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Abstract: The Steady state finite amplitude of double diffusive convection with effects of concentration-based
internal heating and magnetic field is investigated. The governing equation of the flow are reduced using the
Darcy-Brinkman model in a porous medium. The result shows, both Darcy number and magnetic field increases
the heat and mass transfer in the system, whereas Vadasz and other parameters decreases the mass transfer, but
the heat transfer decreases as the magnetic parameter increases.
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. INTRODUCTION

Double diffusive convection is simply defined as the phenomenon of convective heat transfer in a fluid saturated
porous layer involving two components possessing different diffusivities which is driven by temperature and
buoyancy [1]. This phenomenon became popular among scholars decades ago and has been extensively studied.
Comprehensive treatment of double diffusive studies can be found in the following works [2], [3], [4], [5] and

[6].

Motivated by the enormous applications of double diffusive convection found in science, engineering and
others, researchers have for the past decades given this phenomenon attention. [7], [8], [9] and [10]. The
myriads of applications of double diffusive convection includes oceanography, Solar Ponds modelling, magma
chambers, salt fingers, ground water hydrology, petroleum reservoir, coal combustors, insulators, and thermal
engineering. [11], [12], [13], [14], [15], [16], [17] have examined the linear and nonlinear stability analysis of
double diffusive convection in a Maxwell fluid saturated porous layer with internal heat source. Similarly, the
linear and nonlinear double-diffusive convection in a saturated anisotropic porous layer with Soret and internal
heat source has been theoretically investigated by [18] using the stability analysis technique. The study reveals
that, the stability of the system was enhanced by the presence of the thermal anisotropic parameter and
concentration Rayleigh number, whereas Lewis number, internal Rayleigh number and mechanical anisotropic
parameters triggers instability in the system. Additionally, the values of the Soret parameter significantly
affected the marginal curves for stationary convection while negligible for the oscillatory mode.

[19] used the generalised Darcy model to investigate the linear and nonlinear double-diffusive convection in a
fluid saturated anisotropic porous layer using the truncated Fourier for the finite amplitude modes and the linear
stability analysis for the stationary and oscillatory convection. [20] considered the weakly nonlinear stability
analysis double-diffusive convection with cross-diffusion in a fluid saturated porous medium. They found that,
both fingers and diffusive instabilities occur simultaneously, finite amplitude occur when gradients of the initial
properties stabilize, and the infinitesimal oscillation instability was enclosed the finite amplitude convection.
[21] studied the linear and nonlinear double-diffusive convection in a fluid saturated porous layer with cross-
diffusion effects using the Darcy model. It was found that Vadasz number exhibit dual effect on the threshold of
oscillatory convection, while Lewis number and Solute Rayleigh number delay both the stationary and
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oscillatory convection and Dufour together with Soret parameters stabilizes the system for stationary modes and
destabilize in the oscillatory modes.

[22] carried out an analytical study of linear and nonlinear double-diffusive convection in a fluid saturated
anisotropic porous layer with Soret effect. The result shows that, the system was stabilize for the stationary
mode in the presence of Lewis number, while the trend was reversed in the oscillatory and finite amplitude
modes. Also, the heat and mass transfer were enhanced by Lewis and anisotropic parameters, whereas the Soret
parameter decreases the heat transfer and increased the mass transfer of the system. Pranesh et al analysed the
linear and weakly nonlinear stability analyses of double-diffusive electro-convection in a micropolar pond. The
study reveals that the heat and mass transfer increased as the electric Rayleigh number, electric field and
concentration of suspended particles increased. The linear and weakly non-linear analyses of gravity modulation
and electric field on the onset of Rayleigh-Bernard convection in a micropolar fluid has been investigated by
[23]. [24] carried out a weak nonlinear oscillatory convection in a nonuniform heating porous medium with
throughflow. It was found that the heat and mass transfer can be controlled and maintained by factors outside
the system. [25] have examined the nonlinear double diffusive convection in a couple stress fluid with rotational
modulation. The weak nonlinear thermal instabilities under vertical magnetic field, temperature modulation and
heat source has been studied by [26]. [27] investigated the weakly nonlinear stability analysis of a thin magnetic
fluid during spin coating. The nonlinear stability analysis of a Darcy flow with viscous dissipation has been
considered by [28]. The onset of magnetoconvection in a rotating Darcy-Brinkman porous layer heated from
below with temperature dependent heat source has been studied using linear stability analysis by [29]

However, none of the previous studies in our knowledge have carried out a weakly nonlinear stability analysis
using the Darcy model, incorporating magnetic field and heat source in a fluid saturated porous medium.
Therefore, in this present study, we consider the weakly nonlinear Stability analysis of double-diffusive
convection in a porous medium with magnetic field and Concentration-Based Internal Heating. Our specific
objective in this study is to use the minimal representation of Fourier series to perform weakly nonlinear
stability analysis and ascertain the effect of the governing parameters on the heat and mass transfer via the
Nusselt and Sherwood numbers

Il. MATHEMATICAL FORMULATION

The governing equations of continuity, momentum, energy and Boussinesq approximation of the flow are given
as follows

Continuity equation
V.V =0 (1)
Momentum equation

po dV*
¢ ot*

— - — - 25
= = VP" + pog[Br(T" = To) + Be(c™ = c)lk = =V" + V"V + Fy )

Energy equation

aT*

A
at*

+ (V. )T* = ap AT + Q(c* — ¢p) 3)

Solute concentration

¢ Zi: + (V*V)c* = KCA*ZC* (4)

Boussinesq approximation

p(T*,c*) = poll — ar(T* = Ty) + a.(c* — cp)] )
Ohm’ s Law
J* = a]E +V*x B, V.]* =0 (6)

Subject to the boundary conditions
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V=0onz"=0nh (7a)
T* =Ty +AT, ¢c* =cy+Acon z- =0 (7b)
T* =Ty, c*=coonz"=h (7¢c)

For electrically insulating boundaries, the electrostatic potential is constant, hence E = 0. Thus, the current
density in Eq. (6) reduced to

J* = a.(V* x B¥) 8)
Then the Lorentz force become

F, =] xB"* 9
Substitution of Eq. (8), gives

F, = a.B2(u*,v",0) (10)

. . h2A
Using the following scales h,~—,%L,—~
ar * h " (nar)

@ A_TT"), c=X A_CC") and € = % denoting the temperature, concentration and porosity constant respectively.

representing length, time, velocity and pressure. Similarly, T =

The dimensionless equations governing the system become.

V.V=0 (11)
(=2 +1)V + Ha?(u,v,0) = —VP + Rak — Rsck (12)
&+ (V.V)T = V°T + Ric (13)
Lesg—i +Le(V.V)c = V3¢ (14

The boundary conditions are

w=0,T=1c=1 onz=0 (15)
w=0,T=0,c=0 on z=1 (16)
Basic State

Assuming the basic state of the system to be quiescent and described by

Vp =0,T =Ty(2),c = cy(2),p = pp(2) 17

Substituting Eq. (17) into Egs. (11) — (14) using the boundary condition (15) and (16) yield the equations
governing the basic state as follows

dzT .

dzzb + Ric, =0 (18)
dzcb _

a2 =0 (19)
ap

d—zb = RaT, — Rsc, (20)

Subject to the boundary conditions
Tb=Cb=1 on z=0 (21)

Tb=Cb=0 on z=1 (22)
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The integration of Egs. (18)— (20) under the boundary conditions Egs. (21) and (22), yield the basic temperature,
T, (z), concentration, ¢, (z), and pressure, P, (z) respectively as follows

T,(z) = % [6(1—2)+ (2z —32z% + z%)]
() =1-z (23)
Py(z) = [(TaT,(2) — Rscy(2))dz

Linearization and perturbation Solution

Superimposing small disturbances to study the stability of the base state of the form

V=V, +0p=p,@) +p,T=Ty(2) + 0,c = c,(2) + ¢ (24)
where ¥, p, 8, ¢ represents the perturbed quantities

Substituting Eq. (24) into Egs. (11) to (14) using Egs. (15)— (16), we obtained the linearized equations as

—

=0 (25)
(Viai ) %+ Ha?(u,v,0) = —Vp + Rabk — Rspk (26)
2+ (9.7)8 + f(2)w = 7?6 + Rig @7)
Lesa—w + Le(ﬁ V)6 — Lew = 72¢ (28)
f()— —1+2 (2—6z+32) (29)

Boundary condltlons are:
w=0=¢p=0 (30)
I1l. METHOD OF SOLUTION

Weakly Nonlinear Analysis

For the nonlinear analysis, we restrict our study to only two- dimensional rolls, where all inherent physical

quantities do not dependent on y. Taking the stream function of the form

%
U=5,w="% (B

Substituting Eq. (31) into Egs. (26) — (28). By eliminating the pressure term, the linearized equations reduced
to

(EEJ”) 2¢+Ha2”’ —Ra —+R (32)
(5:=7%)0 = Rig + f@ 35 + (Zfi—f—i—f%) (33)
(Les ) = Le (%Z—f—%z—f)—w% (34)

Now, the boundary conditions defined in terms of the stream function reduce to

Y=0=¢p=00n z=0,1 (35)
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To obtain information on the rates of heat and mass transfers, we assume that the basic circulation is undistorted
except the temperature and specie concentration fields which are distorted close to the threshold of convection
(Mamou & Vasseur, 1999). Hence, we describe the finite amplitude free convection using minimal Fourier

representation in the form

Y(x,z,t) =P, (t) sin(ax) sin(mz) (36)
0(x,z,t) = 0,(t) cos(ax) sin(mz) + 6,(t) sin(2rz) (37)
@(x,z,t) = @1(t) cos(ax) sin(nz) + @, (t) sin(2nz) (38)

where 1, (t), 8, (t), 8, (t), 1 (t), @, (t) are real amplitudes to be determined by the dynamics of the system.

Substituting Egs. (36) — (38) into the coupled nonlinear partial differential equation in Egs. (32) — (34) and

equating coefficients up to 2z inclusive and ignoring higher frequency terms, we obtain

Wi _ _Y2[5p, + n?Hay, + aRab; — aRsp;] e
dae

d_t1 = =60, + f(2)ay, — 2anb,y; + Ry, (0
de, _ am 2 1

e = 7 011 —4m70; + Rig, o
Les% = —0¢, — Leap; — 2Lemap,; @
Lee% = —4mlg, + Le?(pﬂh “

where 6 = n? + a?

IVV. STEADY FINITE AMPLITUDE SOLUTION

For the case of steady-state solutions, we set the time derivatives on the left-hand side of Egs. (39) — (43)

equal to zero. Then the result become

AY, +aRab; —aRsp, =0 (44)
amn 2 .

71,[)191 - 4” 92 + Rl(pz = 0 (46)
—2Lermap,Y; — ¢, — Leap; =0 47)
Le =X @hy — 4np, = 0 (48)

where A = § + n?Ha?, 8§ =mn?%+a?

On solving for the amplitudes 84, 8,, ¢4, ¢, in terms of 1;, we obtain
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0. = alLe?(4Fn?+Ri)Y3—16an?(LeRi—F(2)6)P, (49)
1= n2(48+a2?)(46+a2Le?yp?)

_ a? [nzf(z)((46+a2L621[)§)—LeRi(4n2+Le§]1[)§

b, = 2m3(48+a2y?)(48+a2Le2y?) (50)
_ 4aley,

$1= 48+a?Le2yp? (51)
_ a?Le?y?

P2 = 8ns+2a2Le?my? (52)

Substituting Egs. (49) and (51) for 8, and ¢, into Eq. (44) yields

Y1(apt + apf +ay) =0 (53)

where a, = LeAn?a*

a, = a*Le?(8n2Le? + Ri)Ra + 4a*m?[LeRs + 5A(1 + Le?)]

a, = 16m%86%1 + 16a*n?[f (2)6 — LeRi]Ra + 16a*n?LedRs

The required root of Eq.(53) is given by

—a;+_|a3-4azaq
Yi=——— 54)

2ay
Equating the discriminant in Eq.(54) equal to zero.

i.e, a? —4aya, = 0, yields a quadratic equation which gives the expression for the finite-amplitude Rayleigh

number, Ra®. This characterizes the onset of finite amplitude steady motion given by

d2 (RaF)2 + dl(RaF) + do =0 (55)

where
d, = a®Le*(4F (z)n? + Ri)?

d, = 8a®m?Le?Ri[Le(a’Rs + 8m?1) + SA(1 + Le?] + 32F (z)a®nw*Le?[a®LeRs + 6A(Le? — 1]

dy = 16a*n*[a’LeRs + 5A(1 — Le?]?

V. HEAT AND MASS TRANSPORT

The determination of the Nusselt and Sherwood numbers, which gives quantitatively the heat and mass transport
in the system play a pivotal role for the study of convection in porous medium. This is so because at the
threshold of convection, the increase in thermal Rayleigh number, Ra is more readily detected by its effect on
the heat and mass transfer in the system. However, heat and mass transport are by only due to conduction alone
in the basic state. Therefore, in this section, we will attempt to estimate the heat and mass transfer occurring at
the lower boundary (z = 0) in terms of the Nusselt number, Nu and the Sherwood number, Sh respectively.
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The Nusselt number, Nu and Sherwood number, Sh are defined below following (Gupta and Singh 2014) as

Zlao
il
Nu =1+ |3%— (56)
2ot
faZbgy
0 0z 72=0

2T
Zow
Sh=1+ |0 2% (57)

ac
* a_bdx
z z=0

Substituting the values of T}, (z), ¢, (2), 8 and ¢ from Egs. (36), (37) and (38) in Egs. (56) — (57), we obtain

Nu=14 e g ot 58
TTEEST T )
Sh=1-2ng, (59)

Substituting the values of 6, and ¢, into Egs. (58) and (59), give the expressions for Nu and Sh in terms of

Y, as
_ 3a?  [LeRi(4m?+Le8)-m?f(z)(48+a’Ley?)
Nu=1+ (3—-Ri)m2 [ (48+a2?)((48+a%Le?) (60)
_ a’Le?y?
Sh=1+ [48+2a2Le2w§] (61)
VI. ANALYSIS OF RESULT
25
// ______________________________________________
, A
/ T s
Nu 15 4/ 7 777 Ri=1
N
- Ri=1.5
O Ri=2
0.5 ',: T T T T T T T T T T T T T 1
300 400 500 600 700 800 900 1000
Ra
Figure 1. Influence of internal heat parameter, Ri on Nusselt number for fixed values of Rs =

100,a =1,Ha =1,Le = 2.0 for stationary convection
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Figure 2. Influence of solutal Rayleigh number, Rs on Nusselt number for fixed values of Ri = 2,a =
1,Ha = 1,Le = 2.0 for stationary convection
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Figure 3. Influence of magnetic field parameter, Ha on Nusselt number for fixed values of Rs =
100,a = 1,Ri = 2,Le = 2.0 for stationary convection
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Figure 4. Influence of Lewis number, Le on Nusselt number for fixed values of Rs = 100,a = 1,

Ri=2,Ha = 0.2 for stationary convection
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Influence of internal heat parameter, Ri on Sherwood number, for fixed Rs = 100,a =

Figure 5.
1,Ha = 1,Le = 0.2 for oscillatory convection

Sh 1.8 .77,
o Rs=150

1.7 1.
—-—-Rs=250

400 500 600 700 800 900
Rs

Influence of solutal Rayleigh number, Rs on Sherwood number, for fixed values of Ri =

Figure 6.
2,a=1,Ha =1,Le = 2 for oscillatory convection

-
1.8 o 2 ./,.

Sh 1.6 -

1.2 T T T T T T T T T T T T T 1
300 400 500 600 700 800 900 1000

Rs

Influence of magnetic field parameter number, Ha on Sherwood number, for fixed

Figure 7.
Rs =100,a = 1,Ri = 2,Le = 2.0 for oscillatory convection

Page 217

ISSN: 2231-5373 http://www.ijmttjournal.org


http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 66 Issue 9 - Sep 2020

2 7 — — —
///;’ ___________________________
18 7 o7
sh 1.6 | e ToTles0S
P P Le=1.0
./’/ —
14 - =TT Le=1.>
P — —-Le=2.0
./.
1.2 o T T T T T T T T T T T T T 1
300 400 500 600 700 800 900 1000
Rs
Figure 8. Effect of Lewis number, Le on Sherwood number, Sh for fixed values of Rs = 100,a =

1,Ha = 0.2, Ri = 2.0 for oscillatory convection.

VII. DISCUSSION OF RESULTS

Figure 1 show the effect of variations in the internal heat parameter, Ri on the thermal Rayleigh number, Ra for
stationary convection and fixed values of Rs = 100, Ha = 1,Le = 2.0,a = 1. It is evident that, increase in the
internal heat parameter, Ri increases the value of Nu. This is an indication that, internal heat parameter has the
effect of increasing the heat transfer on the system.

Figure 2 depict the influence of solutal Rayleigh number, Rs for stationary convection on the thermal Rayleigh
number, Ra for fixed values of Ha = 1,Le = 2.0,Ri = 2,a = 1. The result show that, increase in the solutal
Rayleigh number increases the value of the Nusselt number. This implies that, solutal Rayleigh number cause an
increase in the heat transfer of the system.

Figure 3 show the effect of the variation of magnetic field, Ha on the thermal Rayleigh number, Ra for
stationary convection with fixed Rs = 100, Ri = 2,Le = 2.0,a = 1. It is found that increase in magnetic field
decreases the value of Nu. This show that, magnetic field parameter decreases the heat transfer in the system.

Figure 4 show the influence of Lewis number, Le on thermal Rayleigh number, Ra for with fixed values of
Rs =100,Ha = 0.2,Ri = 2,a = 1 for stationary convection. The result shows that, increase in the Lewis
number, Le increases the value of the Nusselt number, Nu. This indicates, Lewis number increases the rate of
heat transfer on the system.

Figure 5 show the influence of the internal heat source parameter, Ri on thermal Rayleigh number, Ra for fixed
values of Rs = 100,Ha = 1,Le = 2.0,a = 1. The result show that, increase in the internal heat parameter
increases the mass transfer in the system.

Figure 6 show the influence of the solutal Rayleigh number, Rs on thermal Rayleigh number, Ra for fixed
values of Ri =2,Ha =1,Le = 2.0,a =1 for oscillatory convection. The result indicates, increase in the
solutal Rayleigh number decreases the mass transfer in the system.

Figure 7 depicts the influence of magnetic field, Ha on the thermal Rayleigh number, Ra with fixed values of
Rs = 100,Ri = 2,Le = 2.0,a = 1 for oscillatory convection. The result shows that, increase in magnetic field
decreases the mass transfer in the system. This implies that, magnetic field stabilize the system.

Figure 8 depict the effect of Lewis number, Le on thermal Rayleigh number, Ra with fixed values of Rs =
100,Ha = 0.2,Ri = 2,a = 1 for oscillatory convection. The result show that, increase in the value of the Lewis
number, Le increases the Sherwood number, Sh. Hence, Lewis number increases the mass transfer in the
system.
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