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Abstract - In this paper, we obtain analytical solution to the non-linear fractional order biological population model by
using fractional reduced differential transform method. We presented some examples are provided to check the
effectiveness, accuracy and performance of proposed work. The results and figure show that the proposed method is very
convenient.
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1. INTRODUCTION

Nowadays there is increasing attention paid to fractional order differential equations and their broad applications in
mathematics, physics and engineering [2],[3],[11],[12],[13],[17] such as anomalous transport disordered system,
earthquake modeling the diffusion problem, the phenomena in electromagnetic acoustic viscoelasticity etc. have been
widely spread in the recent years. In the present paper, fractional reduced differential transform method is considered. This
method for the fractional order differential equations provides the analytical solutions for both the linear and non-linear
fractional order differential equations in the form of power series. The method was presented by Keskin and Oturanc [6],
Srivastava V.K.et al. [16] and they applied the fractional reduced differential transform method to non-linear fractional
order differential equations.

We extend the fractional reduced differential transform method to time fractional-order biological population
model. The representive generalized time fractional-ordered nonlinear biological population diffusion equation is given as

Du(x, y,t)=(u?(x y,t))XX (v (x, y,t))yy +f(u(xy.t) (1.1)
with the initial condition
u(x,y,0)=f(xy), (1.2)

where t >0, X, ¥ € R (set of real numbers) and u(X, y,t) denotes the population density and f (u) represents the

population supply due to births and deaths. Also, f (u) =hu? (1— rub) with h,a,r,b are real numbers. If we take

special value of numbers then
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(i) For f (u) =CU, c (constant), we get Malthusian Law.
(i) For f (u)=cu—c,u’® where c,,c, are positive constants, we get Verhulst Law.

(iii) For f (u) = —cup,(c >0,0<p <1) we get Parous Media.

2. Fractional Calculus
In this section, we present some formulae and properties of fractional integrals and fractional derivatives which are useful
in our further investigations (see Kilbas, Srivastava and Trujillo [5])

Riemann- Liouville Fractional Integral and Fractional Derivative

Let Q=[a,b] (—e0<a<b<oo) beafinite interval on the real axis [ . The Riemann-Liouville fractional integral /7' f

of order ot €[], ( ‘Re(a) > 0) is defined by (2.1)

(I;‘f)(x)zrl IX F(t)dt (x>a; Re(a)>0).

((X) a (X_t)l—u
The Riemann-Liouville fractional derivative D' f* of order oL €, ( iRe(oc) > 0) is defined by
d Y/ 1 (dY' o f(t)dt
D f == (I1"*f = — _— , 2.2
( : )(X) (dxj ( ! )(X) F(n—a)(dxj L‘(x—t)‘“”1 e (22

(n={Re(a)}+L x>a),

where {*J%e(oc)} means the integral part of Re(c) and I'(.) is the well-know gamma functions.

The fractional derivative in the Caputo’s sense is defined

°DE f (x) =, 11D f (x):ﬁﬁ(x—t)”l(%jn f(t)dt,

(2.3)

where n—1<a<n, a>0,t>0, nel].
Property. For f (X) = A (constant) (2.3) reduces to

CHhoa

<D;A=0. (2.4)
while as for f (X) = A the Riemann-Liouville fractional derivative D;xf from (2.2) is reduces to

OD;‘A:At—,oc;tl,Z,S..... (2.5)

r(l-o)

3. Fractional Reduced Differential transforms method
The fractional reduced differential transform method [4], [6], [16] is applicable to solve a large class of nonlinear and

linear problems with approximation that convert rapidly to the exact solutions.
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Definition 3.1 Let the kth derivative of function f(x,t) in two variables be an analytic function that continuously

differentiable with respect tand xin domain of integers and exist in some neighborhood oft = a ,then

Fo(x)= r(kiﬂ)ﬁ ;‘Z ) f (X’t)L’ (3.1)

where o is a parameter describing the order of the time-fractional derivative and t

dimensional spectrum function F, (X) (the fractional reduced transformed function of original function f (x,t) ).

The differential inverse transform of F, (x) is defined as follows

R (X)(x-a)". (3.2)

Ms

f(x.t)=

=~
I
o

Eqgn. (3.2) is known as the Taylor series expansion of f (x,t) at t=a,using (3.1)and (3.2), we get

(0SS5 Jrwn)] e 63

0

= 3R (e, (3.4)

k=0
From the above definition it is easily possible to verify that the concept of the fractional reduced differential transform
method is obtained from the power series expansion of a function. Some basic properties of the fractional reduced
differential transform method

are introduced blow.
Theorem 32 If f(x,t)=2,f (x,t)+A,f,(X,t), then F (x)=AF, (X)£A,F, (X), where &;, %, are constant.

Theorem 331 T (x,t) = g (xt)(x,1), then F, (x)= 3 Gy, (x)H, (x).

n=0

F(koc+ No +1)

Theorem 3.4 If f(x,t)=D"g(x,t) then F (x)= T (koo +1)

Gy (X).

4. Analysis of Method by Some Numerical Examples
In this section, we solve our problem stated in (1.1) and (1.2) through some examples with analytical solution to show the
accuracy and efficiency of the fractional reduced differential transform method described in the previous section-3.

Example-1 If we takea =1,b =1, in (1.1), we have the following fractional biological population equation

o 2,2 2,2
‘;3 :%+iy—uz+ hu(1-ru),  (Verhulst law) (4.1)

with the initial condition

hr
U, = e\/;( " (4.2)
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With the help of the basic properties of the fractional reduced differential transform method given in the section-3, linear
time fractional-order biological population equation (4.1) with the initial condition (4.2) may be written as
I'(ko+o+1) 0° | & 0 | &
——U, (X Y)==—| D U (X, YU, ,(XY)|+=—| D> U, (X ¥)U, ., (X, (4.3)
F(karn) e 00¥)= 57| ZUn (VUi (x03) |57 2.0n (6)Vicn (%)

+ hUk(x,y)—her;JUm(x,y)Ukm(x,y),

where U, (,y) fractional reduced transformed function of original function u(x, y,t)defined in (3.1).

An appeal to (4.2), show that

UO(Xiy):e E(Xﬂ/), (4’4)
h o 50
Uy (xy)=———ele ", 45
{00V Fey “3)
he [
U, (xy)=————el® 46
)= F 20)° “9
k 0 (e
_h s 4.7)

=e'*"E, (nt*), (4.8)

o I y)
o(xy0) =30, ke =eliS

~ =T (1+na)

where E, () is Mittag-Leffler function. Eqn (4.8) can be written in term of the H-function as

u(X, y’t):e‘/T(xW)Hll{—hta 583 (0,0t)} .

where h > 0,0 > 0.

For oo =1, we have

hr
u(x, y,t):eg( ? m, (4.10)

which is an exact solution of the integer order biological population.

(@) (b)

o e A A e

Py i s -
/—”‘5"”””;"’1
20 o P L Pl
0 = T -
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1

1810 =10
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The surfaces (a) and (b) show the solution of u (x, y,t) for problem (4.1) and (4.2): (a),a =1 (b) o =0.95, when
h=0.1, t=10.

Now we consider the mittag-leffler function of rational order oo = P , with p=1,q4=2,3.... relative prime then we have
q

(see Mathai and Haubold [11, p. 84, Eq. (2.2.11)]

NG y[l— htj
h+’ (x+y) Zq (411)
q

v(a,2) is the incomplete gamma function, defined by  y(o,z) = je'“u“’ldu.
0

Example-2 If we takea=1,r =0, in (1.1), then we have the following fractional biological population equation,

o 2,,2 2 2
53=5u2+6 +hu , (4.12)
ar oxt oyt

with the initial condition

Up = /Xy - (4.13)

Applying the reduced differential transform method to Eqgn. (4.12), we get

I'(k 1 2 [ &
%UM [ZU (x,y) km(x,y)}+%[r§um(x,y)Uk_m(x,y)}+hUk(x,y). (4,14)
An appeal to (4.13), show that
Uy (%, y)=+/xy (4.15)
h
Ul(X,y)zm\/X_, (416)
h2
UZ(X,y)—m\/X_,.., (417)
hk
U, (%, y)_m\/@. (4.18)

Using the differential inverse transform of U, (x) defined in (3.4), then the approximate solution in a series form is

(x,y,t =nzw(;uk (x, yr™ = \/_Z (ht“) —\/_E (ht“) (4.19)

1+n

For o — 1,we have

u(x,y,t)=/xye", (4.20)

which is an exact solution of the integer order biological population.
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(b) ©

The surfaces (b) and (c) show the approximate solution of u(x,y,t) for (4.19): (b)a=0.90, (c)ao=0.95, when
h=0.1, t=10.
Example-3 If we takea=1r=0,h=1, (1.1), then we have the following fractional biological population equation

o'u _ou’ . o’u?

ar o’ oy

+U, (4.21)

with the initial condition

Uy = 1/sin xsinhy . (4.22)

Applying the reduced differential transform method to Eqn. (4.21), we get
F(k(x +o+ 1) o° [

k 62 k
F(kot1) Ukﬂ(x,y)—y Um(x,y)Ukm(x,y)}+W{ Um(x,y)Ukm(x,y)}+Uk(x,y) (4.23)

m=0 m=0

An appeal to (4.22), show that

U, (x,y)=+fsinxsinhy (4.29)

1 - -
U, (x, y)=m1/sm xsinhyy, (4,25)

1 - -
U, (x, y)_m«/sm xsinhyy, (4.26)
U, (x, y)=;«/sin xsinhy, (4.27)

I'(1+2a)
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Using the differential inverse transform of U, (x) defined in Eqgn. (3.4), then the approximate solution in a series form is

u(x,y,t)= iuk (x, y)p"™ = Jsinxsinh yiL = /sinxsinh yE,_ (t") . (4,28)

n=0 n=0 F(1+ n(x,)

For o0 — 1, we have

u(Xx, y,t)=(«/sin xsinh y)e‘. (4,29)

(b) ()

The surfaces (b) and (c) show the approximate solution of u(x, y,t) for (4.28): (b)aa=0.90, (c)aa=0.95,

whenh=1, t=10.

CONCLUSION
We employ the fractional reduced differential transform method to the non-linear fractional order biological population
subject to some initial conditions. The results of some examples show that the results are identical to the results obtained
through HPM, VIM and ADM. The corresponding solutions and figures are obtained according to results using
Mathematica.

REFERENCES

[1] A Arafa, S. Z. Rida and H. Mohamed, Homotopy anaiysis method for solving biological population model, Commun Theor Phys. (56), (2011),
797-800.

[2] K. Diethelm, The Analysis Fractional Differential Equations. Springer-Verlag, Heidelberg (2010).

[31 R.Hilfer, Application of Fractional Calculus in Physics. World Sci. Publishing, New York (2000).

[4]  H.Jafari, A. Haghbin, S. Hesam and D. Baleanu, Solving partial g-differential equations within reduced g-differential transformation method.
Rom. Journ. Phys., 59, N0s.5-6, (2014), 399-407.

[51 A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Fractional Differential Equations. EISEVIER Boston New York,(

2006).

15



(6]

[71

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Harish Srivastava et al / IIMTT, 67(1), 9-16, 2021

Y. Keskin and G. Oturanc, Reduced differential transform method, a new approach to fractional partial differential equations. Nonlinear Sci Lett
A (2010), 1:61-72.

H. Kumar, M. A. Pathan and Harish Srivastava, Application of H-function for obtaining an analytic solution of the space-and-time fractional

initial value diffusion problem, JA@nabha, (39), (2009), 67-76.

H. Kumar, M. A. Pathan and Harish Srivastava, Application of two-variable H-function for obtaining analytic sequence of solutions of three-
variable space-and-time fractional diffusion problem, Bull. Pure Appl. Math. 5(1), (2011), 151-160.

H. Kumar, M. A. Pathan and Harish Srivastava, A general solution of A Space-Time fractional anomalous diffusion problem using series of
bilateral Eigen-Functions, Commun. Korean Math. Soc. 29,.1, (2014), 173-185.

Y. Liu, Z. Li and Y. Zhang, Homotopy perturation method to fractional biological population equation. Fract. Diff. Calc. 1, (2011), 117-24.
A.M. Mathai and H.J. Haubold, Special Functions for Applied Scientists, Springer, New York, (2008).

K.S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractioanl Differential Equations. Wiley, New York (1993).

K. B. Oldham and J. Spanier, The Fractional Calculus: Theory and Application of Differentiation and Integration to Arbitrary Order. Academic
Press, New York (1974).

I. Podlubny, Fractional differential Equations, Mathematics in Science and Engineering. Academic Press, New York, London, Tokyo and
Toronto, (1999).

P. Roul, Application of homotopy perturation method to biological population model. Appl Math., 10, (2010), 1369-78.

V. K. Srivastava, S. Kumar, M. K. Awasthi and B. K. Singh, Two-dimensional time fractional-order biological population model and its
analytical solution. Egypt J Basic Appl Sci. (2014), 71-76.

Harish Srivastava, A Study of Generalized Hypergeometric Functions Through Sequence of Fractional Integrals and Their Applications, Thesis,

CSIM Univ. Kanpur (U. P.), India, (2015).

16



