
Hybrid power mean of 2kth power inversion of

L-functions, trigonometric sums and general quartic

Gauss sums

Shikha Singh ∗ and Jagmohan Tanti
Department of Mathematics, Central University of Jharkhand, Ranchi-835205, India

Abstract

In this paper we calculate the hybrid power mean of 2kth power inversion of L-functions, twisted
trigonometric sums and general quartic Gauss sums. We also discuss its asymptotic formula with the
help of the properties of Gauss sums and Dirichlet characters.
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1 Introduction

Trigonometric Sums over primes have been extensively studied by Mordell in article [1], later Hua [4] and

Min [5] extended this result to the case of two variables and established the formula

p−1∑
x=1

p−1∑
y=1

e
(f(x, y)

p

)
� p2−

2
k , (1.1)

where f(x, y) is a kth-degree polynomial with two variable x and y, but can not be transformed into one

variable.

A Dirichlet L-function is defined by the series

L(l, ψ) =

∞∑
m=1

ψ(m)

ms
,

where s = ρ+ iw is a complex number and ρ > 1.

Let r ≥ 3 be an integer and ψ a Dirichlet character modulo r. For any positive integer m, the general

k-th Gauss sum G(m, k, ψ; r) is defined as

G(m, k, ψ; r) =

r∑
b=1

ψ(b)e

(
mbk

r

)
.

∗Corresponding author E-mail: shikha.singh@cuj.ac.in

1

ssrg 5
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 66 Issue 9 - Sep 2020

ssrg 5
Text Box
ISSN: 2231-5373                                http://www.ijmttjournal.org                                 Page 176 

ssrg 5
Text Box

ssrg 5
Text Box



where e(t) = e2itπ.

The analytical properties of the kth-Gauss sums, exponential sums and related other sums, has been

explored in the literature [2, 12, 13, 14, 15], for example - Li Xiaoxue and Hu Jiayuan [6] studied on

the computational problem of one of kind fourth hybrid power mean of the quartic Gauss sums and

Kloosterman sums and gave an estimate( p−1∑
b=1

∣∣∣ p−1∑
a=0

e
(ba4
p

)∣∣∣2)(∣∣∣ p−1∑
c=0

e
(bc+ c

p

)∣∣∣2) = 3p3 +O(p2).

Zhang [9] studied the 2kth-power mean value of inversion of L-functions and described some identities.

Zhang and Deng [2] described the 2kth-power mean of the inversion of Dirichlet L-functions with the

weight of general quadratic Gauss sums and gave the formula∑
p≤Q

1

p(p− 1)2

∑
ψ mod p

|G(m,ψ; p)|4

|L(1, ψ)|2k
= 3C(k)π(Q) +O(Q

1
2+ε).

R. Ma, J. Zhang and Y. Zhang [8] summarized the 2mth-power mean of L-functions, trigonometric sums

and gave the asymptotic formula,

∑
ψ 6=ψ0

∣∣∣ p−1∑
a=1

ψ(a)e
(f(a)

p

)∣∣∣2|L(1, ψ)|2m = p2ζ2k−1(2)

∏
p0

(
1−

1− Ck−12k−2
p20

)
+O(p2−

1
k+ε).

The main purpose of this article is to study the 2kth-power mean of inversion of L-functions, square

of two variables trigonometric sums and general quartic Gauss sums, which has been state as below.

Theorem 1.1 Let p be an odd prime with p ≤ Υ . Then for any positive integer k, ϑ with (ϑ, p) = 1 and

|ϑ| ≤ Υ , we have∑
p≤Υ

∑
ψ mod p

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

ψ(ab)e

(
f(a, b)

p

)∣∣∣∣∣
2

|G(ϑ, 4, ψ; p)|2 1

|L(1, ψ)|2k
= O

(
Υ 5+ε

)
,

where Υ is any positive number with Υ ≥ 2, ψ is a Dirichlet character (mod p), ε is any fixed positive

number.

2 Preliminaries:

In this section we discuss some properties of Gauss sums, Dirichlet character [7,11,10] and some lemmas

which can be used in the proofs of the main results.

Lemma 2.1 Let y ≥ 2 be a real number, k a positive integer. Then for

r(c) =
∑

c1c2...ck=c

µ(c1)...µ(ck),

2
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we have ∑
p≤Υ

sup

∣∣∣∣∣ ∑
c≤x
c≡a(p)

r(c)

∣∣∣∣∣�A,k y(lny)−A + y1−
1

2k Υ (ln(yΥ ))4,

where µ(c) is the M
′′

obius function, A any positive number, �A,k denote the constants implied by the

symbols � depend only on parameter A and k.

Proof. See [9].

Lemma 2.2 Let p be an odd prime with p ≡ 3 (mod 4), ϑ be a positive integer with (ϑ, p) = 1. Then

for any non-principal even character ψ mod p, we get

| G(ϑ, 4, ψ; p) |2 + | G(ϑ, 4, ψ; p) |2= 4p.

Proof : See [3].

3 Mean value of trigonometric sum :

Lemma 3.1 Let f(a, b) be a lth- degree polynomial with integer coefficients, ψ a Dirichlet character

modulo p, we have

∣∣∣ p−1∑
a=1

p−1∑
b=1

ψ(ab)e
(f(a, b)

p

)∣∣∣2 = (p− 1)2 +

p−1∑
a=2

p−1∑
b=2

ψ(ab)

p−1∑
u=1

p−1∑
v=1

e
(g(u, v, a, b)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
b=2

ψ(b)e
(g(1, b, u, v)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
a=2

ψ(a)e
(g(a, 1, u, v)

p

)
.

Proof : Here we take f(a, b) = a0 + a1(ab) + a2(a2b2) + a3(a3b3)...ad(a
lbl), 1 ≤ u, v ≤ p, gcd(u, p) = 1

and gcd(v, p) = 1.

∣∣∣ p−1∑
a=1

p−1∑
b=1

ψ(ab)e
(f(a, b)

p

)∣∣∣2 =

p−1∑
a=1

p−1∑
b=1

p−1∑
u=1

p−1∑
v=1

ψ(ab)ψ(uv)e
(f(a, b)− f(u, v)

p

)
=

p−1∑
a=1

p−1∑
b=1

p−1∑
u=1

p−1∑
v=1

ψ(abuv)ψ(uv)e
(f(au, bv)− f(u, v)

p

)
=

p−1∑
a=1

p−1∑
b=1

p−1∑
u=1

p−1∑
v=1

ψ(ab)e
(f(au, bv)− f(u, v)

p

)
.

Here we denote, g(a, b, u, v) = f(au, bv)− f(u, v)

3
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=

p−1∑
a=1

p−1∑
b=1

p−1∑
u=1

p−1∑
v=1

ψ(ab)e
(g(a, b, u, v)

p

)
=

p−1∑
u=1

p−1∑
v=1

ψ(1)e
(g(1, 1, u, v)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
a=2

p−1∑
b=2

ψ(ab)e
(g(a, b, u, v)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
b=2

ψ(b)e
(g(1, b, u, v)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
a=2

ψ(a)e
(g(a, 1, u, v)

p

)
=

p−1∑
u=1

p−1∑
v=1

1 +

p−1∑
u=1

p−1∑
v=1

p−1∑
a=2

p−1∑
b=2

ψ(ab)e
(g(a, b, u, v)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
b=2

ψ(b)e
(g(1, b, u, v)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
a=2

ψ(a)e
(g(a, 1, u, v)

p

)
= (p− 1)2 +

p−1∑
a=2

p−1∑
b=2

ψ(ab)

p−1∑
u=1

p−1∑
v=1

e
(g(a, b, u, v)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
b=2

ψ(b)e
(g(1, b, u, v)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
a=2

ψ(a)e
(g(a, 1, u, v)

p

)
.

Lemma 3.2 Let f(a, b) be a polynomial with integer coefficients and g(a, b, u, v) = f(au, bv)− f(u, v) =∑l
j=0 aj(a

jbj − 1)ujvj. Then we have following identity,

∣∣∣ p−1∑
u=1

p−1∑
v=1

e
(g(a, b, u, v)

p

)∣∣∣ =

{
� p2−

2
l if p - (t0, t1, t2...tl),

(p− 1)2 if p | (t0, t1, t2...tl).

Where tj = aj(a
jbj − 1), j = 0, 1, 2, 3, ..., l.

Proof. See [4].

4 Mean value of 2kth power inversion of L- function:

Lemma 4.1 Let p be an odd prime with p ≤ Υ and ψ a character modulo p. Then for any positive

integer k, we have an estimate ∑
p≤Υ

p

p−1∑
a=2

∣∣∣∣∣ ∑
ψ mod p

ψ(a)

|L(1, ψ)|2k

∣∣∣∣∣ = O(Υ 3+ε),

where ε is any fixed positive number.

Proof : For convenience, firstly we write

E(ψ, y) =
∑

p
a<c≤y

ψ(c)r(c), F (ψ, y) =
∑
p<c≤y

ψ(c)r(c),

where a is positive integer (1 ≤ a < p).

If Re(w) > 1 and ψ 6= ψ0 (principal character mod p) then we have,

1

Lk(w,ψ)
=

∞∑
c=1

ψ(c)r(c)

cw
.

4
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Now using Abel’s identity we get,

1

Lk(w,ψ)
=

∑
1≤c< p

a

ψ(c)r(c)

cw
+ w

∞∫
p
a

E(ψ, y)

yw+1
dy

=
∑
1≤c<p

ψ(c)r(c)

cw
+ w

∞∫
p

F (ψ, y)

yw+1
dy.

As w = 1, L(1, ψ) 6= 0, we have∑
ψ mod p

ψ(a)
1

|L(1, ψ)|2k
=

∑
ψ mod p

′ψ(a)

∣∣∣∣∣
∞∑
c=1

ψ(c)r(c)

c

∣∣∣∣∣
2

=
∑

ψ mod p

′ψ(a)
( ∞∑
c=1

ψ(c)r(c)

c

)( ∞∑
m=1

ψ(m)r(m)

m

)

=

∑
ψ mod p

′ψ(a)

( ∑
1≤c<p/a

ψ(c)r(c)

c
+

∞∫
p/a

E(ψ, y)

y2
dy

)
( ∑

1≤m<p

ψ(m)r(m)

m
+

∞∫
p

F (ψ, y)

y2
dy

)

=
∑

ψ mod p

′ψ(a)
( ∑

1≤c<p/a

ψ(c)r(c)

c

)( ∑
1≤m<p

ψ(m)r(m)

m

)

+

∑
ψ mod p

′

(
ψ(a)

( ∑
1≤c<p/a

ψ(c)r(c)

c

) ∞∫
p

F (ψ, y)

y2
dy

)

+

∑
ψ mod p

′ψ(a)
( ∑

1≤m<p

ψ(m)r(m)

m

)( ∞∫
p/a

E(ψ, y)

y2
dy

)

+

∑
ψ mod p

′ψ(a)

( ∞∫
p/a

E(ψ, y)

y2
dy

)( ∞∫
p

F (ψ, y)

y2
dy

)

= Z1 + Z2 + Z3 + Z4

where
∑′

ψ mod p denotes the summation over all non-principal characters mod p. Here we shall use the

estimate ∑
ψ mod p

ψ(c)ψ(m) =

 p− 1, if c ≡ m(mod p),

0 otherwise.

5
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Now,

Z1 =

∑
ψ 6=ψ0

′ψ(a)
( ∑

1≤c<p/a

ψ(c)r(c)

c

)( ∑
1≤m<p

ψ(m)r(m)

m

)

=

∑
ψ mod p

∑
1≤c<p/a

∑
1≤m<p

ψ(ac)ψ(m)r(c)r(m)

cm
+O(pε)

= φ(p)
∑

1≤c<p/a

∑
1≤m<p

r(c)r(m)

cm
+O(pε)

= φ(p)
r(a)

a

∑
1≤c<p/a

r2(c)

c2
+O(pε)

= φ(p)
r(a)

a

∞∑
c=1

|r(c)|2

c2
+O(pε).

Therefore,

Z1 = φ(p)
r(a)

a
C +O(pε), where C =

∞∑
c=1

|r(c)|2

c2
.

∑
p≤Υ

p

p−1∑
a=2

|Z1| =
∑
p≤Υ

p2
p−1∑
a=2

r(a)

a
+
∑
p≤Υ

p

p−1∑
a=2

pε � Υ 3+ε. (4.2)

∑
p≤Υ

p

p−1∑
a=2

|Z2| =
∑
p≤Υ

p

p−1∑
a=2

∣∣∣∣∣
∑

ψ mod p

′ψ(a)
(∑
c≤ pa

ψ(c)r(c)

c

) ∞∫
p

F (ψ, y)

y2
dy

∣∣∣∣∣

∑
p≤Υ

p

p−1∑
a=2

|Z2| ≤
∑
p≤Υ

p

p−1∑
a=2

∣∣∣∣∣
∑

ψ mod p

′ψ(a)
(∑
c≤ pa

ψ(c)r(c)

c

)( Υ 2k∫
p

∑
p<m≤y

ψ(m)r(m)

y2
dy

)∣∣∣∣∣+

∑
p≤Υ

p

p−1∑
a=2

∣∣∣∣∣
∑

ψ mod p

′ψ(a)
(∑
c≤ pa

ψ(c)r(c)

c

)( ∞∫
Υ 2k

∑
p<m≤y

ψ(m)r(m)

y2
dy

)∣∣∣∣∣

6
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�
∑
p≤Υ

p

p−1∑
a=2

Υ 2k∫
p

1

y2

∣∣∣∣∣∑
c≤ pa

∑
p<m≤y

r(c)r(m)

c

∑
ψ mod p

ψ(ac)ψ(m)

∣∣∣∣∣dy +

O

(
Υ 3+ε

Υ 2k∫
p

1

y2

(
y(log y)−A + y1−

1

2k ζ log(yΥ )y
)
dy

)
+O(Υ 3+ε)

= O

(∑
p≤Υ

p2
p−1∑
a=2

∑
c<p/a

1

c

Υ 2k∫
p

y 1
p p

ε

y2
dy

)
+O(Υ 3+ε)

= O(Υ 3+ε). (4.3)

Similarly, we find

∑
p≤Υ

p

p−1∑
a=2

|Z3| =
∑
p≤Υ

p

p−1∑
a=2

|Z4| = O(Υ 3+ε). (4.4)

Adding the equations (4.2), (4.3), (4.4) we get,

∑
p≤Υ

p

p−1∑
a=2

∣∣∣∣∣ ∑
ψ mod p

ψ(a)

|L(1, ψ)|2k

∣∣∣∣∣ = O(Υ 3+ε). �

Lemma 4.2 Let p be an odd prime with p ≤ Υ and ψ a character modulo p. Then for any positive

integer k, we have an estimate∑
p≤Υ

p

∣∣∣∣∣ ∑
ψ mod p

ψ(ab)

|L(1, ψ)|2k

∣∣∣∣∣ = O(
r(ab)

ab
.Υ 3+ε),

where ε is any fixed positive number.

Proof : Let ab = d,

For convenience, firstly we write

E(ψ, y) =
∑

p
d<c≤y

ψ(c)r(c), F (ψ, y) =
∑
p<c≤y

ψ(c)r(c),

If Re(w) > 1 and ψ 6= ψ0 (principal character mod p) then we have,

1

Lk(w,ψ)
=

∞∑
c=1

ψ(c)r(c)

cw
.

7
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Now using Abel’s identity we get,

1

Lk(w,ψ)
=

∑
1≤c< p

d

ψ(c)r(c)

cw
+ w

∞∫
p
d

E(ψ, y)

yw+1
dy

=
∑
1≤c<p

ψ(c)r(c)

cw
+ w

∞∫
p

F (ψ, y)

yw+1
dy.

As w = 1, L(1, ψ) 6= 0, we have∑
ψ mod p

ψ(d)
1

|L(1, ψ)|2k
=

∑
ψ mod p

′ψ(d)

∣∣∣∣∣
∞∑
c=1

ψ(c)r(c)

c

∣∣∣∣∣
2

=
∑

ψ mod p

′ψ(d)
( ∞∑
c=1

ψ(c)r(c)

c

)( ∞∑
m=1

ψ(m)r(m)

m

)

=

∑
ψ mod p

′ψ(d)

( ∑
1≤c<p/d

ψ(c)r(c)

c
+

∞∫
p/d

E(ψ, y)

y2
dy

)
( ∑

1≤m<p

ψ(m)r(m)

m
+

∞∫
p

F (ψ, y)

y2
dy

)
.

Hence, ∑
ψ mod p

ψ(d)
1

|L(1, ψ)|2k
=

∑
ψ mod p

′ψ(d)
( ∑

1≤c<p/d

ψ(c)r(c)

c

)( ∑
1≤m<p

ψ(m)r(m)

m

)

+

∑
ψ mod p

′

(
ψ(d)

( ∑
1≤c<p/d

ψ(c)r(c)

c

) ∞∫
p

F (ψ, y)

y2
dy

)

+

∑
ψ mod p

′ψ(d)
( ∑

1≤m<p

ψ(m)r(m)

m

)( ∞∫
p/d

E(ψ, y)

y2
dy

)

+

∑
ψ mod p

′ψ(d)

( ∞∫
p/d

E(ψ, y)

y2
dy

)( ∞∫
p

F (ψ, y)

y2
dy

)

= G1 +G2 +G3 +G4,

where
∑′

ψ mod p denotes the summation over all non-principal characters mod p. Here we shall use the

estimate ∑
ψ mod p

ψ(c)ψ(m) =

 p− 1, if c ≡ m(mod p),

0 otherwise.

8
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Now,
G1 =

∑
ψ 6=ψ0

′ψ(d)
( ∑

1≤c<p/d

ψ(c)r(c)

c

)( ∑
1≤m<p

ψ(m)r(m)

m

)

=

∑
ψ mod p

∑
1≤c<p/d

∑
1≤m<p

ψ(dc)ψ(m)r(c)r(m)

cm
+O(pε)

= φ(p)
∑

1≤c<p/d

∑
1≤m<p

r(c)r(m)

cm
+O(pε)

= φ(p)
r(d)

d

∑
1≤c<p/d

r2(c)

c2
+O(pε)

= φ(p)
r(d)

d

∞∑
c=1

|r(c)|2

c2
+O(pε).

Therefore,
G1 = φ(p)

r(d)

d
C +O(pε), where C =

∞∑
c=1

|r(c)|2

c2
.

∑
p≤Υ

p|G1| =
∑
p≤Υ

p2
r(d)

d
+
∑
p≤Υ

ppε � r(d)

d
.Υ 3+ε. (4.5)∑

p≤Υ

p|G2| =
∑
p≤Υ

p

∣∣∣∣∣
∑

ψ mod p

′ψ(d)
(∑
c≤ pd

ψ(c)r(c)

c

) ∞∫
p

F (ψ, y)

y2
dy

∣∣∣∣∣
≤
∑
p≤Υ

p

∣∣∣∣∣
∑

ψ mod p

′ψ(d)
(∑
c≤ pd

ψ(c)r(c)

c

)( Υ 2k∫
p

∑
p<m≤y

ψ(m)r(m)

y2
dy

)∣∣∣∣∣+

∑
p≤Υ

p

∣∣∣∣∣
∑

ψ mod p

′ψ(d)
(∑
c≤ pd

ψ(c)r(c)

c

)( ∞∫
Υ 2k

∑
p<m≤y

ψ(m)r(m)

y2
dy

)∣∣∣∣∣
∑
p≤Υ

p|G2| �
∑
p≤Υ

p

Υ 2k∫
p

1

y2

∣∣∣∣∣∑
c≤ pd

∑
p<m≤y

r(c)r(m)

c

∑
ψ mod p

ψ(dc)ψ(m)

∣∣∣∣∣dy +

O

(
Υ 2+ε

Υ 2k∫
p

1

y2

(
y(log y)−A + y1−

1

2k ζ log(yΥ )y
)
dy

)
+O(Υ ε)

= O

(∑
p≤Υ

p2
∑
c<p/d

1

c

Υ 2k∫
p

y 1
p p

ε

y2
dy

)
+O(Υ 2+ε)

= O(Υ 3+ε). (4.6)

9
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Similarly, we find ∑
p≤Υ

p|G3| =
∑
p≤Υ

p|G4| = O(Υ 3+ε). (4.7)

Adding the equations (4.5), (4.6), (4.7) we get,∑
p≤Υ

p

∣∣∣∣∣ ∑
ψ mod p

ψ(ab)

|L(1, ψ)|2k

∣∣∣∣∣ = O(
r(ab)

ab
Υ 3+ε). �

NOTE: For prime power pα note that µ(1) = 1, µ(p) = −1 and µ(pi) = 0 if i > 1, so that we have

r(pα) =
∑

c1c2···=pα
µ(c1)µ(c2) . . . µ(ck) =

 (−1)αdαk , if α ≤ k,

0, otherwise.

and asymptotic formula is∑
c=1

(c,p)=1

r2(c)

c2
=

∏
p1

[
1 +

(d1k)2

p21
+

(d2k)2

p41
+ . . .

(dkk)2

p2k1

]
= d(k) +O

(
1

p2

)
.

Lemma 4.3 Let Υ ≥ 2. For an integer k, we have the following identity:∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

p(p− 1)2

|L(1, ψ)|2k
= O(Υ 5+ε).

Proof: We have to calculate ∑
ψ 6=ψ0

ψ(−1)=1

1

|L(1, ψ)|2k
.

As
1

Lk(1, ψ)
=

∞∑
c<Υ 2k

r(c)ψ(c)

c
+

∞∫
Υ 2k

E(y, ψ)

y2
dy, where E(y, ψ) =

∑
Υ 2k<c≤y

r(c)ψ(c).

Now ∑
ψ 6=ψ0

ψ(−1)=1

1

|L(1, ψ)|2k
=

∑
ψ 6=ψ0

ψ(−1)=1

( ∑
c≤Υ 2k

r(c)ψ(c)

c
+

∞∫
Υ 2k

E(y, ψ)

y2
dy

)

( ∑
c≤Υ 2k

r(c)ψ(c)

c
+

∞∫
Υ 2k

E(y, ψ)

y2
dy

)
.
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So we have,∑
ψ 6=ψ0

ψ(−1)=1

1

|L(1, ψ)|2k
=

∑
ψ 6=ψ0

ψ(−1)=1

( ∑
c≤Υ 2k

(r(c)ψ(c)

c

)(r(c)ψ(c)

c

))
+

∑
ψ 6=ψ0

ψ(−1)=1

∣∣∣∣∣
∞∫
Υ 2k

E(y, ψ)

y2
dy

∣∣∣∣∣
2

+

∑
ψ 6=ψ0

ψ(−1)=1

(∑
c≤Υ 2k

r(c)ψ(c)

c

) ∞∫
Υ 2k

E(y, ψ)

y2
dy

+

∑
ψ 6=ψ0

ψ(−1)=1

( ∑
c≤Υ 2k

r(c)ψ(c)

c

) ∞∫
Υ 2k

E(y, ψ)

y2
dy

)

= H1 +H2 +H3 +H4.

Here∑
p≤Υ

p(p− 1)2(p− 1)H1 =
∑
p≤Υ

p(p− 1)2(p− 1)

∑
ψ 6=ψ0

ψ(−1)=1

∣∣∣∣∣ ∑
c≤Υ 2k

r(c)ψ(c)

c

∣∣∣∣∣
2

� O(Υ 5+ε),

∑
p≤Υ

p(p− 1)2H2 =
∑
p≤Υ

p(p− 1)2
∑
ψ 6=ψ0

ψ(−1)=1

( ∑
c≤Υ 2k

r(c)ψ(c)

c

) ∞∫
Υ 2k

E(y, ψ)

y2
dy � Υ 4+ε,

∑
p≤Υ

p(p− 1)2H3 =
∑
p≤Υ

p(p− 1)2
∑
ψ 6=ψ0

ψ(−1)=1

( ∑
c≤Υ 2k

r(c)ψ(c)

c

) ∞∫
Υ 2k

E(y, ψ)

y2
dy

)
� Υ 4+ε,

∑
p≤Υ

p(p− 1)2H4 =
∑
p≤Υ

p(p− 1)2
∑
ψ 6=ψ0

ψ(−1)=1

∣∣∣∣∣
∞∫
Υ 2k

E(y, ψ)

y2
dy

∣∣∣∣∣
2

� Υ 4+ε.

Therefore, ∑
p≤Υ

p(p− 1)2
∑
ψ 6=ψ0

ψ(−1)=1

1

|L(1, ψ)|2k
= O(Υ 5+ε). �

5 Main Result:

In this section we establish the hybrid power mean of 2kth power inversion of L-functions, trigonometric

sums and general quartic Gauss sums for the case p ≡ 3 (mod 4).
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Theorem 5.1 Let p be an prime with p ≤ Υ . Then for any positive integer k, ϑ with (ϑ, p) = 1 and

|ϑ| ≤ Υ , we have∑
p≤Υ

∑
ψ mod p

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

ψ(ab)e

(
f(a, b)

p

)∣∣∣∣∣
2

|G(ϑ, 4, ψ; p)|2 1

|L(1, ψ)|2k
= O

(
Υ 5+ε

)
,

where f(a, b) is a lth-degree polynomial, Υ is any positive number with Υ ≥ 2, ψ is a Dirichlet character

(mod p), ε is any fixed positive number.

Proof : For any non-principal character ψ (mod p), |L(1, ψ)|2 = |L(1, ψ)|2 and if ψ an even character

(mod p) then ψ is also an even character (mod p). Using these properties we get,∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

ψ(ab)e

(
f(a, b)

p

)∣∣∣∣∣
2

|G(ϑ, 4, ψ ; p)|2 1

|L(1, ψ)|2k

=

∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

ψ(ab)e

(
f(a, b)

p

)∣∣∣∣∣
2

|G(ϑ, 4, ψ ; p)|2 1

(|L(1, ψ)|2)k

=

∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

ψ(ab)e

(
f(a, b)

p

)∣∣∣∣∣
2

|G(ϑ, 4, ψ ; p)|2 1

|L(1, ψ)|2k
.

So,

1

2

∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

ψ(ab)e

(
f(a, b)

p

)∣∣∣∣∣
2(
|G(ϑ, 4, ψ ; p)|2 + |G(ϑ, 4, ψ ; p)|2

)
1

|L(1, ψ)|2k

=
1

2

∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

ψ(ab)e

(
f(a, b)

p

)∣∣∣∣∣
2

(4p)
1

|L(1, ψ)|2k

= 2

∑
p≤Υ

p

∑
ψ 6=ψ0

ψ(−1)=1

[
(p− 1)2 +

p−1∑
a=2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

ψ(ab)e

(
g(a, b, u, v)

p

)

+

p−1∑
u=1

p−1∑
v=1

p−1∑
b=2

ψ(b)e
(g(1, b, u, v)

p

)
+

p−1∑
u=1

p−1∑
v=1

p−1∑
a=2

ψ(a)e
(g(a, 1, u, v)

p

)] 1

|L(1, ψ)|2k

= 2

∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

p(p− 1)2

|L(1, ψ)|2k
+ 2

∑
p≤Υ

p

∑
ψ 6=ψ0

ψ(−1)=1

p−1∑
a=2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

ψ(ab)e

(
g(a, b, u, v)

p

)
1

|L(1, ψ)|2k
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+2

∑
p≤Υ

p

∑
ψ 6=ψ0

ψ(−1)=1

p−1∑
u=1

p−1∑
v=1

p−1∑
b=2

ψ(b)e
(g(1, b, u, v)

p

) 1

|L(1, ψ)|2k
+ 2

∑
p≤Υ

p

∑
ψ 6=ψ0

ψ(−1)=1

p−1∑
u=1

p−1∑
v=1

p−1∑
a=2

ψ(a)e
(g(a, 1, u, v)

p

) 1

|L(1, ψ)|2k

= 2

∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

p(p− 1)2

|L(1, ψ)|2k
+ 2

p−1∑
a=2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

ψ(ab)e

(
g(a, b, u, v)

p

)∑
p≤Υ

p

∑
ψ 6=ψ0

ψ(ab)
1

|L(1, ψ)|2k

+2

p−1∑
a=2

p−1∑
u=1

p−1∑
v=1

ψ(a)e

(
g(a, 1, u, v)

p

)∑
p≤Υ

p

∑
ψ 6=ψ0

ψ(a)
1

|L(1, ψ)|2k

+2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

ψ(b)e

(
g(1, b, u, v)

p

)∑
p≤Υ

p

∑
ψ 6=ψ0

ψ(b)
1

|L(1, ψ)|2k

= 2

∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

p(p− 1)2

|L(1, ψ)|2k
+ 2

p−1∑
u=1

p−1∑
v=1

ψ(ab)e

(
g(a, b, u, v)

p

) p−1∑
a=2

p−1∑
b=2

∑
p≤Υ

p

∑
ψ 6=ψ0

ψ(ab)
1

|L(1, ψ)|2k

+2

p−1∑
u=1

p−1∑
v=1

e

(
g(a, 1, u, v)

p

)∑
p≤Υ

p
p−1∑
a=2

∑
ψ 6=ψ0

ψ(a)
1

|L(1, ψ)|2k
+ 2

p−1∑
u=1

p−1∑
v=1

e

(
g(1, b, u, v)

p

)∑
p≤Υ

p

p−1∑
b=2

∑
ψ 6=ψ0

ψ(b)
1

|L(1, ψ)|2k
,

where g(a, b, u, v) = f(au, bv)− f(u, v) =
∑l
j=0 aj(a

jbj − 1)ujvj , tj = aj(a
jbj − 1), j = 0, 1, 2, 3, ..., l.∑p−1 ∗

a=2

∑p−1
b=2

∑p−1
u=1

∑p−1
v=1 and

∑p−1 ∗∗
a=2

∑p−1
b=2

∑p−1
u=1

∑p−1
v=1 means p - (t0, t1, t2, ...tl) and p |

(t0, t1, t2, ...tl) respectively.

case : 1 when p - (t0, t1, t2, ...tl), we have

= 2

∣∣∣∣∣
p−1∗∑
a=2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

e

(
g(a, b, u, v)

p

)∑
p≤Υ

p
∑
ψ 6=ψ0

ψ(ab)
1

|L(1, ψ)|2k

+

p−1∑
u=1

p−1∑
v=1

e

(
g(a, 1, u, v)

p

)∑
p≤Υ

p

p−1∑
a=2

∑
ψ 6=ψ0

ψ(a)
1

|L(1, ψ)|2k

+

p−1∑
u=1

p−1∑
v=1

e

(
g(1, b, u, v)

p

)∑
p≤Υ

p

p−1∑
b=2

∑
ψ 6=ψ0

ψ(b)
1

|L(1, ψ)|2k

∣∣∣∣∣,

� 2

p−1∑
a=2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

e

(
g(a, b, u, v)

p

)∑
p≤Υ

p

∣∣∣∣∑
ψ 6=ψ0

ψ(ab)
1

|L(1, ψ)|2k

∣∣∣∣∣
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+2

p−1∑
u=1

p−1∑
v=1

e

(
g(a, 1, u, v)

p

)∑
p≤Υ

p

p−1∑
a=2

∣∣∣∣∑
ψ 6=ψ0

ψ(a)
1

|L(1, ψ)|2k

∣∣∣∣
+2

p−1∑
u=1

p−1∑
v=1

e

(
g(1, b, u, v)

p

)∑
p≤Υ

p

p−1∑
b=2

∣∣∣∣∑
ψ 6=ψ0

ψ(b)
1

|L(1, ψ)|2k

∣∣∣∣
� O

(
2

p−1∑
a=2

p−1∑
b=2

p2−
2
l
r(ab)

ab
Υ 3+ε

)
+O

(
2p2−

2
l Υ 3+ε

)
� O(Υ 5+ε),

where r(ab)� pε.

case : 2 when p | (t0, t1, t2, ...tl),

= 2

∣∣∣∣∣
p−1∗∗∑
a=2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

e

(
g(a, b, u, v)

p

)∑
p≤Υ

p
∑
ψ 6=ψ0

ψ(ab)
1

|L(1, ψ)|2k

+

p−1∑
u=1

p−1∑
v=1

e

(
g(a, 1, u, v)

p

)∑
p≤Υ

p

p−1∑
a=2

∑
ψ 6=ψ0

ψ(a)
1

|L(1, ψ)|2k

+

p−1∑
u=1

p−1∑
v=1

e

(
g(1, b, u, v)

p

)∑
p≤Υ

p

p−1∑
b=2

∑
ψ 6=ψ0

ψ(b)
1

|L(1, ψ)|2k

∣∣∣∣∣,

� 2

p−1∑
a=2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

e

(
g(a, b, u, v)

p

)∣∣∣∣∣∑
p≤Υ

p
∑
ψ 6=ψ0

ψ(ab)
1

|L(1, ψ)|2k

∣∣∣∣∣
+2

p−1∑
u=1

p−1∑
v=1

e

(
g(a, 1, u, v)

p

)∣∣∣∣∑
p≤Υ

p

p−1∑
a=2

∑
ψ 6=ψ0

ψ(a)
1

|L(1, ψ)|2k

∣∣∣∣
+2

p−1∑
u=1

p−1∑
v=1

e

(
g(1, b, u, v)

p

)∣∣∣∣∑
p≤Υ

p

p−1∑
b=2

∑
ψ 6=ψ0

ψ(b)
1

|L(1, ψ)|2k

∣∣∣∣
� O

(
2(p− 1)2

p−1∑
a=2

p−1∑
b=2

r(ab)

ab
Υ 3+ε + 2(p− 1)2

p−1∑
b=2

Υ 3+ε + 2(p− 1)2
p−1∑
a=2

Υ 3+ε
)

� O(Υ 5+ε).

Combining case:1, case:2 and Lemma 4.3,
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∑
p≤Υ

∑
ψ mod p

∣∣∣∣∣
p−1∑
a=1

p−1∑
b=1

ψ(ab)e

(
f(a, b)

p

)∣∣∣∣∣
2

|G(ϑ, 4, ψ; p)|2 1

|L(1, ψ)|2k
≤ O

(
2
∑
p≤Υ

∑
ψ 6=ψ0

ψ(−1)=1

p(p− 1)2

|L(1, ψ)|2k
)

+O

(
2

∣∣∣∣∣
p−1∗∑
a=2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

e

(
g(a, b, u, v)

p

)∑
p≤Υ

p
∑
ψ 6=ψ0

ψ(ab)
1

|L(1, ψ)|2k

+

p−1∑
u=1

p−1∑
v=1

e

(
g(a, 1, u, v)

p

)∑
p≤Υ

p

p−1∑
a=2

∑
ψ 6=ψ0

ψ(a)
1

|L(1, ψ)|2k

+

p−1∑
u=1

p−1∑
v=1

e

(
g(1, b, u, v)

p

)∑
p≤Υ

p

p−1∑
b=2

∑
ψ 6=ψ0

ψ(b)
1

|L(1, ψ)|2k

∣∣∣∣∣
)

+O

(
2

∣∣∣∣∣
p−1∗∗∑
a=2

p−1∑
b=2

p−1∑
u=1

p−1∑
v=1

e

(
g(a, b, u, v)

p

)∑
p≤Υ

p
∑
ψ 6=ψ0

ψ(ab)
1

|L(1, ψ)|2k

+

p−1∑
u=1

p−1∑
v=1

e

(
g(a, 1, u, v)

p

)∑
p≤Υ

p

p−1∑
a=2

∑
ψ 6=ψ0

ψ(a)
1

|L(1, ψ)|2k

+

p−1∑
u=1

p−1∑
v=1

e

(
g(1, b, u, v)

p

)∑
p≤Υ

p

p−1∑
b=2

∑
ψ 6=ψ0

ψ(b)
1

|L(1, ψ)|2k

∣∣∣∣∣
)

� O
(
Υ 5+ε

)
.
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