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Abstract — This work is based on quasi-operation in a topological space. Quasi-operation has been extended
to the class of & -open sets. The new class of yz5-open sets has been introduced by linking the set of all &-open
sets with quasi-operation on Q. open sets. Also two kinds of closures such as }’[:511) closure and ¥z5-
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I. INTRODUCTION

In 1979, Kasahara[1] introduced the concept of operation compact spaces. Following him, Ogata[4] studied the
notion of operation on open sets and investigated some related topological properties of the associated family of

all the operation-open sets with a given topology and a given operation in 1991. In 2012, the class of £2-Closed

sets has been introduced by Lellis Thivagar et al. [2]. Recently, operation on the class of Q -open sets has been
introduced and studied by us[3]. In this paper, an attempt has been made to introduce the concept of quasi-

operation on the class of Q. -open sets in a space X. Moreover, for a given quasi-operation ¥ on ﬂU[X] the

new class of sets known as ¥z 7 -0pen sets, corresponding ¥ [::.’J'ﬂ)-closure and ¥ [ﬁﬂ)-mterlor have been
defined and investigated by giving suitable examples in digital topology. Some basic properties with respect to
¥sga-closure and r[:ﬁ'ﬂ)—closure have been failed in quasi-operation. This gives birth to three notions such as

¥z -regular quasi-operation, ¥z -open quasi-operation and r[tﬁ'ﬁ)-regular space in which those properties hold.

Il. PRELIMINARIES

In this section, some definitions and results that are used in this paper have been dealt. Always X or (X, 7]
denotes a topological space on which no separation axioms assumed, unless otherwise stated. For any subset A
of X, the closure (res.interior, kernel) of 4 is denoted by cl(4)(res. int (A), ker (4)).

Definition 2.1 ([6]) A subset A of (X, T} is said to be &-open set in (X, T) if for each point xe4, there exists
an open set U in (X.7) such that xell and int(cl(U/)) € A. A subset E is said to be &-closed in (X, ) if X\E
is &-open in (X, ).

Definition 2.2 ([5]) A subset A of a space (X, 7} is called a regular open set if A = int(cl(4)).

Definition 2.3( [2], Definition 3.1) Let (X. ) be a topological space. A is said to be fi-closed set if

Gel(A) € Uwhen 4 € U, where I7 is a semi-open subset of X. The complement of f-closed set is an ﬁ-open
set. The family of all f-closed sets in a space (X, 7] is denoted by 7. Also Ao X, ) or 40 (X) (resp.
AC(X. ) or AC(X)) denotes the set of all ﬁ-open sets (resp. f-closed sets) on the space X.

Definition 2.4( [3], Definition 3.1) A function ¥ : S0(X,7) = P(X) is called an operation on 2@ (X), if
U € y(U) for every set UeQ0(X,t). For any operation ¥, ¥(X) = X and ¥(8) = 0.

Proposition 2.5 ([6]) Every regular open set is a &-open set.
Proposition 2.6 ([2], Theorem 3.2) Every &-closed set is a $3-closed set in (X, 7} .

Proposition 2.7 ([3], Theorem 5.3 vii.) Let A be any subset of a topological space (X, ). Then,
Siel(4) € Sel(A).
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Notation 2.8. i) 80(X. x) denotes the set of all &-open sets containing x in a space (X, 7).
ii) 20(X, x) denotes the set of all £2-open sets containing x in a space (X, ).
iii)Q20( ) or 20(Z, k) denotes the set of all £2-open sets in (&, k7, digital topological space.

111. QUASI -OPERATION AND Y6&_OPEN SETS

Definition 3.1. Let X be a topological space. A function ¥ : £0(X.t) — P(X) is said to be a quasi-
operation on 20(X) if there exists a £1-open subset IV of X such that ¥ (I} = @,

Example 3.2. Let E be the set of all integers and (. &} be a digital line(Khalimsky line) where & is a digital
topology with subbase {2m — 1,2m, 2m + 1 /meZ). Define ¥ : SO(Z, k) — P(Z) by

¥(U) = Scl(Sint(U)N{N cl({xY) /x € U for all U e SO(Z, k). Here,

E{{Em +1Y) ={2m,2m + 1.2m + 2} = ¢ for a {2m + 1} € §0(Z. k). Then ¥ is a quasi-operation on
Q0(T).

Proposition 3.3. Let X be a non-empty set. Every operation on 0(X) is a quasi-operation on 0(X} in a
space X. But, the converse does not always hold.

Proof. Let ¥ : Q0(X) = P({X) be any quasi-operation on 20(X). As ¥({X) = X # &, ¥ is a quasi-operation
on S0(X).

Example 3.4. Define y : §10(Z.k) — P(E) by ¥(U) = Sint (Sel(U))IN{2n/n € T} for all U € 8O(Z. k).
Consider an ©-open subset I/ = {2m + 1} of Z. Here, ¥(U) = {2m.2m + 2} # B and U € y(U). So, ¥ is
a quasi-operation but not an operation on Q0(Z}.

Definition 3.5. Let ¥: S0(X) — P(X) be a quasi-operation on &0(X). A non-empty subset I/ of X is
called a ygs-open set if for every x € U7, there exists a &-open set ¥ containing x such that (V) € .
Assume that @ is always a ¥ si;-open subset of X. ¥z 0({X) denotes the set of all ¥zi-open subsets of X and
vei O X, x) denotes the set of all ¥z;-open subset containing the point x of X. The complement of a ¥ g4 -
open set is a ¥zii-closed set in X. ¥z C(X) denotes the set of all ¥ z5;:-closed subsets of X. From the definition,
@X e ya0(X); 8.X € yeuC(X).

Example 3.6. Define ¥ : Q0(Z. k) — P(Z) by ¥(U) = &int (6el(U)) for every U € S0(T. k). Here, an &-
open subset 4 = {Zm + 3} of Eis a ¥gr-open subset of (&, k.

Definition 3.7. Let ¥ be a quasi-operation on §0(X). For any subset A of a space X, ¥gri-closure of A is
denoted by ¥zzcl(A) and defined by vagcl (A} = N{FfA S F; X\F € vz 0(X)). vam-closure is well
defined as X is a ¥gfi-closed set.

Definition 3.8. Let ¥ be a quasi-operation on §0(X). For any subset A of a space X, ¥sri-kernel of 4 is
denoted by ¥zrker (A) and defined by ¥zaker (A) = N{U/A S U: U € ¥z 0(X) Y. Since X is a ¥zri-open set,
¥eii-kernel is well defined.

Proposition 3.9. Let ¥ : S0(X) — P(X) be a quasi-operation on £0(X). Then,
i) ¥eacl(®) = B.i0). ¥acl(X) = X. iii). ¥ g ker (§) = 0. iv). yzaker(X) = X,

Proposition 3.10. If ¥ : Qo(x) - P(X)isa quasi-operation on G0(X), then the following statements hold
for any two subsets 4 and E of .

i) A € yagcl(A).

ii) If A € B, then ygrcl(4) S ygucl(E).

iii) A € yggker (4).

iv) If AS B.then ysuker(4) Syznker(B).

Proof. i) Suppose x & ¥zacl{A). By the definition of ¥zr-closure, there exists a subset F containing A such
that x & F and F* is a ¥sfi-open subset containing x. Now, x € F* £ A", Therefore, x & A. Hence (i)
holds.

ii) Let x € ¥z el(A) be arbitrary and F be any subset of X such that B € F and X\F is a ¥s-open set in X.
Asx € ygucl(A).x € F. Then, x € N{F/B S F: X\F € yzn0(X)} = yzqcl(B),

iii) If x & yaaker(4) = N{U/A S U; U € yz0(X) ), then x & U for some ¥am-open set U containing A.
Therefore, x & A.
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iv) Let x € yzgker(A) and U be any ¥zi-open set such that B £ I7. Since A € E, A € U, By the definition
of ¥asi-kernel, x € U. So, x € N{U/B € U;U € yz50(X) ). Therefore, x € yzaker(B).

Proposition 3.11. Let ¥ : G0(X) = P(X)bea quasi-operation on 80(X). Then, the following two
statements hold for any subset A of X.

) vepcl(d) =[x e X/UNA=0v U eyg0X. x)}.

i) vanker (A) = {x e X/FNA=BVF eyl x)}

Proof. i) Lety & {x € X/ U € yzn0(X. x)such that U N A = B}. Then, there exists a ¥zsi-open set U7
containing ¥ such that ' n A = B, Put F = I'". Now, ¥ & U = F such that A € F. Then,

y& NF/ASF: X\F ey 0(X)} = yzucl(4) Therefore,

varcllA) S (x e XJ U € yguO(X, x) such that UNA =01,

On the other hand, assume that ¥ & ¥gcl(4). Then, ¥ & F for some subset F of X such that 4 £ F and
X\F isan ygg-open setin X, Put U = X\F. Then, I is a ¥z -open set containing ¥ such that IF < A or
UnA =0 Then v & {x € X/U € ygu0(X, x) such that ' n 4 # 0}, Therefore,

{x e XU € ygu0(X, x) such that Un A =6 } S yzacl(4). Hence

varclld) = (x e X/ U € yguO(X, x) such that UNA = 01,

ii) Let v & {x € X/F € yguC(X,x) suchthat F N A = 0}. Then, there exists a ¥z-closed set F containing
ysuchthat FMA =@ Here, ASF* put F*=0.Now,y & F°=1Usuchthat A € I. Then,

y & N{UJA € U such that U € yga0(X)} = yzpker(4) Therefore,

yaiker(4) € {x € X/F € yguC(X, x) suchthat Fn A # g}

On the other hand, assume that y & vgamker(A). Then, ¥ & U for some ¥ z-open set U of X such that 4 € U
Put F = X\U. Now, F is a ¥z -closed set containing ¥ such that F £ A or F n A = ©. Then,

y & {x € X/F € yzC(X,x) such that F n A # ©}.Therefore,

{x e X/F e yz5C(X,x) suchthat F N A = B} € ygaker (4). Hence

yarker (A) = x e X/F € ygnC(X, x) suchthat Fn 4 # g}

IV. ¥(583)-CLOSURE AND ¥(&83)-INTERIOR

Definition 4.1. Let ¥ : §0(X) = P(X) be a quasi-operation on 80(X) and A be any non-empty subset of X
y(&81)-closure of 4 is denoted by (583 )cl(4) and defined
by ¥(63)cl(4) = {x € X/y(U) NA = © for every U € § 0(X,x) ). Always y(68)cl (@) = .

Example 4.2. Let ¥ : Q0O(E, k) — P(Z) be defined by y(U) = Sint (Scl(U7Y) for all U € QO(Z. k). For the
non-empty $3-open subset {2m. 2m + 1} of Z, y(53)cl({2m. 2m + 1)) = {2m.2m + 1.2m + 2).

Definition 4.3. Let ¥ : ﬁD{X] - P(X) be a quasi-operation on ﬁﬂ[k’] and 4 be any non-empty subset of X.
y(&81)-interior of 4 is denoted by {58 )int(4) and defined
by ¥(53)int (4) = {x € X/¥(U) € A for some U € 6 O(X.x) ). Always y(683)int (¥) = X.

Example 4.4. Lety : QO(EZ. k) — P(T) be defined by ¥(U7) = Scl(Sint(UY) for all U € Q0(Z. k). For the
non-empty $-open subset {2m, 2m + 1.2m + 2} of Z, y(63)int ({2m. 2m + 1.2m + 22) = [2m + 1]

Definition 4.5. Let ¥ be a quasi-operation on £20(X). A subset F of a space X is a (&1 )-closed set in X if
y{ﬂﬁ}cE{F] =F.

Example 4.6. Let ¥ : QO(EZ, k) — P(Z) be defined by ¥(U7) = Sint (Scl(U)) for all U € QO(Z. k). For the
non-empty $3-open subset A = {2m, 2m + 1,2m + 2} of Z, y(6:3)cl(4) = 2m. 2m + 1.2m + 21) = A.
Thus 4 = {2m, 2m + 1.2m + 2} is y(&643)-closed in (Z. k).

Remark 4.7. For a given qgasi-operation ¥ on ;ﬁG(X], the basic properties £[{(X} = X and int{@) = @ can
not be extended to the y(&:)-closure and y(&.)-interior.

Example 4.8. i) Define ¥ : G0(Z, k) — P(Z) by y(U) = &ellGint (W) )N{n cl({x})/x € U} for every
U e G0(Z, k). For a 6-open set U = {2m + 1,2m + 3,2m + 5} containing the point 2m + 3,
y({2m + 1.2m + 3,2m + 5}) = ©. Then, ¥(U) N Z = 8 n Z = @. By the definition of 3(5:3)-closure,
2m + 3 g y(60)cl(Z), where as 2m + 3 € Z. Hence (&) cl(T) = I.
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ii) Define ¥ : §0(Z, k) — P(Z) by y (1) = &int(&cl(U))N{2n/n € T} for every U e GO(Z, k). For the
point 2m — 1, there exists a §—open subset I/ = {2m — 1} containing 2m — 1 such that ¥({2m — 1}) c .
By the definition of y(54)-interior, 2m — 1 € ¥{&3)int (). Therefore, y(53)int (@) = ©.

V. ¥5-REGULAR QUASI-OPERATION AND ¥z-OPEN QUASI-OPERATION

Definition 4.9. A quasi-operation ¥ : §0(X) — P(X) issaid to be ay; -regular quasi-operation if for
each x € X and for every pair U,V € 80(X. x) there exists W € §0(X. x) such that ¥(WJ = (U7} n ).

Example 4.10. Lety : ©10(Z,k) — P(Z) be defined by y(17) = Gint (6cl(U))N{2n + 1/n € T} for every
Uedo(Zk.

For an even integer 2n, consider I = {2n — 1,2n,2n + 1} = V € 50(Z, 2n). Then, there exists

W = U € 50(Z, 2n) such that (W1 = ¥} ny(V) ={2n — 1.2n + 1}

For an odd integer 2n+1, consider I/ = {2n + 1.2n+ 2,2n + 3} € 60(Z,2n + 1}, and
V={2n+12n+ 3} € §O(Z, 2Zn + 1). Then, there exists W = {2n + 1} € 0 (E, 2n + 1] such that
p(W)={2n + 1} = {2n + 1.2n + 3} = ¥(U) ny(V). Therefore, ¥ is a yg-regular quasi-operation.

Definition 4.11. A quasi-operation ¥ : ﬁﬂ{}f:] — P{X) issaid to be a ¥ -open quasi-operation if for each
point x € X and U & 80(X, x) there exists an ¥z —open set W containing x such that W < {7,

Example 4.12. Let ¥ : £0(Z,k} — P(Z) be defined by (1) = gint(&cI (7)) for all U e G0(Z, k).
For an even integer 2n, consider U7 = {2n — 1,2n,2n + 1} € 60(Z, 2n). Then, there exists

W ={2n—12n,2n + 1} € yz50(Z.2n) such that W = (U7} = {2n — 1,2n, 2n + 1},

For an odd integer 2n+1, consider I/ = {2n + 1} € §0(Z, 2n + 1). Then, there exists

W ={2n+ 1} € ¥z 0(Z. 2n + 1) such that W = (U7} = {2n + 1}. Therefore, ¥ is a ¥z-open quasi-
operation.

Elementary properties of y(&3)-closure

Proposition 4.13. Let ¥ : Qo(xX) - P(X)bea quasi-operation on Qo0(X)ina space X. Then, the following
statements hold for any subsets 4 and B of .

i) Xy (88)cl(4) = y(68)int (X1 4).

i) If A < B, then y(56)c1(4) € y(58)cl(B).

iii) Arbitrary union of (58 )—open sets in X is a (583 )—open set in X.

Proof. i) Let x € X\y(&8)cI(4) be arbitrary. Then, there exists ' € &0 (X, x) such that ¥ (U} N A = B,
That is, ¥(I7) S A° for some U € §0(X, x). Therefore, x € ¥ (68 )int (X\A).

i) Let x € y(66)cl(4) and U € 60 (X, x) be arbitrary. Then, ¥(I7) n A = ©. By the hypothesis,

¥y(U) NB =0 for every U € 60(X.x) and hence x € y(681)ci(B).Therefore, ¥(68)ci(4) < v(68)ci(B).
iii) Let {U; feel} be any family of ¥ssi-open setsin X. Let ' = U, U, and xe U be arbitrary. Then, xel,
for some ae/. Since each U is a ¥zri-open subset of X, there exists V € 0 (X, x) such that ¥ (V) € U, € U.
Then, U is a ¥sz-open subset of X

Proposition 4.14. Let ¥: £0(X) — P{X) be a quasi-operation on £0(X) in a space X. Then,

v(68)cica) uy(68)ci(B) < v(68)cicA U B) for any subsets 4 and B of X.

Proof. Always 4 € AU B and B £ 4 U B. By the Proposition 4.13. ii), y(68)cl(4) € y(58)ci(4 U B)and
¥(68)cl(B) € ¥(58)cl(4 v B) and hence ¥(58)ci(4) U y(68)cl(B) © +(68)ci(4A U B).

Example 4.15. y(&8)ci(4 u B) € ¥(68)ci(4) U ¥ (58 )cl(B) fails to hold in a quasi-operation ¥ :
Q0(X) = P(X). For an example, consider Z, the set of all integers equipped with &, the digital topology.
Define ¥ : ©0(Z, k) — P(Z) by

) = {acz[amr(m} n 2% ifU={2n+1}wherex € I

el(ime(I) ) N 2Z + 1 otherwise

forall U € 0(Z, k). If A = {2m + 1} and B = {2m}, then (6G)c1(4) = 0 = y(68&)c1(B). But
v(6@)ci(a v B) = y(68)ci(f2m. 2m + 1)) = {2m + 1}. Therefore,

y{ﬁﬁ}cﬁ{r’l UB)g Y{ﬂﬁ}cﬁ{ﬂ] u y{ﬁﬁ}cﬂ{ﬂ].
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Proposition 4.16. Let ¥ : G0(X) = P(X) bea quasi-operation on Go(X)ina space X. If ¥ is a ¥z-regular
quasi-operation, then y(8&)ci(4) U y(68)el(B) = y(68)el(4 U B) for any subsets A and B of X.

Proof. Assume that x & ¥ (683)cl(4) U (68)ci(B). Thatis, x & ¥(662)cl(4) and x & y(66)cl(B). By the
definition of #(53)-closure, there exists U,V € 80(X, x) such that ¥(U} n A = @ and ¥(¥) N B = B. Since
¥ is a yg-regular quasi-operation, there exists W € §0(X, x) such that ¥(W) = y{(I7) n (V).
yWIN(AUB) = (@ nyWM)NnUUB) = @ ny nA U@ Ny nB)yc (W) ngHu
(YW nBy=06

So, x & ¥ (58 )cl(4 u B). Therefore, (58 )ci(4 U B) € y(58)cl(4) U v (68)cl(B). Hence

y{ﬁﬁ}cﬂ{ﬂ] U T{ﬁﬁ}cﬁ{ﬁ’] = T[ﬁﬁ]cﬁ[ﬂ U B).

Example 4.17. (¥(58)cI(4)7° is not always ¥zi-open in a quasi-operation ¥ : 0(X) — P(X). Define
y: QO(Z, k) — P(Z) by y(17) = &cl(Gint (7)) for all U e GO(Z, k). Consider

A=1{2m —1.2m,2m + 1} € I Then,y(58)cl(4) = {2m — 2.2m — 1,2m, 2m + 1.2m + 2} and hence
(r(68)cl(4)) = T\ {2m — 2.2m — 1,2m, 2m + 1,2m + 2. For the

point 2m + 3 € E\[2m — 2,2m — 1.2m, 2m +1.2m + 2}, every &-open set If = {2m + 3} containing
2m + 3 is such that

Y(U) = {2m + 22m + 3,2m + 4} € T\{2m — 2,2m — 1,2m, 2m + 1,2m + 2} Therefore,

ZN{2m — 2,2m — 1.2m, 2m + 1.2m + 2} is not a ¥z5-open set of E,

Proposition 4.18. Let ¥ : ﬁﬂ{k’] - P(X) be a quasi-operation on ﬁD{X] inaspace X. If ¥ is a ¥z-open
quasi-operation, then the following two statements hold for any subset A of ...

i) (¥(88)cl(4) ) isa ¥a—open set.

ii) ¥(88)int (4) is a ¥zm—open set.

Proof. i) Let x € (¥(&€8)ci(4))* be arbitrary. Then, x & (883)c1(4) . By the definition of ¥(583)-closure,
there exists U, € 80 (X, x) such that ¥(U,} N A = @. Since ¥ is ¥z-open quasi-operation, there exists a ¥ ;-
open set ¥, containing x such that ¥, = ¥(U,). Then, ¥, N A = @. It is proved that, for each

x € (¥(6€)cI(4))°, there exists a ¥zi-open set ¥, containing x such that ¥, N 4 = ©. Since ¥, is a ¥aa-

- &
open set and arbitrary union of ¥gs-open setis a ¥gi-open set, ¥, /x € (y{n’:‘ﬂ}c.!{ﬂ]) 1=W (say)isa

- < -
¥ g-open subset of X It is claiming that W = (T{ﬁﬂ}ciﬂrﬂ) . Let x e (¥(8€1)cl(4))° be arbitrary. By the
above argument, there exists a ¥gg-open set . containing x such that V. n A = &, Thus

(v(s8)ctn) cw.

On the other hand, let y € W = U{l,/x € (yl[ﬁﬁ}cﬂ'ﬁ] JS} be arbitrary. Then, ¥ € ¥, for some

x € (y(88)cl4))°. Itis enough to prove ¥, n y(66)cl(4) = 0. Ifz € V, ny(8G)cl(4), then z € I and
ZE y{ﬁﬁ}ci{ﬂ] . Since ¥, is ¥gii-open subset of X, there exists a &-open set If; containing = such that
y(U,) € V.. Since z € ¥(58)ci(4), ¥(U, )N 4 = 6. Then, ¥, N 4 # B, a contradiction to ¥, N A = & for
each x £ (¥(58)cl(4))¢. So assumption is wrong and hence ¥, n (&) cl(4) = @. Now,

V, € (¥(868)cl() ). Asy e V. y € (¢(88)cl(4) ). Thatis, W € (y(68)el(4))°. Therefore,

W = (v(66)cl(4))° isa ¥za-open subset of X.

i) Apply (i) for the set X\A = A°. X\y (883 )cl(4°) = (68 )int (4). By i), L.H.S of the above equation is
ysti-open set. Therefore, y(583)int(4) is a ¥am-open set.

Proposition 4.19. Let ¥ : S0(X) — P(X) be a quasi-operation on 0(X). Then, ¥(58)cl(4) © yz5cl(4)
for any subset A of X.

Proof. Let x & yzacl{A) be arbitrary. Then, x & F for some subset F of X such that

ACF;X\F e yga0(X). Put 7 = X\F. Now, UV isa ¥z-open set containing x such that Il £ A, By the
definition of ¥zg-open set, there exists ¥ € 60 (X, x) such that ¥(¥) € I = X\F © X\A4. It is proved that
there exists I/ € 60 (X, x) such that ¥(I7) N 4 = ©. By the definition of y(5¢3)-closure, x & y(53)c1(4) .
Therefore, ¥(88)cl(4) € ygnel(4).

Example 4.20. For a quasi-operation ¥ : §0(X) - P(X) and for a subset 4 of X,
yarcl(4) € ¥(58)ci(4) does not always hold. For an example, define ¥ : G0(Z, k) — P(Z) by
y(U) = Gint (Sl (UIN{2n/n € T} for all U € SO(Z. k). Consider 4 = {2m + 1,2m + 3} S I . then,
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vanel(4) = {2m,2m + 1.2m + 2.2m + 3.2m + 4}, but y(6G)cl(4) = 0. Therefore,
yaacl(4) € y(58)ciC4).

Proposition 4.21. Let : QO(X) - P(X)bea quasi-operation on Qocx). Ifyisa ¥z-0pen quasi-operation,
then yzzel(4) = y(88)cI(4) for any subset 4 of X.

Proof. If x & v (58 )cl(4), then there exists U € 60 (X, x) such that ¥(I) N 4 = 6 or y(U) € A°. By the
definition of ¥z-open quasi-operation, there exists a ¥zi-open set ¥ containing x such that VE ¥(I) € A°
and hence ¥V N 4 = @. By the Proposition 3.11. (i), x & ¥zacl(4). Therefore, yzmcl(4) € v(58)ci(4).
Hence yzncl(A) = ¥(68)cl(4).

Example 4.22. i) Here is an example for A & y{ﬂﬁ}ci{ﬂ] for a quasi-operation : ﬁﬂ{k’] —= P(X)andfora
subset 4 of X. Define ¥ : Q0(Z, k) — P(Z) by ~

¥(U7) = Gint (Gel(U)INL2n + 1/m € T forall U e QO(Z, k). Consider A = {2m]) C I then,

¥(68)ci(4) = o. Therefore, A & y(&8)cl(4).

iii) Here is an example for (&)<l (4) is not always a y(&€3)-closed set for a quasi-operation :

Q0(X) - P(X) and for a subset 4 of X. Define ¥ : Q0(Z, k) — P(Z) by

¥(Un) = Gint (5c1(U) )for every U € S0 (Z. k). Consider A = {2m + 1.2m + 2,2m + 3} € Z then,
y(68Q)cl(4) = {2m.2m + 1.2m + 2.2m + 3.2m + 4). Therefore, (56)cl(4) # A. Hence ¥(&G)cl(4) is
not a (583)-closed set.

iv) Here is an example for ¥{I7) = & for a non-empty &-open subset U containing x where ¥ :

Q0(X) — P(X) is a quasi-operation. Define y : Q0(Z, k) — P(Z) by

(I = Gint (Scl(U))N{2n/n e E}for all U e QO(Z. k). Forad-openset U = {2m -1} £,

v =p.

v) The statement (683 )c1(X) = X is not always hold for a quasi-operation : S0(X) — P(X). Define

v QO(Z, k) — P(Z) by y () = &el(&int () )N LN el ({x})/x € U} for every U € S0(Z, k). For a point
2m + 3 € I, there exists a 5-open set UV = {2m + 1,2m + 3,2m + 51 containing the point 2m + 3 such
that ¥ () = @. Then, the point 2m + 3 & y(88)cI(Z). Therefore, y(58)cl(T) = .

Proposition 4.23. Let ¥ : QO(X) - P(X)bea quasi-operation on Gocx). Ifyis a ¥z-open quasi-operation,
then the following statements hold for any subset A of ...

i) 4 € y(68)c1(4).

ii) y(88) el (v (66)c1(4)) = y(58)cl(4).

iii) ¥(6G)ci(4) is a ¥(58)-closed set.

iv) ¥ (L7} = @ for every non-empty subset I € &0 (X).

V) ¥(68)cl(X) = X.

Proof. i) By the Proposition 3.10.(i), 4 € ¥ancl(4) and by the Proposition 4.21, yzzcl(4) = y(58)cl(4).
Therefore, A < y(68)c1(4).

ii) By the Proposition 4.18.(i), ({5 )cl{4))° is a ¥as-open subset of X. Then, y(583)ci(4) is a v(58)-
closed subset of X. By the definition of 3(5&3)-closed set, y{ 68 )cl (v (68)cl(4)) = v (88)cl(4).

iii) Let B = y(883)cI1C4) . By (ii), y(66)cl(B) = B. By the definition of ¥(5¢3)-closed set, B is a y{553)-
closed set in ..

iv) Let 7 be any non-empty &-open subset of X. Choose x € I7. Since ¥ is a ¥z-0pen quasi-operation, there
exists a ¥gg-open set W containing x such that W = (7). Since x € W, x € ¥{I7). Therefore, (U} = 3.
v) Always ¥(68)ci(X) € X. Letx € X and U € 50 (X, x) be arbitrary. By (iv), ¥() # ©. Then, X n y(U)
= y(U) # 0. Therefore, x & y(683)cl(X). Hence (68 )cl(X) = X.

Example 4.24. i) Here is an example for &¢I{A) is not always subset of y{ﬁﬁ}ci(f’l] for a quasi-operation

¥ 1 Q0(X) —= P(X) and for a subset A of X. Define ¥ : QO(Z, k) — P(Z) by

¥(UD) = Sint (Sel (U)IN{2n/n € T} for every U € 80(Z. k). Consider 4 = {2m —1,2m,2m + 11 € E
then 8el(4) = {2m — 2,2m — 1,2m, 2m + 1,2m + 2} and y(6§)cl(4) = {2m). Therefore,

Sel(A) ¢ y(88)c1(a).

i) Here is an example for y(5¢3)inz(4) is not always subset of &int (4) for a quasi-operation :

Q0(X) - P(X) and for a subset 4 of X. Define y : S0(Z, k) — P(Z) by
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¥(U) = 6cl(5int () )for every U € €10 (Z. k). Consider A = {2m — 2} C I then,

¥(68)int(4) = 1\ (68)ci(4) = X\ {2m — 4.2m — 3.2m — 2,2m — 1.2m}, but &int (4) = {2m —2).
Therefore, y(583) int(4) € Sint (4).

iii) Here is an example for y(ﬁﬁ}int(@] is not always an empty set for a quasi-operation : S0(X) — P(X)
and for a subset 4 of X. Define y : §0(Z.k) — P{EE by

¥(UN) = Gint (Gel(U)IN{2n n € T} for every 7 € QO(Z, k). Consider 4 = {2m — 3,2m — 11 I then,
¥(88)int(4) = x\y(68)c1(4) = x. Therefore, ¥(58)int(8) = 0.

Proposition 4.25. Let ¥ : QO(X) - P(X)bean operation on §0(X). Then, the following statements hold
for any subset A of X.

i) A € &cl(4) € y(68)c1(4).

ii) ¥(88)int (4) € Gint (4) € A.

iii) (68t (@) = o.

iv) Every ygg — open set is the union of some & — open subset

Proof. i) Always A € &cl(4) . Let x € &cl(4) and U € 60 (X, x) be arbitrary. Then, U N 4 = @. Since v is a
operation on E0(X), ¥(U) N A = ©. Then, x € y(583)cl(4). Therefore, 5cl(4) < ¥(§8)cl(4). Hence
Ac écl(A) € y(88)cl(A).

i) Always &int (4) € A, By (i), 6cl(X\4) € ¥(88)cl(x\A4). Then, X\Sint(4) € X\y(68)int(4).
Therefore, y(683)int(4) € Gint (4). Hence y( 68 )int(4) € Gint (4) € A.

iii) Apply ii) for an empty set ®. Then y{583 )int (@) < @. Therefore, ¥(5)int(g) = o..

iv) Let A be any ¥z-open setin X and

B ={U,/for each y € A, there exists U, € 50X, v)such that y(Uy) € A}.SinceA€E, B+ 0.
Clearly B € 80(X). Let U = U, _,{U, /U, e B}. Itis enough to prove 4 £ U. Let x € A be arbitrary. Since
Aisa vam-open set, there exists U, € 80 (X, x) such that ¥{U,) E A which gives U, € B. Then, U, € U.
Thatis, x € I,

On the other hand, Let x € U be arbitrary. Then, x U, for some I, e B. Clearly, {x, ¥} = U, and

U, € 60(x) such that y(li,) € 4. Now, x € U, € y(Uy) € A. Then, U € A. Therefore, 4 = U,

VI.y{56)-REGULAR SPACE

Definition 5.1. A space (X, 7} with a quasi-operation ¥ on §0(X) is said to be y{ﬁﬁ}—regular space, if for
each x € X and for each subset U/ € §40(X, x) there exists a subset W € 80(X, x) such that y(W) € U.

Example 5.2. For a quasi-operation ¥ : 0(X) — P(X) and for a subset A of X, Sel(A4) is not always a
subset of (58 )cl(4). For an example, define ¥ : 80(Z, k) — P(Z) by

y(U) = Sint (6el(UN{2n + 1/n € T forevery U € G0(Z. k). Consider A = {2m} € Z then,
Scl(A) = {2m}, but y(68)cl(4) = ©. Therefore, Gel(4) € y(58)cl(4). Hence

Gcl(A) € Scl(d) € ¥(68)ciC4).

Proposition 5.3. Lety : 30(X) — P(X) be a quasi-operation on £20(X). Then, the following statements
hold for any subset 4 of X.

i) If X is a y(583)-regular space then, ¥(&8)cl(4) = Sel(4) € dol(A) for any set A of X.

ii) The set X is a 1-(6¢3)-reqular space iff 30(X) € vz0(X).

Proof. i) If x & cl(4), then there exists I' € 0(X, x) such that ' N A = @. By the definition of y(&53)-
regular space, there exists W € §0(X, x) such that ¥(W) € U and hence ¥(W) n A< Un A = &. That s,
(W) n A =0 Then, x & y(56)ci(4) . Therefore, y(&8)cl(4) = Scic4). By the Proposition 2.7,
Qel(4) € Sel(A4). Hence ¥(68)cl (4) € Bel(4) € scl(4).

ii) Assume that X is a y(ﬁﬁ}-regular space. Let 7 S0(X)andx € U be arbitrary. By hypothesis, there
exists W € §0(X, x) such that ¥(W) € U and hence U € 55 0(X). Therefore, 0(X) € yz0(X).
Conversely, assume that every £-open set is a ¥a-open set. Let x € X and U be an &3-open set containing x.
By the definition of ¥zs-open set, there exists a &-open set ¥ containing x such that ¥V} € U.
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Proposition 5.4. Let X be a y{ﬁﬁ}-regular space with operation ¥ on £0(X). Then,
v(68)ci(4) = Gell4) = Gei(A) for any subset A of X.

Proof. By the Proposition 5.3.(i), ¥(5&)cl(4) € Gicl(A4) € scl(A). By the Proposition 4.25.(i),
Gel(4) € y(6Q)el(4). Now, y(58)cl(4) € Sel(4) € scl(4) < y(88)ci(A). Therefore,
¥(68)cl(4) = Gell4) = &el(A).
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