, (1,0,
=D 9 SR LTINS b 3) w SN G IS 3) wh BTN CEy
u=1v=1 u=1v=1a=2 b=2 u=1v=1b=2
p—1lp—1p-—1
+zzzw ( a,l,u 7]))
u=1v=1a=2
p—1p—1 p—1lp—1p—1p—1 b p—1p—1p-—1 1b p—1lp—1p—1 ’1’ )
S Y Y S wane( 1 M)+ZZZ¢ (2 M) PIPBP BT (7a =)
u=1v=1 u=1v=1a=2 b=2 u=1v=1b=2 u=1v=1a=2
el y gla,b,u,v) g (1,b,u,v) A g gla,1,u,v)
SO R e L (M) DL 5 () - DXy et ()

Lemma 3.2 Let f(a,b) be a polynomial with integer coefficients and g(a,b,u,v) = f(au,bv) — f(u,v) =
Zé‘:o aj(a’b’ — 1)uivi. Then we have following identity,

’ZZ ( g(a,b,u,v) )’{ <<p2*% if pt (to, t1,t2...1;),
o (p—1)2 if p| (to,t1,ta...t7).

Where t; = aj(a’V/ — 1), j=0,1,2,3,...,1.

Proof. See [4].

4 Mean value of 2k power inversion of L- function:

Lemma 4.1 Let p be an odd prime with p < T and v a character modulo p. Then for any positive

integer k, we have an estimate

)P

p<T a=2

O(T3+e)

(a)
2. T

wmodp

where € is any fived positive number.

Proof: For convenience, firstly we write

D w(@r(e), Fly) = > dlor(e)

L<e<y p<c<y

where a is positive integer (1 < a < p).
If Re(w) > 1 and 9 # 9o (principal character mod p) then we have,

iwc)r(c)_
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Now using Abel’s identity we get,

L wOre) | [ By
LF(w, ) 1; cv +w/ gt
_ UOLG +w/F(;b+,?)dy
¢ y
1<ce<p P

Asw =1, L(1,v4) # 0, we have

Zw |2k: >

Y mod p Y mod p

. ch)cr(c)

-3 w<a)< Y @, / E(;@y) dy)

1 mod p 1<e<p/a p/a

- Zwmdp 9 2 W HEE)( 3 )

1<c<p/a 1<m<p

- ’w(a)</E(Zgy)dy></F(;g’y)dy>

Y mod p p/a p
= Zv+Za+Zs+ 2y

where Zw mod p denotes the summation over all non-principal characters mod p. Here we shall use the

estimate B p— 1, if ¢ =m(mod p),
D w(em) = {

0 otherwise.
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Now,

o= Y wa Y ¢<C>CT<6>)( @(mg:m))

v 1Se<p/a

> X ZW "+ o)

P modp1< c<p/a1<m<p

,_.
/\
3

M
M

Therefore,
Z :¢(P)@C+O(pé), where C = ZM;)‘Z
S - Y Z ) Y S wr (42)
p<T a=2 p<TY a=2 p<Y a=2
Szl - S Y (zw 9y [Ea,
p<Y a=2 p<Y a=2 3 mod p P
p—1 p—1 Tgk —
ZPZ|Z2| < sz Z ’¢(a)(zw(c)!(c))< / ) ¢(m;§(m)dy> +
p<Y a=2 p<Y a=2 ¥ mod p c<2 » p<m<y
p—1 oo _
/ Y(e)r(c) P(m)r(m)
o 32 ] 5 Emon,)
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Similarly, we find

< ZPZ S0 0 M ST aeipom)|dy +
p<Y a=2 c<E p<m<y ¥  mod p
T2k
O<T3+€ /y12(z/(logy)“4 + ylz‘l’cclog(yf)y)dy> +0(1**)
p

ok

- (zpzz

p<T a=2 c<p/a

— O(T3+E).

y> + O(T3+e)

p—1 p—1
D > 1231 =D p> |2 = 0.

p<Y a=2 p<Y a=2

Adding the equations (4.2), (4.3), (4.4) we get,

)3

p<Y a=2

= O(r*). [ |

Z L |2k

wmodp

Lemma 4.2 Let p be an odd prime with p < T and v a character modulo p. Then for any positive

integer k, we have an estimate

o Tgabb)

dor

p<T

Z ab))zlC

Y mod p

_T3+s)

where € is any fived positive number.

Proof: Let ab=d,

For convenience, firstly we write

Yo o), Fpy) = Y d(er()

£<ey p<c<y

If Re(w) > 1 and ¢ # vy (principal character mod p) then we have,

iwc)r(c)
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Now using Abel’s identity we get,

L WO [ Blwy)
Fw,9) 1<CZ<P o w/ Yot dy
3 w<c>£(c> +w/F(;b+,?)d
c y
1<ce<p P

Asw =1, L(1,v4) # 0, we have

> w |2k = > v

% mod p 1 mod p

) Zw(C)CT(C)

- Y (YoM (Y

Y mod p m=1

=3 d)< Y @, / E(;p?,y) dy)

1 mod p 1<e<p/d p/d

( §~ Bmrim +7 F(.y) dy>
m y? '

1<m<p P

Hence,

> v = > w3 HEE)( 3 S

¥ mod p ¥ mod p 1<c<p/d 1<m<p
-3 ona( T K [5G,
¥ mod p 1<c<p/d P
F 3w e )
¢ mod p lsm<p p/d
oy ’w(d)< / . %y) ( / e ”dy)
¥ mod p p/d P

= G1+ Go+ Gs3+ Gy,

where Z/w mod p denotes the summation over all non-principal characters mod p. Here we shall use the

estimate B p—1, if ¢=m(mod p),
D wedm) =

0 otherwise.
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Now,
Gy

Therefore,

ZP|G2| =

p<T

IN

> Gl

p<T

ISSN: 2231-5373

= Z ¥(d )r C))( ¢(m)r(m))

Yo 1< <p/d 1<mep
N Z > dec "™ L o)

¥ mod p 1<e<p/d1<m<p
= Z/ Y Hartm

1<c<p/d 1<m<p
S DI s e
1<c<p/d
- 23R o
c=1
6= o0 Lot o), where 0= Y P
c=1
ZP|G1| = Z 2#;1) —|—Z < (j) 13+
p<T p<Y p<T s
Sl 3 (3 HAre) / P,
p<T |y mod p <z /
r —

Zp ¥(d) Z¢(C)CT(C) </ w(m);'(m)
psY dJ;p <C<§ ) L, P<m<y y
dp Z %p(d)(ZW)( $lmr(m)
p<T ¥ mod p <t Lok p<m<y Yy

Sy et
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Similarly, we find

D plGsl = plGal = 0%+, (47)

p<T p<T

Adding the equations (4.5), (4.6), (4.7) we get,

S 5 i

p<Y ¢ mod p

— O(r((zal)b)T3+6)' [

NOTE: For prime power p® note that u(1) = 1, u(p) = —1 and u(p’) = 0 if i > 1, so that we have
(—1)dy, if a <k,
D uleues) . plex) =
« 0, otherwise.
and asymptotic formula is

7‘2(6)_ (d1)2 (d2)2 (dk)2 B i
> 2 _H{1+ pk? " ;‘1‘ e pg’“}_d(kHO(zﬂ)'

c=1
(¢,p)=1 pm

Lemma 4.3 Let Y > 2. For an integer k, we have the following identity:

Proof: We have to calculate

2 T
[L(1, )2

Y#po
P(-1)=1
A i = (e [ Bw)
r(e)y(c v,
m: Zk . —|—/ )2 dy, where E(y,w):ﬂkz: r(e)v(c).
c<T? T2k <c<ly
Now

D moE — 2 (Z / fé‘“dy)

h#o 7117&1#0 e<r?* ok
Y(-1)=1 W(-1)=
< PRACLIC / E(y.7) dy>
c Yy
<T2k T2k
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So we have,

Y7o Y#EYo S e<r? w#wo Tzk
P(-1)=1 Y(-1)=1 (-D=1
r(e)(c) E(y,v)
+ Z (Z c >/ yz dy
Y#o c§T2k T2k
Y(-1)=1
r(c)y(c) E(y, )
+ Z (Z c )/ Y2 dy)
YFio CST2k T2k
P(=1)=1

= Hy+ Hy+ Hs + H,.

Here
2
Zp(p_l)Q(P—l)Hl=Zp(p—1)2(p—1) Z Z&f(c) < O(T°*),
= P<T T
W(-1)=1
By, ¥ )
Soto o=t 3 (3 M) [Ty e
= P<T Ydo S e<r? Yok
$(-1)=1
Zp _1 H3 Zp —1 (Z 2/} )/ (y’w)dy> <<T*4+e7
= p<Y Y#EYo S e<r?” ok
Y(—1)=1
S o -12H =Y w17 ) ‘ / 20| <1
p=T p<T Yo | o
W(=1)=1
Therefore,
1
D=1 D g ~00
p=T Y#bo
$(-1)=1

5 Main Result:

In this section we establish the hybrid power mean of 2k power inversion of L-functions, trigonometric

sums and general quartic Gauss sums for the case p =3 (mod 4).
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Theorem 5.1 Let p be an prime with p < Y. Then for any positive integer k, ¥ with (9,p) = 1 and
[¥ <7, we have

2. 2

p<T 4 mod p

1

|G(,4, ¢;p)|QW =0 (T5+6) ;

5 St (222

a=1

where f(a,b) is a [t"-degree polynomial, T is any positive number with ¥ > 2, 1) is a Dirichlet character

(mod p), € is any fized positive number.

Proof: For any non-principal character 1 (mod p), |L(1,4)|?> = |L(1,%)|? and if ¢ an even character

(mod p) then ¥ is also an even character (mod p). Using these properties we get,

-1 p—1
1
33 % S 1 ) oo
p<Y 1/1751/101‘1
p—1 p—1 2

:Z Z Zw(ab)e(f(;:b)) Gw’4’w;p)|2(L(1,1¢J)|2)k

p<Y P o=l b=l
P(=1)=1

-2 D |2 Svene(H5R)| 6w a5 e

p<T WPy o=l b=l

$(1)=1
So,
1 p—1 p-1 f(ab) 2 .
3D D | o wtane(Fe) (Gw,4,w;p>|2+|Gw,47w;p>|2>W
p<Y Y#p o=l b=l ’
P(=1)=1
— e fa.0)\| 1
a7
2 2 |2 v )‘ ) g
p<T Uy, o=l b=l
P(-1)=1
p—1 p—1p—1p—-1 b
DIBWEDHHRRCIC
p<Y [EZUN) a=2 b=2 u=1 v=1
P(-1)=1
p—1p—1p—1 1bU’U p—1p—1p—1 aluv) 1
T () 55 o152

DIDIETETH DD IS B W T C) -

p<T w#wo p<Y 1/,75% a=2 b=2 u=1 v=1
—-1)= P(—1)=1
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DIDISRHRCAS DD IPWRICEC

u=1v=1a=2

u=1v=1 b=2

p<T ¢¢¢ p<T ¢¢¢
Y(=1)=1 P(=1)=
1 1 p—1p—-1p-—-1 b
— gla, u,v
DIDI T EDWRH B C )Z > o
p<T 1#751/10 =2 b=2 u=1 v=1 p<T Y#io

p—1 p—1p—1

2y ) D )

a=2 u=1 v=1

p<T ¢¢¢0
(—1)=1
p—1 p—1 1
gla,1,u,v
DRI CET) W) DD 99
u=1 v=1 p<T a Yo u=1 v=1
where g(a,b,u,v) = f(au,bv) — f(u,v) =

YIRS DD DD

t;) respectively.

(to,t1,ta, ...

case : 1 when pf (to,t1,t, ...

ISSN: 2231-5373

_1‘%”22#} ( abuv)

( a,l,uv)Z Zw i

p<T pF#io

p—1p—1p—1

HBHY

b=2 u=1 v=1

and

t;), we have

p—1

DR ET )zpzzw%

p<Y a=2

1e<g (1,b,u,v )Z ZZWW

p<YT b=2

p—1 p—1 p—1 p—1

<2 DD

a=2 b=2 u=1 v=1

( abuv)zp‘zwab

p<T p#o

http://www.ijmttjournal.org

( 1buv)zz¢

p<T p#io

Zzzpz}ﬂ DI

a=20=2 p<T Yty

(1““’)

Zlé Oaj(a'bj—ll)ujvj t;=a;j(@ —1), j=0,1,2,3,..,1
s’k
Zp Z Zﬁ 12’0 1 means p f (t07t17t2a-

]

gla,1,u,v)

1

|2k

szzw |L

p<Y  0=2ystyy

1) and p |

Page 188
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p—1 p—1
gla,1l,u,v 1
”ZZ( )Z Z 2 O
p—1 p—1
g(1,b,u,v 1
+2;v16< ); ; Zw#wo Ta o
p—1 p—1
< 0(2 ZP%%%T%E) +O(2p2*% T3+e)
=2 bp=2
< O(T:+f ,

where r(ab) < p©.
case : 2 when p| (to,t1,t2,...t;),

p—1** p—1 p—1 p—1 ( b )
- e<g S >szw(“b)|f:<l D
a=2 b=2 u=1 v=1 p<T p#o
e g(a,1,u,v) . 1
A1) LY,
u=1 v=1 p<T =2
e g9(1,b,u,v) — 1
+ZZ€< ’ >szzw¢wo O |
u=1 v=1 p<Y b=2
p—1 p—1p—1p—-1 b
<2 333 5 T v e
a=2 b=2 u=1 v=1 p<T #io
p—1p—1
S (ML) ST o
u=1 v=1 p<T a=2
p—1p—1
DOY ( ) 5SSO
u=1 v=1 p<T  b=2
p—1 p—1
< O( )? r(ab ; T3+f+2 ZT5+6+2 ZT“E)
a=2 b=2 “
< O(rre).

Combining case:1, case:2 and Lemma 4.3,
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2. 2

p<T ¢ mod p

p<T

a=2 b=2 u=1 v= p<T #io
p—1 p—1
+Zze<g no )Z Zzw?ﬁwo 11/J)|2’“
u=1 v=1 p<Y a=2
p—1 p—1
+zze<g b )Z ZZ#’##M 11#)\2’“ )
u=1 v=1 p<Y b=2
p—1** p—1 p—1 p—1
+O<2 6( abuv)szwab [L(1,4)2F
a=2 b=2 u=1 v=1 p<Y Y#o | |
p—1 p—1 1 1
a,l,u,v
+Zze<g )Z Zzw?ﬁwo 1, 4p)[2*
u=1 v=1 p<Y a=2
p—1p—1
DY) 35S SR *}W )
u=1 v=1 p<T b=2
< O<T5+E).
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