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Abstract - In this present investigation, we introduce a generalized differential operator 𝛦𝛼,𝛽

𝑚 (𝜇, 𝜑, 𝑡)via convolution 

approach. Using this operator, we further introduced a new generalized differential operator 𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) 

obtained as a linear combination of Ruscheweyh derivative and the operator  𝛦𝛼,𝛽
𝑚 (𝜇, 𝜑, 𝑡). With the aid of the new 

generalized differential operator, a new subclass ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌) of analytic functions in the open unit disk is introduced 

and investigated. Characterization and other properties of this class are studied. In particular, Coefficient estimates, 

distortion theorems of functions with negative coefficients belonging to this class are also determined. Some relevant 

remarks and useful connections of the main results are also pointed out. 

 

AMS Mathematics Subject Classification (2010): 30C45, 30A20, 34A40 

 

Keywords  — analytic function, differential operator, distortion theorem, multiplier transformation. 
 

I. INTRODUCTION 

 
As usual, we let 𝒜 to denote the class of functions of the form 

                                                    𝑓(𝑧)

= 𝑧 + ∑ 𝑎𝑘𝑧𝑘 ,

∞

𝑘=2

                                                                                                                                     (1) 

which are analytic in the open unit disk 𝑈 = {𝑧 ∊ 𝐶: |𝑧| < 1} and normalized under the condition of 𝑓(0) = 𝑓′(0) − 1 =
0. We also denote by 𝛵, the subclass of functions of 𝒜 of the form 

 

                                     𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑘𝑧𝑘 ,

∞

𝑘=2

      𝑎𝑘  

≥ 0                                                                                                                                (2) 
 

 Ruscheweyh [1] introduced the operator 𝑅𝑚 for 𝑚 ∊ ℕ0, 𝑓 ∊ 𝒜 and is defined by 

𝑅𝑚: 𝒜 ⟶ 𝒜, 

𝑅0𝑓(𝑧) = 𝑓(𝑧), 𝑅1𝑓(𝑧) = 𝑧𝑓′(𝑧), … , (𝑚 + 1)𝑅𝑚+1𝑓(𝑧) = 𝑧(𝑅𝑚𝑓(𝑧))
′

+ 𝑚𝑅𝑛𝑓(𝑧), 𝑧 ∊ 𝑈. 

 

 Remark 1.1 Let  𝑓 ∊ 𝒜, then 

                       𝑅𝑚𝑓(𝑧) = 𝑧 + ∑ 𝐵𝑘(𝑚)𝑎𝑘𝑧𝑘 ,        

∞

𝑘=2

 𝑧

∊ 𝑈,                                                                                                                           (3) 

where 

𝐵𝑘(𝑚) = 𝐶𝑚+𝑘−1
𝑚 = 𝐵(𝑚, 𝑘) = (

𝑚 + 𝑘 − 1
𝑛

) 

      =
(𝑚 + 1)(𝑚 + 2) … (𝑚 + 𝑘 − 1)

(𝑘 − 1)!
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=
(𝑚 + 1)𝑘−1

(1)𝑘−1

.                                                                                                              (4) 

 

In the year 2012, Swamy [2] introduced a new generalized multiplier differential operator as follows. 

 

Let 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝛽 ≥ 0, 𝛼 a real number such that 𝛼 + 𝛽 > 0. Then for 𝑓 ∊ 𝒜, a new generalized multiplier operator 

𝐼𝛼,𝛽
𝑚 𝑓(𝑧) was defined by  

𝐼𝛼,𝛽
0 𝑓(𝑧) = 𝑓(𝑧), 𝐼𝛼,𝛽

1 𝑓(𝑧) =
𝛼𝑓(𝑧) + 𝛽𝑧𝑓′(𝑧)

𝛼 + 𝛽
, … , 𝐼𝛼,𝛽

𝑚 (𝐼𝛼,𝛽
𝑚−1𝑓(𝑧)). 

Remark 1.2 𝐼𝛼,𝛽
𝑚 𝑓(𝑧) is a linear operator such that for 𝑓 ∊ 𝒜, 

                                                               𝐼𝛼,𝛽
𝑚 𝑓(𝑧)

= 𝑧 + ∑ 𝐴𝑘(𝛼, 𝛽, 𝑚)𝑎𝑘𝑧𝑘 ,                                             

∞

𝑘=2

                                                (5) 

where 

                                                                                         𝐴𝑘(𝛼, 𝛽, 𝑚)

= (
𝛼 + 𝑘𝛽

𝛼 + 𝛽
)

𝑚

.                                                                                      (6) 

We note that for various suitable choices of the parameters involve, operator  𝐼𝛼,𝛽
𝑚 𝑓(𝑧) reduces to operators defined in 

 [3, 4, 5, 6, 7]. Of note is the Salagean differential operator 𝐷𝑚𝑓(𝑧) introduced in [7] and also considered for 𝑚 ≥ 0 in [8]: 

                                                                        𝐷𝑚𝑓(𝑧) ≡ 𝐼0,1
𝑚 𝑓(𝑧) = 𝑧 + ∑ 𝑘𝑚𝑎𝑘𝑧𝑘,

∞

𝑘=2

 𝑧

∊ 𝑈 .                                                                   (7) 

For detail information on 𝐷𝑚𝑓(𝑧), see [7]. 

 

Consequently, by making use of (3) and (6), Swamy [9], further introduced the linear operator 𝑅𝐼𝛼,𝛽,𝛿
𝑚 𝑓(𝑧) as follow. 

 

Definition 1.3 [9] Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝛿 ≥ 0, 𝛽 ≥ 0, 𝛼 a real number such that 𝛼 + 𝛽 > 0. The operator 

𝑅𝐼𝛼,𝛽,𝛿
𝑚 𝑓(𝑧) is given by  

𝑅𝐼𝛼,𝛽,𝛿
𝑚 : 𝒜 ⟶ 𝒜, 

𝑅𝐼𝛼,𝛽,𝛿
𝑚 𝑓(𝑧) = (1 − 𝛿)𝑅𝑚𝑓(𝑧) + 𝛿𝐼𝛼,𝛽

𝑚 𝑓(𝑧), 𝑧 ∊ 𝑈. 

 

Remark 1.4 Let 𝑓(𝑧) of the form (1) be in 𝒜, then we have 

                                                   𝑅𝐼𝛼,𝛽,𝛿
𝑚 𝑓(𝑧)

= 𝑧 + ∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)𝑎𝑘𝑧𝑘}, 𝑧 ∊ 𝑈,

∞

𝑘=2

                                         (8) 

where 𝐵𝑘(𝑚) and   𝐴𝑘(𝛼, 𝛽, 𝑚) are as defined in (4) and (6) respectively. Other related works on the operator (8) can be 

found in [10], [11] and [12]. 

 

By making use of the differential operator (8), Swamy [13] introduced and investigated the following class. 

 

Definition 1.5 [13] Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝛼 a real number 

such that 𝛼 + 𝛽 > 0. Then 𝑓(𝑧) ∊ ℵ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇

(𝜌) if and only if 

                                         𝑅𝑒 (
𝑧 (𝑅𝐼𝛼,𝛽,𝛿

𝑚 𝑓(𝑧))
′

+    𝑧
2

(𝑅𝐼𝛼,𝛽,𝛿
𝑚 𝑓(𝑧))

′′

(1 − 𝜆)𝑅𝐼𝛼,𝛽,𝛿
𝑚 𝑓(𝑧) + 𝜆𝑧 (𝑅𝐼𝛼,𝛽,𝛿

𝑚 𝑓(𝑧))
′ ) > 𝜌, 𝑧

∊ 𝑈.                                                                         (9) 

 

When 𝜆 = 0 in Definition 1.5, we have 
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Definition 1.6 [13] Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝛼 a real number such that 𝛼 + 𝛽 > 0. 

Then 𝑓(𝑧) ∊ 𝛺𝛼,𝛽,𝛿
𝑚,𝜆,𝜇

(𝜌) if and only if 

                          𝑅𝑒 (
𝑧 (𝑅𝐼𝛼,𝛽,𝛿

𝑚 𝑓(𝑧))
′

𝑅𝐼𝛼,𝛽,𝛿
𝑚 𝑓(𝑧)

) (1 + 𝜇
𝑧 (𝑅𝐼𝛼,𝛽,𝛿

𝑚 𝑓(𝑧))
′′

(𝑅𝐼𝛼,𝛽,𝛿
𝑚 𝑓(𝑧))

′ ) > 𝜌, 𝑧

∊ 𝑈.                                                                                    (10) 

The relevance of the class ℵ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇

(𝜌)with some known classes are pointed out in [13], interested readers may as well 

confirm these in [14], [10] and [11]. 

 

Recently in the year 2017, Opoola [15] introduced the generalized differential operator 𝐷𝑚(𝜇, 𝛽, 𝑡)𝑓(𝑧) for a function 𝑓 ∊

𝒜, with  

𝐷𝑡𝑓(𝑧) = 1 + ∑ [1 + (𝑘 + 𝛽 − 𝜇 − 1)𝑡]𝑎𝑘𝑧𝑘−1,

∞

𝑘=2

 0 ≤ 𝜇 ≤ 𝛽, 𝑡 ≥ 0, 

such that  

𝐷0(𝜇, 𝛽, 𝑡)𝑓(𝑧) = 𝑓(𝑧) 

𝐷1(𝜇, 𝛽, 𝑡)𝑓(𝑧) = 𝑧𝐷𝑡𝑓(𝑧) = 

𝑧𝑡𝑓′(𝑧) − 𝑧𝑡(𝜇 − 𝛽) + (1 + (𝜇 − 𝛽 − 1)𝑡)𝑓(𝑧) 

     … 

 

                                                           𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝑧) = 𝑧𝐷𝑡[𝐷𝑛−1(𝜇, 𝛽, 𝑡)𝑓(𝑧)],    𝑛 ∊ ℕ ∪ {0}, 0 ≤ 𝛽 ≤ 𝜇, 𝑡 ≥ 0 

 and 𝑚 ∊ ℕ⋃{0}.                                  

 

Remark 1. 𝟕 𝐷𝑚(𝜇, 𝛽, 𝑡)𝑓(𝑧) is a linear operator such that for 𝑓 ∊ 𝒜 

                               𝐷𝑚(𝜇, 𝛽, 𝑡)𝑓(𝑧)

=     𝑧 + ∑[1 + (𝑘 + 𝛽 − 𝜇 − 1)𝑡]𝑚𝑎𝑘𝑧𝑘,        

∞

𝑘=2

                                                                        (11) 

0 ≤ 𝛽 ≤ 𝜇, 𝑡 ≥ 0, and 𝑚 ∊ ℕ⋃{0}.                                 

 

For convenience, we shall in  the sequel, 

 let 

                                       𝐷𝑚 ( ,  , 𝑡) 𝑓(𝑧)

=     𝑧 + ∑ [1 + (𝑘 +  −  − 1) 𝑡]
𝑚

𝑎𝑘𝑧𝑘 ,        

∞

𝑘=2

                                                 (12) 

0 ≤  ≤  , 𝑡 ≥ 0, and 𝑚 ∊ ℕ⋃{0}. 

 

It turns out that the differential operator 𝐷𝑚 ( ,  , 𝑡) 𝑓(𝑧) reduces to the Salagean and Al-Oboudi differential operators 

for suitably varied parameters [7, 3]. 

 

In section 2, we shall recall a fundamental (necessary) definition and also give other definitions to acquaint the readers 

with the main content 

 

II. PRELIMINARIES 

 

Definition 2.1 (Hadamard product or convolution) [16, 17, 18]:  

The Hadamard product or convolution of two analytic functions 𝑓(𝑧) given by (1)     

and 𝑔(𝑧) = 𝑧 + ∑ 𝑏𝑘𝑧𝑘∞
𝑘=2  is given by 

                    𝑓(𝑧) ∗ 𝑔(𝑧) = (𝑓 ∗ 𝑔)(𝑧)

= 𝑧 + ∑ 𝑎𝑘𝑏𝑘𝑧𝑘, 𝑧 ∊ 𝑈.

∞

𝑘=2

                                                                                   (13) 
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By employing Definition 2.1 on (5) and (12), we have the following: 

 

Definition 2.2 (A new generalized operator involving convolution). Let 𝑓 ∊ 𝒜 then from (5) and (12) we obtain a 

generalized operator involving convolution as follows: 

        𝛦𝛼,𝛽
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) = (𝐷𝑚(𝜎, 𝜑, 𝑡)𝑓(𝑧) ∗ 𝐼𝛼,𝛽

𝑚 𝑓(𝑧))

= 𝑧 + ∑ 𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚𝑎𝑘𝑧𝑘 ,             

∞

𝑘=2

         (14) 

for 𝛽 ≥ 0, 𝛼 ∊ ℝ, 𝛼 + 𝛽 > 0, 0 ≤ 𝜎 ≤ 𝜑, 𝑡 ≥ 0, and 𝑚 ∊ ℕ⋃{0}. 

 

Remark 2.3 Here, we observe the following with respect to 𝛦𝛼,𝛽
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧): 

(i) When 𝑡 = 0, we have  𝛦𝛼,𝛽
𝑚 (𝜎, 𝜑, 0)𝑓(𝑧) ≡  𝐼𝛼,𝛽

𝑚 𝑓(𝑧) defined by (4). 

(ii) When 𝛽 = 0, we have  𝛦𝛼,0
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) ≡ 𝐷𝑚 ( ,  , 𝑡) 𝑓(𝑧) defined by (11) or (12). 

(iii) When 𝜑 = 𝜎, 𝑡 = 1, we have  𝛦𝛼,𝛽
𝑚 (𝜎, 𝜎, 1)𝑓(𝑧) ≡ 𝐷𝑚𝑓(𝑧), which is the Salagean differential operator 

studied in [7]. 

(iv) When 𝜑 = 𝜎, 𝛽 = 0, 𝑡 = 𝛿, we have  𝛦𝛼,𝛽
𝑚 (𝜎, 𝜎, 𝛿)𝑓(𝑧) ≡ 𝐷𝛿

𝑚𝑓(𝑧) ,which is the Al-Oboudi differential 

operator studied in [3]. 

(v) When 𝜑 = 𝜎,   we have  

𝛦𝛼,𝛽
𝑚 (𝜎, 𝜎, 𝑡)𝑓(𝑧) ≡ 𝛦𝛼,𝛽

𝑚 ( 𝑡)𝑓(𝑧) 

                                            = 𝑧 + ∑ 𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 − 1)𝑡]𝑚𝑎𝑘𝑧𝑘,

∞

𝑘=2

 

for  𝛽 ≥ 0, 𝛼 ∊ ℝ, 𝛼 + 𝛽 > 0, 𝑡 ≥ 0, and 𝑚 ∊ ℕ⋃{0},which is a new class. 

(vi) When 𝑡 = 1 in (v), we have 𝛦𝛼,𝛽
𝑚 (1)𝑓(𝑧) ≡ 𝛦𝛼,𝛽

𝑚 𝑓(𝑧) 

                               = 𝑧 + ∑ 𝐴𝑘(𝛼, 𝛽, 𝑚)𝑘𝑚𝑎𝑘𝑧𝑘 ,

∞

𝑘=2

 

for  𝛽 ≥ 0, 𝛼 ∊ ℝ, 𝛼 + 𝛽 > 0 and 𝑚 ∊ ℕ⋃{0}, which is another new class. 

 

We note here that recently in 2020, Oyekan and Awolere [19] defined a new operator involving convolution on the 

operator 𝐷𝑚 ( ,  , 𝑡) 𝑓(𝑧). 

Next, we shall give an analogue of the Definition 1.3 as follows: 

 

Definition 2.4(Combination of Ruscheweyh Differential Operator and a new generalized Operator involving convolution). 
We combine the new generalized operator involving convolution defined by (14) and the Ruscheweyh operator defined by 

(2) to obtain a certain linear operator defined as: 

𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) = (1 − 𝛿)𝑅𝑚𝑓(𝑧) + 𝛿𝛦𝛼,𝛽

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧), 𝑧 ∊ 𝑈. 

 

Remark 2. 𝟓 If 𝑓 ∊ 𝒜, then we have 

𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) = 𝑧 + ∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}𝑎𝑘𝑧𝑘 ,

∞

𝑘=2

  𝑧

∊ 𝑈,                                  (15) 

where 𝐵𝑘(𝑚) and   𝐴𝑘(𝛼, 𝛽, 𝑚) are as defined in (4) and (6) respectively. 

 

Remark 2. 𝟔 We note the following in respect of  𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧): 

 

(i) When 𝑡 = 0, we have  𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 0)𝑓(𝑧) ≡ 𝑅𝐼𝛼,𝛽,𝛿

𝑚 𝑓(𝑧) defined by (8) 

(ii) When 𝛽 = 0, we have  𝑅𝛦𝛼,0,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) 

= 𝑧 + ∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}𝑎𝑘𝑧𝑘 ,

∞

𝑘=2

  𝑧 ∊ 𝑈, 

which is a new class. 

(iii) When 𝜑 = 𝜎, 𝑡 = 1, we have  
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𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜎, 1)𝑓(𝑧) = 𝑧 + ∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)𝑘𝑚}𝑎𝑘𝑧𝑘,

∞

𝑘=2

  𝑧 ∊ 𝑈,        

which is a new class 

(iv) When 𝜑 = 𝜎,   we have  

𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜎, 𝑡)𝑓(𝑧) = 

= 𝑧 + ∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 − 1)𝑡]𝑚}𝑎𝑘𝑧𝑘 ,

∞

𝑘=2

 

for 𝛽 ≥ 0, 𝛼 ∊ ℝ, 𝛼 + 𝛽 > 0, 𝑡 ≥ 0, and 𝑚 ∊ ℕ⋃{0}. Which is new. 

 

Motivated by each of the above definitions and in particular Definitions 1.5 and Definition 1.6, we now define the 

following classes of analytic functions by making use of the generalized operator 𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧). 

 

Definition 2.7 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],  and 𝛼 

a real number such that 𝛼 + 𝛽 > 0. Then 𝑓(𝑧) ∊ ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡

(𝜌) if and only if 

               𝑅𝑒 (
𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′

+ 𝜇𝑧2 (𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))

′′

(1 − 𝜆)𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) + 𝜆𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′) > 𝜌,

𝑧 ∊ 𝑈.                                                             (16) 

 

When 𝜆 = 0 in Definition 2.7, we have 

 

Definition 2.8 Let𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],   and 𝛼 a real number 

such that 𝛼 + 𝛽 > 0. Then 𝑓(𝑧) ∊ Ɲ𝛼,𝛽,𝛿
𝑚,𝜇,𝜎,𝜑,𝑡

(𝜌) if and only if 

𝑅𝑒 (
𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′

𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧)

) (1 + 𝜇
𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′′

(𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))

′ ) > 𝜌, 𝑧

∊ 𝑈.                                                                              (17) 

 

Remark 2. 𝟗  i) 𝑡 = 0, we have ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑(𝜌) = ℵ𝛼,𝛽,𝛿

𝑚,𝜆,𝜇(𝜌) and Ɲ𝛼,𝛽,𝛿
𝑚,𝜇,𝜎,𝜑(𝜌) = 𝛺𝛼,𝛽,𝛿

𝑚,𝜇 (𝜌), i.e [13, Definition 1.8] and  

[13, Definition 1.9] respectively, which are Definition 1.5 and Definition 1.6 above. 

 

Remark 2. 𝟏𝟎  We note that: i) ℳ𝛼,𝛽,𝛿
𝑚,0,0,𝜎,𝜑,0(𝜌) = 𝑆𝛼,𝛽,𝛿

𝑚 (𝜌) ([11]), ii) ℳ
𝛼,𝛽,𝛿

𝑚,
1

2
,
1

2
,𝜎,𝜑,0

(𝜌) = 𝐾𝛼,𝛽,𝛿
𝑚 (𝜌) ([11]),  

iii) ℳ𝛼,𝛽,𝛿
𝑚,1,1,𝜎,𝜑,0(𝜌) = 𝐶𝛼,𝛽,𝛿

𝑚 (𝜌) ([11]), iv)  ℳ
𝛼,𝛽,𝛿

𝑚,0,
1

2
,𝜎,𝜑,0

(𝜌) = ℑ𝛼,𝛽,𝛿
𝑚 (𝜌) ([10]), v)  ℳ𝛼,𝛽,𝛿

𝑚,0,1,𝜎,𝜑,0(𝜌) = ℛ𝛼,𝛽,𝛿
𝑚 (𝜌) ([10]),  

vi) ℳ
𝛼,𝛽,𝛿

𝑚,
1

2
,1,𝜎,𝜑,0

(𝜌) = ℓ𝛼,𝛽,𝛿
𝑚 (𝜌) ([10]), vii) ℳ𝛼,𝛽,𝛿

𝑚,0,0,𝜎,𝜑,0(𝜌) = 𝑆𝛽,𝛿
𝑚 (𝜌)  ([14]) and viii)  ℳ𝛼,𝛽,𝛿

𝑚,1,1,𝜎,𝜑,0(𝜌) = 𝐶𝛽,𝛿
𝑚 (𝜌) ([14]). 

 

III. MAIN RESULTS 

 

In this section, we make use of the techniques in [20] to give characterization properties for the function 𝑓(𝑧) of the form 

(1) to belong to the class ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡

(𝜌)  by obtaining the coefficient bounds. Also, we state and prove the distortion 

theorem of functions belonging to this class and lastly, analytic functions with negative coefficients belonging to the above 

class are considered. 

 

3.1 Characterization Properties for the function 𝒇 ∊ 𝓜𝜶,𝜷,𝜹
𝒎,𝝀,𝝁,𝝈,𝝋,𝒕(𝝆). 

 We begin by finding a sufficient condition for functions 𝑓(𝑧) ∊ 𝒜 of the form (1) to belong to the class ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌). 

 

Theorem 3.1.1 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],  and 

𝛼 a real number such that 𝛼 + 𝛽 > 0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}|𝑎𝑘|

∞

𝒌=𝟐

≤ 1 − 𝜌,                        (18) 
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then 𝑓(𝑧) ∊ ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌). The result (18) is sharp. 

 

Proof. For the proof, we need to show that  

                                  |
𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′

+ 𝜇𝑧2 (𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))

′′

(1 − 𝜆)𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) + 𝜆𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′ − 1|

≤ 1 − 𝜌.                                                       (19) 

We have that 

 

|
𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′

+ 𝜇𝑧2 (𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))

′′

(1 − 𝜆)𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) + 𝜆𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′ − 1| 

 

= |
∑ (𝑘 − 1)(1 + 𝜇𝑘 − 𝜆)[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]𝑎𝑘𝑧𝑘∞

𝑘=2

𝑧 + ∑ (1 + 𝜇𝑘 − 𝜆)[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]𝑎𝑘𝑧𝑘∞
𝑘=2

| 

 

≤
∑ (𝑘 − 1)(1 + 𝜇𝑘 − 𝜆)[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]|𝑎𝑘||𝑧|𝑘−1∞

𝑘=2

1 − ∑ (1 + 𝜇𝑘 − 𝜆)[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]∞
𝑘=2 |𝑎𝑘||𝑧|𝑘−1

 

 

≤
∑ (𝑘 − 1)(1 + 𝜇𝑘 − 𝜆)[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]|𝑎𝑘|∞

𝑘=2

1 − ∑ (1 + 𝜇𝑘 − 𝜆)[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚∞
𝑘=2 ]|𝑎𝑘|

. 

 

The last expression is bounded above by 1 − 𝜌 if 

∑(𝑘 − 1)(1 + 𝜇𝑘 − 𝜆)(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚|𝑎𝑘|

∞

𝑘=2

 

≤ (1 − 𝜌) (1 − ∑(1 + 𝜇𝑘 − 𝜆)[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚

∞

𝑘=2

]|𝑎𝑘|) 

which is equivalent to (17). Hence, 

|
𝒛 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′

+ 𝜇𝑧2 (𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))

′′

(1 − 𝜆)𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) + 𝜆𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′ − 1| ≤ 1 − 𝜌. 

The proof is complete. 

 

The result is sharp and the extremal function is given by 

𝑓(𝑧) = 𝑧 + ∑
1 − 𝜌

[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)]{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}
𝑧𝑘

∞

𝑘=2

. 

 
Theorem 3.1.2 Let the hypothesis of Theorem 3.1.1be satisfied. Then 

|𝑎𝑘| ≤
1 − 𝜌

[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)]{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}
, 𝑘 ≥ 2. 

 

Theorem 3.1.3 Let 0 ≤ 𝜌1 ≤ 𝜌2 < 1. Then 

ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌2) ⊆ ℳ𝛼,𝛽,𝛿

𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌1). 

 

Taking 𝜆 = 0 in Theorem 3.1 we obtain 

 

Corollary 3.1.4 Let𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],  and 𝛼 a real  

number such that 𝛼 + 𝛽 > 0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)𝑘𝜇][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}|𝑎𝑘|

∞

𝒌=𝟐

≤ 1 − 𝜌,                                      (20) 

then 𝑓(𝑧) ∊ Ɲ𝛼,𝛽,𝛿
𝑚,𝜇,𝜎,𝜑,𝑡

(𝜌). The result (17) is sharp, the extremal function being 

𝑓1(𝑧) = 𝑧 
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+ ∑
1 − 𝜌

[(𝑘 − 𝜌) + (𝑘 − 1)𝑘𝜇]{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}

∞

𝑘=2

𝑧𝑘 , 𝑧 ∊ 𝑈. 

 

Setting 𝑡 = 0 in Theorem 3.1.1, we have the following: 

 

Corollary 3.1.5 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,  and 𝛼 a real number 

such that 𝛼 + 𝛽 > 0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘 + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)]}|𝒂𝒌|

∞

𝒌=𝟐

≤ 1 − 𝜌,              

then 𝑓(𝑧) ∊ ℵ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇

(𝜌).This result is due to Swamy in [13, Theorem 2.1]. 

 

 Letting 𝑡 = 0, 𝜆 = 0 in Theorem 3.1.1, we have the following: 

 

Corollary 3.1.6 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,  and 𝛼 a real number such that 𝛼 + 𝛽 >
0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)𝑘𝜇][(1 − 𝛿)𝐵𝑘 + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)]}|𝑎𝑘|

∞

𝑘=2

≤ 1 − 𝜌,              

then 𝑓(𝑧) ∊ 𝛺𝛼,𝛽,𝛿
𝑚,𝜆,𝜇

(𝜌). This result is due to Swamy in [13, Corollary2.4] 

 

 

3.2 Distortion Theorems 

 

Theorem 3.2.1 Let𝑓 ∊ 𝒜, 𝑚 ∊ ℕ𝟎 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],  and 

𝛼 a real number such that 𝛼 + 𝛽 > 0. If 

                                 ∑ {
[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘(𝑚)

+𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]
} |𝑎𝑘|

∞

𝒌=𝟐

≤ 1 − 𝜌,                                                                    (21) 

then 

|𝑧| −
1 − 𝜌

(2 − 𝜌) + (2𝜇 − 𝜌𝜆)
|𝑧|2 ≤ |𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧)| ≤ |𝑧| +
1 − 𝜌

(2 − 𝜌)(2𝜇 − 𝜌𝜆)
|𝑧|2, 𝑧 ∊ 𝑈. 

 

Proof. From Theorem 3.1.1 we have that  

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)] ∑{[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 − 1)𝑡]𝑚]}|𝑎𝑘|

∞

𝒌=𝟐

≤ 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}|𝑎𝑘|

∞

𝒌=𝟐

≤ 1 − 𝜌, 

Thus 

∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}|𝑎𝑘|

∞

𝒌=𝟐

≤
1 − 𝜌

(2 − 𝜌)(2𝜇 − 𝜌𝜆)
. 

Therefore, 

|𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧)| 

≤ |𝑧| + ∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}|𝑎𝑘|

∞

𝒌=𝟐

|𝑧|𝑘 

≤ |𝑧| + |𝑧|𝟐 ∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}|𝑎𝑘|

∞

𝒌=𝟐

 

≤ |𝑧| +
1 − 𝜌

(2 − 𝜌)(2𝜇 − 𝜌𝜆)
|𝑧|𝟐. 

Similarly, 

|𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧)| 
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≥ |𝑧| − ∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}|𝑎𝑘|

∞

𝒌=𝟐

|𝑧|𝑘 

≥ |𝑧| − |𝑧|𝟐 ∑{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚}|𝑎𝑘|

∞

𝒌=𝟐

 

≥ |𝑧| −
1 − 𝜌

(2 − 𝜌)(2𝜇 − 𝜌𝜆)
|𝑧|2. 

 

The proof is complete. 
 

Taking 𝑡 = 0 in Theorem 3.2.1, we get 

 

Corollary 3.2.2 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,   and 𝛼 a real number 

such that 𝛼 + 𝛽 > 0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘 + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)]}|𝑎𝑘|

∞

𝒌=𝟐

≤ 1 − 𝜌,  

then, 

|𝑧| −
1 − 𝜌

(2 − 𝜌) + (2𝜇 − 𝜌𝜆)
|𝑧|2 ≤ |𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 0)𝑓(𝑧)| ≤ |𝑧| +
1 − 𝜌

(2 − 𝜌)(2𝜇 − 𝜌𝜆)
|𝑧|2, 𝑧 ∊ 𝑈, 

 

where 𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 0)𝑓(𝑧) ≡ 𝑅𝐼𝛼,𝛽,𝛿

𝑚 𝑓(𝑧). Hence, we have Theorem 3.1 in Swamy [13]. 

 

Putting 𝑡 = 𝜆 = 0 in Theorem 3.2.1, we get 

 

Corollary 3.2.3 Let𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,   and 𝛼 a real number 

such that 𝛼 + 𝛽 > 0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)𝑘𝜇][(1 − 𝛿)𝐵𝑘 + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)]}|𝑎𝑘|

∞

𝑘=2

≤ 1 − 𝜌,  

then 

|𝑧| −
1 − 𝜌

2(1 + 𝜇) − 𝜌
|𝑧|2 ≤ |𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 0)𝑓(𝑧)| ≤ |𝑧| +
1 − 𝜌

2(1 + 𝜇) − 𝜌
|𝑧|2, 𝑧 ∊ 𝑈. 

This is equivalent to 

|𝑧| −
1−𝜌

2(1+𝜇)−𝜌
|𝑧|2 ≤ |𝑅𝐼𝛼,𝛽,𝛿

𝑚 𝑓(𝑧)| ≤ |𝑧| +
1−𝜌

2(1+𝜇)−𝜌
|𝑧|2, 𝑧 ∊ 𝑈,   which is Corollary 3.2 in Swamy [13]. 

 

Letting 𝜆 = 0 in Theorem 3.2.1, we get 

 

Corollary 3.2.4 Let𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0,   and 𝛼 a real number such that  

𝛼 + 𝛽 > 0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)𝑘𝜇][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}|𝑎𝑘| ≤ 1 − 𝜌,

∞

𝒌=𝟐

,                                                                                                             
then 

|𝑧| −
1 − 𝜌

2(1 + 𝜇) − 𝜌
|𝑧|2 ≤ |𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧)| ≤ |𝑧| +
1 − 𝜌

2(1 + 𝜇) − 𝜌
|𝑧|2, 𝑧 ∊ 𝑈. 

 

Theorem 3.2.5 Let𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],  and 

𝛼 a real number such that 𝛼 + 𝛽 > 0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}|𝑎𝑘|

∞

𝒌=𝟐

≤ 1 − 𝜌,   

  

then 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2, 𝑧 ∊ 𝑈 

and 
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|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2. 𝑧 ∊ 𝑈 

 

Proof.  From Theorem 3.1.1, we have 

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}

(𝛼 + 𝛽)𝑚
∑|𝑎𝑘|

∞

𝑘=2

≤ 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}|𝑎𝑘|

∞

𝒌=𝟐

≤ 1 − 𝜌.     

Therefore, 

∑|𝑎𝑘|

∞

𝑘=2

≤
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
. 

 

Hence, 

|𝑓(𝑧)| ≤ |𝑧| + |𝑧|2 ∑|𝑎𝑘|

∞

𝑘=2

 

 

≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2. 

 

Similarly, 

|𝑓(𝑧)| ≥ |𝑧| − |𝑧|2 ∑|𝑎𝑘| ≤ |𝑧|

∞

𝑘=2

 

 

−
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2. 

 

Taking 𝑡 = 0 in Theorem 3.2.5, we get 

 

Corollary 3.2.6 Let𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,    and 𝛼 a real number 

such that 𝛼 + 𝛽 > 0. If 
 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚]}𝑎𝑘

∞

𝒌=𝟐

≤ 1 − 𝜌,     

 

then 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈. 

and 

|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈. 

 

Allowing 𝑡 = 𝜆 = 0 in Theorem 3.2.5, we get 

 

Corollary 3.2.7 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,    and 𝛼 a real number such that 𝛼 + 𝛽 >
0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)𝑘𝜇][(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚]}𝑎𝑘

∞

𝒌=𝟐

≤ 1 − 𝜌,   

then 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[2(1 + 𝜇) − 𝜌]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈. 

and 

|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[2(1 + 𝜇) − 𝜌]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈. 
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If 𝜆 = 0 in Theorem 3.2.5, we get 

 

Corollary 3.2.8 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],  and 𝛼 a real number 

such that 𝛼 + 𝛽 > 0. If 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)𝑘𝜇][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}𝑎𝑘

∞

𝒌=𝟐

≤ 1 − 𝜌,   

then 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[2(1 + 𝜇) − 𝜌]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2, 𝑧 ∊ 𝑈, 

and 

|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[2(1 + 𝜇) − 𝜌]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2, 𝑧 ∊ 𝑈. 

 

3.3 Functions with negative coefficients 

 

We denote by 𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌) and 𝛵Ɲ𝛼,𝛽,𝛿

𝑚,𝜇,𝜎,𝜑,𝑡(𝜌), the classes of functions 𝑓 ∊ 𝛵 satisfying (16) and (17) respectively. 

Clearly (i) 𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌) = ℳ𝛼,𝛽,𝛿

𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌) ∩ 𝛵 (ii) 𝛵Ɲ𝛼,𝛽,𝛿
𝑚,𝜇,𝜎,𝜑,𝑡(𝜌) = Ɲ𝛼,𝛽,𝛿

𝑚,𝜇,𝜎,𝜑,𝑡(𝜌) ∩ 𝛵. 

 

Next, we shall show that the Theorem 3.1.1 is also a necessary condition for 𝑓 ∊ 𝛵 to be in the class 𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌) by 

following the technique of Silverman [20].  

 

Theorem 3.3.1 Let 𝑓 ∊ 𝛵, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],  and 

𝛼 a real number such that 𝛼 + 𝛽 > 0. Then𝑓(𝑧) ∊ 𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌) If and only if 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}|𝑎𝑘|

∞

𝒌=𝟐

≤ 1 − 𝜌.  

The result is sharp. 

 

Proof. In view of Theorem 3.1.1, we only need to prove the only if part of Theorem 3.3.1. 

 

Since 𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌) ⊂ ℳ𝛼,𝛽,𝛿

𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌), for functions 𝑓 ∊ 𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌), we can write 

 

𝑅𝑒 (
𝒛 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′

+ 𝜇𝑧2 (𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))

′′

(1 − 𝜆)𝑅𝛦𝛼,𝛽,𝛿
𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧) + 𝜆𝑧 (𝑅𝛦𝛼,𝛽,𝛿

𝑚 (𝜎, 𝜑, 𝑡)𝑓(𝑧))
′)

= 𝑅𝑒 {
𝑧 − ∑ (1 + 𝜇(𝑘 − 1))[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)](1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡)𝑚𝑘𝑎𝑘𝑧𝑘∞

𝑘=2

𝑧 − ∑ (1 + 𝜆(𝑘 − 1))[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)](1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡)𝑚𝑎𝑘𝑧𝑘∞
𝑘=2

}

> 𝜌.                                                                                                                                                                                                                           (22) 

 

Clearing the denominator in (22) and letting 𝑧 → 1− through the real values, we obtain 

𝑧 − ∑{(1 + 𝜇(𝑘 − 1))[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)](1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡)𝑚}𝑎𝑘

∞

𝑘=2

≥ 

𝑧 − ∑{(1 + 𝜆(𝑘 − 1))[(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)](1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡)𝑚}𝑎𝑘 .

∞

𝑘=2

 

So that 

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝜌𝜆 − 𝑘𝜇)][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}𝑎𝑘

∞

𝒌=𝟐

≥ 𝜌 − 1. 

Hence,  

∑{[(𝑘 − 𝜌) + (𝑘 − 1)(𝑘𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]}|𝑎𝑘|

∞

𝒌=𝟐

≤ 1 − 𝜌.   

 

The result is sharp and the extremal function is given by 
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𝑓𝑘(𝑧) = 𝑧 − ∑
1 − 𝜌

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)][(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎 − 1)𝑡]𝑚]

∞

𝑘=2

𝑧𝑘 ,  

𝑘 ≥ 2, 𝑧 ∊ 𝑈. 
 

Remark 3.3.2 i)Taking 𝑡 = 0 in Theorem 3.3.2 we get Theorem 4.1 of Swamy [13].ii)Taking 𝜆 = 𝑡 = 0 in Theorem 3.3.2 

we obtain Corollary 4.1 of Swamy [13]. 

 

With the above coefficient bounds, one obtain the following distortion theorem for the class  𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌): 

 

Theorem 3.3.3 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],  and 

𝛼 a 

real number such that 𝛼 + 𝛽 > 0. If 𝑓(𝑧) ∊ 𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡(𝜌), then 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2, 𝑧 ∊ 𝑈 

 

and 

|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2, 𝑧 ∊ 𝑈 

with 

𝑓(𝑧) = 𝑧 − ∑
1 − 𝜌

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎)𝑡]𝑚}

∞

𝑘=2

𝑧2, 𝑧 ∊ 𝑈 

 

  (|𝑧| = 𝑟), for equality. 

 

Allowing 𝑡 = 0, 𝜆 = 0 in Theorem 3.3.3, we obtain 

 

Corollary 3.3.4 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,  and 𝛼 a real number such that 

𝛼 + 𝛽 > 0. If 𝑓 ∊ 𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜇,0,𝜎,𝜑,0(𝜌), then 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + 2𝜇]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈. 

and 

|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + 2𝜇]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈, 

 

with 

𝑓(𝑧) = 𝑧 − ∑
1 − 𝜌

[(2 − 𝜌) + 2𝜇]{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)}

∞

𝑘=2

𝑧2, 𝑧 ∊ 𝑈, (|𝑧| = 𝑟),  

for equality. 

 

 

Putting 𝑡 = 0 in Theorem 3.3.5, we get 

 

Corollary 3.3.5 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 0 ≤ 𝜆 ≤ 1, 𝜆 ≤ 𝜇, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝜎 ∊ [0, 𝜑], and 

 𝛼 a real number such that 𝛼 + 𝛽 > 0. If 𝑓 ∊ 𝛵ℳ𝛼,𝛽,𝛿
𝑚,𝜇,𝜆,𝜎,𝜑,𝑡(𝜌), then 

 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈 

and 

|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈, 

with 

𝑓(𝑧) = 𝑧 − ∑
1 − 𝜌

[(2 − 𝜌) + (2𝜇 − 𝜌𝜆)]{(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎)𝑡]𝑚}

∞

𝑘=2

𝑧2,  
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  𝑧 ∊ 𝑈, (|𝑧| = 𝑟), for equality. 

 

Theorem 3.3.5 would yield the following corollary,when 𝜆 = 𝜇 = 0. 

 

Corollary 3.3.6 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0, 𝑡 ≥ 0, 𝜎 ∊ [0, 𝜑],  and 𝛼 a real number  

such that 𝛼 + 𝛽 > 0. If 𝑓 ∊ 𝛵ℳ𝛼,𝛽,𝛿
𝑚,0,0,𝜎,𝜑,𝑡(𝜌), then 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

(2 − 𝜌){(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2, 𝑧 ∊ 𝑈 

and 

|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

(2 − 𝜌){(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚[1 + (1 + 𝜑 − 𝜎)𝑡]𝑚}
|𝑧|2, 𝑧 ∊ 𝑈, 

with 

𝑓(𝑧) = 𝑧 − ∑
1 − 𝜌

(2 − 𝜌){(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)[1 + (𝑘 + 𝜑 − 𝜎)𝑡]𝑚}

∞

𝑘=2

𝑧2, 𝑧 ∊ 𝑈, (|𝑧| = 𝑟), 

 for equality. 

 

We conclude the below result by taking 𝜇 =
1

2
, 𝜆 = 𝑡 = 0 in Theorem 3.3.5.  

  

Corollary 3.3.7 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,   and 𝛼 a real number such that 

 𝛼 + 𝛽 > 0. If 𝑓(𝑧) ∊ 𝛵ℳ
𝛼,𝛽,𝛿

𝑚,
1

2
,0,𝜎,𝜑,0

(𝜌),then 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

(3 − 𝜌){(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈. 

and 

|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

(3 − 𝜌){(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈, 

with 

𝑓(𝑧) = 𝑧 − ∑
1 − 𝜌

(3 − 𝜌){(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)𝑚}

∞

𝑘=2

𝑧2,   𝑧 ∊ 𝑈, (|𝑧| = 𝑟) 

for equality. This corrects Theorem 4.2 (i) in Swamy [10] and it is in agreement with the corrigendum of the paper: New classes 

containing Ruscheweyh derivative and a new generalized multiplier differential operator, American International Journal of Research in Science, 

Technology, Engineering & Mathematics, 11(1) June – August (2015) 65-71 by S R Swamy, which is available in ResearchGate. 

 

Corollary 3.3.8 asserts aconsequence of Theorem 3.3.3, when 𝜆 =
1

2
𝜇 = 1, 𝑡 = 0. 

 

Corollary 3.3.8 Let 𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,   and 𝛼 a real number such that 

 𝛼 + 𝛽 > 0. If 𝑓(𝑧) ∊ 𝛵ℳ𝛼,𝛽,𝛿
𝑚,1,0,𝜎,𝜑,0(𝜌),then 

|𝑓(𝑧)| ≥ |𝑧| −
2(1 − 𝜌)(𝛼 + 𝛽)𝑚

(8 − 3𝜌){(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈 

and 

|𝑓(𝑧)| ≤ |𝑧| +
2(1 − 𝜌)(𝛼 + 𝛽)𝑚

(8 − 3𝜌){(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈, 

with 

𝑓(𝑧) = 𝑧 − ∑
2(1 − 𝜌)

(8 − 3𝜌){(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)𝑚}

∞

𝑘=2

𝑧2, 𝑧 ∊ 𝑈, (|𝑧| = 𝑟), 

for equality. This corresponds Theorem 4.2 (ii) in Swamy [10]. 

 

Setting 𝜇 = 1, 𝜆 = 𝑡 = 0 in Theorem 3.3.3, we arrive at the following:  

 

Corollary 3.3.9 Let𝑓 ∊ 𝒜, 𝑚 ∊ ℕ0 = ℕ ∪ {0}, 𝜇 ≥ 0, 𝛿 ≥ 0, 0 ≤ 𝜌 < 1, 𝛽 ≥ 0,   and 𝛼 a real number such 

 that 𝛼 + 𝛽 > 0. If 𝑓(𝑧) ∊ 𝛵ℳ𝛼,𝛽,𝛿
𝑚,1,0,𝜎,𝜑,0(𝜌), then 

|𝑓(𝑧)| ≥ |𝑧| −
(1 − 𝜌)(𝛼 + 𝛽)𝑚

(4 − 𝜌){(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈 
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and 

|𝑓(𝑧)| ≤ |𝑧| +
(1 − 𝜌)(𝛼 + 𝛽)𝑚

(4 − 𝜌){(𝑚 + 1)(1 − 𝛿)(𝛼 + 𝛽)𝑚 + 𝛿(𝛼 + 2𝛽)𝑚}
|𝑧|2, 𝑧 ∊ 𝑈, 

with 

𝑓(𝑧) = 𝑧 − ∑
(1 − 𝜌)

(4 − 𝜌){(1 − 𝛿)𝐵𝑘(𝑚) + 𝛿𝐴𝑘(𝛼, 𝛽, 𝑚)𝑚}

∞

𝑘=2

𝑧2, 𝑧 ∊ 𝑈, (|𝑧| = 𝑟)  

for equality. This corresponds Theorem 4.2 (iii) in Swamy [10]. 

 

Remark 3.3.10 Some interesting consequences of Theorem 3.3.5 are the following: 

(i) When 𝜆 = 𝜇 = 𝑡 = 0 in Theorem 3.3.5, we get the Theorem 4.3 (i) in Swamy [11] 

(ii) When 𝜆 = 𝜇 =
1

2
, 𝑡 = 0 in Theorem 3.3.5, we get the Theorem 4.3 (ii) in Swamy [11] 

(iii) When 𝜆 = 𝜇 = 1, 𝑡 = 0 in Theorem 3.3.5, we get the Theorem 4.3 (iii) in Swamy [11] 

 

 

IV. CONCLUSION 

In our present investigation, we have defined and studied a new subclass ℳ𝛼,𝛽,𝛿
𝑚,𝜆,𝜇,𝜎,𝜑,𝑡

(𝜌) of analytic functions in an open 

disk. We have pointed out relevant connections of the results presented here with previous known results in the literature 

and in particular, the ones in the work of Swamy [13]. It is hoped that the introduced new operators and subclasses pointed 

out can inspire further research by other researchers.  
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