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Abstract - In this present investigation, we introduce a generalized differential operator Ej';(u, ¢, t)via convolution
approach. Using this operator, we further introduced a new generalized differential operator REg's 5(a, ¢, t)f (2)

obtained as a linear combination of Ruscheweyh derivative and the operator Ej'% (u, ¢,t). With the aid of the new

generalized differential operator, a new subclass ]v[;'f!';’l('s”'”""'t(p) of analytic functions in the open unit disk is introduced

and investigated. Characterization and other properties of this class are studied. In particular, Coefficient estimates,
distortion theorems of functions with negative coefficients belonging to this class are also determined. Some relevant
remarks and useful connections of the main results are also pointed out.
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I. INTRODUCTION

As usual, we let A to denote the class of functions of the form

f(2)

[oe]

=z+ Z a,z¥, €Y)

k=2

which are analytic in the open unit disk U = {z € C:|z| < 1} and normalized under the condition of f(0) = f'(0) — 1 =
0. We also denote by T, the subclass of functions of A of the form

[oe]

f(@)=z—-) az¥,
RZ; kZ ak
>0 2

Ruscheweyh [1] introduced the operator R™ for m € Ny, f € A and is defined by

R™ A — A,
R°f(2) = f(2),RYf(2) = zf'(2), ...,(m + DR™*1f(2) = Z(Rmf(Z))’ + mR"f(2),z € U.

Remark 1.1 Let f € A, then
R™f(z)=z+ Z B,(m)a,z*, z
k=2

ey, 3)
where
B,(m)=Cl .., = B(mk) =
_ m+1D)(m+2).(m+k—-1)
(k—1)

(")

0]S[O)
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_(m+ 1),

s -

In the year 2012, Swamy [2] introduced a new generalized multiplier differential operator as follows.

Let m e N, = N U {0}, 8 = 0, @ areal number such that « + 8 > 0. Then for f € A, a new generalized multiplier operator
Ly f (2) was defined by

af(z) + Bzf'(2) -

18pf(2) = f@),1sf (2) = o 1 (1152 2)).

a+p
Remark 1.2 ;s f (z) is a linear operator such that for f € A,
Iéfgf(Z)
=24 ) AaBma, (5)
k=2
where
Ak (a; Ei m)
a+kp\™"
- ( a+p ) ' (6)

We note that for various suitable choices of the parameters involve, operator 15 f (z) reduces to operators defined in
[3, 4,5, 6, 7]. Of note is the Salagean differential operator D™ f(z) introduced in [7] and also considered for m > 0 in [8]:

D™f(z) = Igyf(2) = Z+2kmakz z

el. )
For detail information on D™ f(z), see [7].

Consequently, by making use of (3) and (6), Swamy [9], further introduced the linear operator Rl sf (z) as follow.

Definition 1.3 [9] Letf e A, me N, =NU{0},6 >0,8=>0,a a real number such that a« + 8 > 0. The operator
RIG 51 (2) is given by
RITy i A — A,
RI;"Baf(z) =(1- 6)Rmf(z) + 617 f(z) zeU.

Remark 1.4 Let f(z) of the form (1) be in A, then we have
RI;?B,S]C(Z)
=z+ Z{(l — 8)B,(m) + §A,(a, B,m)a,z"}, zel, (8)

where B, (m) and A, (a, B, m) are as defined in (4) and (6) respectively. Other related works on the operator (8) can be
found in [10], [11] and [12].

By making use of the differential operator (8), Swamy [13] introduced and investigated the following class.

Definition 1.5 [13] Letfe A, meN,=NU{0},xu=>0,0<1<1,1<14,6=200<p<1, B=0,a a real number
such that @ + 8 > 0. Then f(2) € NZ%(P) if and only if
Z(RI;"‘ﬁ‘af(z)) + ,uz2 (RIZ"B‘(Sf(z))

(1~ DRIT, of (@) + 22 (RIZ, 5 @)
eU. €))

>p,z

When A = 0 in Definition 1.5, we have
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Definition 1.6 [13] Letf e A, me Ny =NU{0},u >0, § 20,0 <p <1, f = 0,a areal number such that « + 8 > 0.

Then f(2) € 275+ (p) if and only if

RIT of (2) 8 (ng}ﬁlaf(z))'

el. (10)
The relevance of the class x;";g (p)with some known classes are pointed out in [13], interested readers may as well
confirm these in [14], [10] and [11].

>p,z

Recently in the year 2017, Opoola [15] introduced the generalized differential operator D™ (u, 8,t)f () for a function f €
A, with

Df@ =1+ [1+(k+p—p—Dtlaz", 0Su<pe=0,
such that =
D°(u, B, t)f (2) = f(2)
DY(u, B, t)f(2) = zD.f(2) =
ztf'(2) —ztu—P)+ A+ -4 - Dt)f(2)

D™(u, B, 6)f (2) = zD[D" ' (1, B, t)f (2)], neNU{0}, 0<B<ut=>0
and m € NU{0}.

Remark 1.7 D™ (u, B, t)f (2) is a linear operator such that for f € A
D™ (u, B, O)f (2)

- z+ 2[1 + (k4B — - Dt]mayzk, (11)
k=2
0<pB <ut=0andm e NU{0}.

For convenience, we shall in the sequel,
let

o (o, 9.t)f)

- z+Z[1+(k+¢—G—1)t]makzk, (12)

0< 0 < ¢,t=0admeNU{0}.

It turns out that the differential operator D™ ((7, Q, t) f(2) reduces to the Salagean and Al-Oboudi differential operators
for suitably varied parameters [7, 3].

In section 2, we shall recall a fundamental (necessary) definition and also give other definitions to acquaint the readers
with the main content

Il. PRELIMINARIES

Definition 2.1 (Hadamard product or convolution) [16, 17, 18]:
The Hadamard product or convolution of two analytic functions f(z) given by (1)
and g(z) = z + X5, b,z* is given by

f(@) xg(2) = (f * g)(2)

[oe]

=z+ Z apbz*, zeUl. (13)
k=2
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By employing Definition 2.1 on (5) and (12), we have the following:

Definition 2.2 (A new generalized operator involving convolution). Let f € A then from (5) and (12) we obtain a
generalized operator involving convolution as follows:

Els(0,9,)f(2) = (DM(a, 0.0 (2) * 1751 (2)

—z+ ZAk(a, Bm)[L + (k + ¢ — o — Dt]ma 2", (14)
k=2
forB=0,aeRa+p5>0,0<c<¢t=0andmeNU{0}.

Remark 2.3 Here, we observe the following with respect to E;'% (o, ¢, t)f (2):

Q) When t = 0, we have E B(U' ©,0)f(z) = I f(z) defined by (4).

(i)  When g =0, we have ET% (0, ¢, t)f(2) = pm (a @ ,t) () defined by (11) or (12).

(iii) When ¢ =o0,t =1, we have Ejs(0,0,1)f(z) = D™f(z), which is the Salagean differential operator
studied in [7].

(iv) When ¢ =0,6=0, t =6, we have E B(a, 0,8)f(z) = Di*f(z) ,which is the Al-Oboudi differential
operator studied in [3].

(v) When ¢ = g, we have

Eggs(o,0,)f cg)z) = Eqp()f(2)
_—_— z Al B[+ (k — De]™mayzk,
for =0,aeRa+pB>0,t=>0,andme NL_J{O}Which is a new class.
(vi) When t = 1in (v), we have E B(l)f(z) =E ﬁf(z)
=z+ Z Ap(a, B, m)k™a, z¥,

for B =0,a € R,a + B > 0 and m € NU{0}, which is another new class.

We note here that recently in 2020, Oyekan and Awolere [19] defined a new operator involving convolution on the
operator D™ ((7, Q, t) f(2).
Next, we shall give an analogue of the Definition 1.3 as follows:

Definition 2.4(Combination of Ruscheweyh Differential Operator and a new generalized Operator involving convolution).
We combine the new generalized operator involving convolution defined by (14) and the Ruscheweyh operator defined by
(2) to obtain a certain linear operator defined as:

Els 5(0,0,0f (2) = (1 — S)R™f(2) + SEI (0,9, 0)f (2),z € U.
Remark 2.5 If f € A, then we have

REZps(0, 9.0 (2) =z + Z{(l — 8By (m) + 84, (a, B,m)[1 + (k + ¢ — 0 = Dt]™ay 2", 2
k=2
eU, (15)
where B, (m) and A, (a, B, m) are as defined in (4) and (6) respectively.

Remark 2.6 We note the following in respect of RE7 5(o, ¢, t)f (2):

(i) When t = 0, we have REJ 5(0,¢,0)f(2) = Rlyy sf(2) defined by (8)
(i) When g = 0, we have RE, 05(0 o, )f(2)

-7+ Z{u — §)Bu(m) + 6[1 + (k + ¢ — 0 — De|™az*, zeU,
k=2
which is a new class.
(iii) When ¢ = a,t = 1, we have
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RE™; (0,0, 1)f (2) = z + Z{u — 8)B,(m) + 54, (@ B, mk™}a 2, z €U,

which is a new class
(iv) When ¢ = g, we have

aBS(G; g, t)f(Z)

=24 ) {(1 = $)Bm) +64,(a,B,m[1 + (k — De]™a 2",
k=2
forf=>0,a e Ra+p >0, t=0,andm e NU{0}. Which is new.

Motivated by each of the above definitions and in particular Definitions 1.5 and Definition 1.6, we now define the
following classes of analytic functions by making use of the generalized operator REy; 5(0, ¢, t)f (2).

Definition 2.7 Letf e A,me Ny, =NU{0},u>0,0<A1<1,1<u,6§=>0,0<p<1, =0,t=>0, c€[0,¢], anda
a real number such that + 8 > 0. Then f(z) € Mm,a,u,a,(p,t(p) it and only if
Z( a,ﬁ,&(a; , t)f(Z)) + ,LI.ZZ (R mﬁé‘(o—; ®, t)f(Z))

(1= DRED 50,0, 0f @) + Az (R 5(0, 0,0/ (2))
zel. (16)

Re > p,
When A = 0 in Definition 2.7, we have

Definition 2.8 Letf e A,meN,=NU{0},1>0,6§>0,0<p<1, f=0,t=>0, c€[0,¢], and a a real number
such that @ + B > 0. Then f(z) € NT*47%* (p) if and only i

a,B,8
N 2(R fﬁla(a, 0,0f(2) ) +MZ(R m 50,0, t)f(z))l s
REZ, 5(0,0,0)f (2) (RE«;'?B. s(0,0,0f (z))
eU. a7

Remark 2.9 i) t = 0, we have MZ}';’I&”'”"” (p) = N’;[fl’; (p) and ]\I';‘g"g"‘” (p) = aﬁs(p) i.e [13, Definition 1.8] and
[13, Definition 1.9] respectively, which are Definition 1.5 and Definition 1.6 above.

Remark 2.10 We note that: i) M, 3" (0) = 2 5 (p) ([11]), ||)M 22 ) =K K 5(p) ([11]),

uu)mfmll”W°(p)-c m s(p) ([11]), iv) a35”¢”(p>==sz¢ﬁ(p>(uon,v)mn:;§“¢°<p)=:Rzﬁﬁ<p>qlop,

W)wggg "7 (0) = €15 5(p) ([L01), Vi) M2 770 (p) = S75(p) ([14]) and vii) M7 (p) = CFs(p) ([14]).
I11. MAIN RESULTS

In this section, we make use of the techniques in [20] to give characterization properties for the function f(z) of the form
(1) to belong to the class J\/[m’l“""’t(p) by obtaining the coefficient bounds. Also, we state and prove the distortion

theorem of functions beIonglng to this class and lastly, analytic functions with negative coefficients belonging to the above
class are considered.

3.1 Characterization Properties for the function f e M 347 (p).

We begin by finding a sufficient condition for functions f (z) € A of the form (1) to belong to the class Mm’““’ P ().

Theorem 3.1.1 Letf e AmeN, =NU{0},u>0,0<21<1,1<y,6=200<p<1 =0,t=0, oce]0,¢], and
a areal number such that « + 8 > 0. If

Z{[(k —p) + (k= Dkp — pDI[(1 = 6B, (M) + 64, (a, B, m)[1 + (k + ¢ — 0 — D]} a|

k=2
<1-p, (18)
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then £(z) € M5 #“"?* (p). The result (18) is sharp.

Proof. For the proof, we need to show that
|2 (REZs 50,0, 07 @) + 2 (REZ (0, 0,01 () 1‘

|(1 - A)REg_lﬁ_S (0' P, t)f(Z) + Az (REg?ﬁ,a(U» @, t)f(Z))
<1-p. (19)

We have that

|2 (RERs 500,07 @) + 02 (REy 50, 0.0F @) 1‘
|1 = DRED, 5 (0,0, (2) + 22 (R 50,0, (2))

Yok = DA + pk — D[(1 = §)B,(m) + 54, (a, §,m)[1 + (k + ¢ — 0 — Dt]™]a, 2"
z+ X5 ,(1 4+ puk —D)[(1 = 8)B(m) + 64, (a, B, m)[1 + (k + ¢ — 0 — 1)t]™]a;z*

Ytk — DA + pk — D[(1 = 8)Bi(m) + 64, (a, B, m)[1 + (k + ¢ — 0 — Dt]™]layl]|z]*?*
T 1-Y2,A 4+ pk =D = 8)B(m) + 54, (o, B, m)[1 + (k + ¢ — o — D)t]™] |a,|lz|F?

Yk — DA + pk — D[ = 8)B(m) + §4,(a, B, M)[1 + (k + ¢ — 0 — D)t]™]|ayl
T 1-XR,@ 4 pk — D[ = 68)B(m) + 64, (e, B, m)[1 + (k + ¢ — o — Dt]™]|a;|

The last expression is bounded above by 1 — p if

Z(k — DA +puk -2 = 8)B,(m) + §A,(a, B, M)[1 + (k + @ — 0 — Dt]™|ayl
=2

<-p) (1 = ) sk = DI = OB (m) + 64, (@, f,m)[1+ (k + ¢ = 7 - 1)t]m]|ak|>
which is equivalent to (17). er=r120e,

|2(RERs5(0. 0,07 @) + u* (REZy 20, 0.0F @) 1‘ L
|1 = DRE, 50,0, 0 @) + 22 (RED; 5@ 0.0f@) |

The proof is complete.

The result is sharp and the extremal function is given by
1-p

fo= ”kZZ [0 = p) + G — D0 — pDI — VB, m) + 845 (@, B, L+ (k + ¢ — o — D)

Theorem 3.1.2 Let the hypothesis of Theorem 3.1.1be satisfied. Then

la,| < 1=p k> 2.
[(k —p) + (k = D) (kp — pDI{(1 = 8)B,(m) + 54 (a, B, m)[1 + (k + ¢ — 0 — Dt]™

Theorem 3.1.3 Let 0 < p; < p, < 1. Then

mAu,o,@,t mAu,oc,e.t
Ma’ﬁ’g (Pz) c Ma‘ﬁ‘é‘ (P1)

Taking A = 0 in Theorem 3.1 we obtain

Corollary 3.14 Letf e A,me N, =NU{0},u>0,6=200<p<1 =0,t=>0, g €[0,¢], and a areal
number such that ¢ + g > 0. If

Z{[(k —p) + (k= Dkpl[(1 = 8)B, (m) + 64y (a, f,m)[1 + (k + ¢ — 0 — Dt]™ ]} ay|
= <1-p, (20)
then f(z) N;’f;f;;"""t (p). Theresult (17) is sharp, the extremal function being
fiz) =2z
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1-p

+k2 [(k = p) + (k — Dkul{(1 — 6)B,(m) + 64, (a, ,m)[1 + (k + ¢ — 0 — D)t]™}

zk z € U.

(oo}

Setting t = 0 in Theorem 3.1.1, we have the following:

Corollary 3.15 Letf e A,meN,=NU{0},u>0,0<21<1,1<u,6=00<p<1, =0, and a a real number
suchthata + 8 > 0. If

Z{[(k —p)+ (k= Dkp — pD][(1 = 6)By + 54k (a, B, m)}axl <1 —p,
k=2
then f(z) € N;";g (p).This result is due to Swamy in [13, Theorem 2.1].

Letting t = 0,4 = 0 in Theorem 3.1.1, we have the following:

Corollary 3.16 Letf e A,me N, =NU{0},u=>0, § >0,0<p<1, =0, and a a real number such that « + g >
0. If

(oo}

D {0k = p) + (e = DI [ = 8By + 64, (e fm)Hae < 1 p,

k=2

then f(z2) € Q;'T';'(’; (p). This result is due to Swamy in [13, Corollary2.4]

3.2 Distortion Theorems

Theorem 3.2.1 Letf e AmeNy,=NU{0},u=200<1<1,1<yud=>00<p<1 B=0,t=0 0€]0,¢p], and
a areal number such that « + g > 0. If

{[(k —p)+ (k= D)kp — pM][(A - 5)Bk(m)} |
+64,(a, B, m)[1+ (k+ ¢ — o — Dt]™] k

2
1-p, (21)

NgE

INF

then
1-p
2—=p)+ Qu—pA)

—p

|z|?,z € U.
2-p)C2u—pA)

|z |z|? < |RE07ZLB.5(0"P’ Of (@) < Izl +

Proof. From Theorem 3.1.1 we have that

[(2=p) + @u—pA)] Z{[(l — 8)By(m) + 84, (o, B,m)[1 + (k — De]" BHax | <
k=2

z{[(k —p)+ (k = Dkp — pDI[(1 = 6)B, (M) + 64, (a, B, m)[1 + (k + ¢ — o — Dt]"Ha| <1 -p,
k=2

Thus
— o m 1-p
;{(1 8B (m) + §A (e, B, M)[1 4 (k + @ — 0 — Dt]"}a,| < TEDITETD]
Therefore,
REZs 5(0, 9. Df (2)]
<zl + Z{(l = 8)B(m) + §A,(a, B,m)[1 + (k + ¢ — o — Dt]"}Hay||z|*
k=2
< lzl + 121 Z{(l — 8)Bi(m) + 84, (@ B,m)[1 + (k + ¢ — 0 — Dt]™} |
k=2
—p ,
=l+a= p)2u—pA) 2l
Similarly,

|RET; 5 (0, 0, ) (2)]
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> l2] = ) (1= OB (m) + 64 (@ f,m1+ (e + 9 — 7 = DeI™a ] l2I*
k=2

> |z] — |z|? Z{(l —8)Bi(m) + 64, (a, B, m)[1 + (k + ¢ — o — D)t]™}a,l
k=2
1-p

SR s Oy

|z]?.

The proof is complete.
Taking t = 0 in Theorem 3.2.1, we get

Corollary 3.22 Letfe AmeN, =NU{0},u>00<1<1,1<u6=>00<p<1 =0, and a a real number
suchthata + > 0. If

D 00k = p) + (e = Dlkn = pAI = 8B, + 84, (@ f,m)Dlay] < 1-p,
then, kzz
(2 —=p)+ Qu—pd)

—p
2 -p)2u—pA)

|z |z]? < |RE;"‘B’5(0, 0,0f ()| <zl + |z|2,z € U,

where RE;’fﬁ_s(a, 0, 0)f(2) = RI;’}ﬁ_&f(z). Hence, we have Theorem 3.1 in Swamy [13].
Putting t = A = 0 in Theorem 3.2.1, we get

Corollary 3.23 Letf e Ame Ny =NU{0},u>00<1<1,1<pu,8=00<p<1 =0, and a a real number
suchthata + g > 0. If

{0 = p) + Gk = DRul[(L = B + 64 (@ f, ) < 1=,
k=2

then
|2 — 5t |22 < |RELY (0,0, 0)f (2)] < I2] + 5t 2|,z € .
20+ —p @b 20+ —p
This is equivalent to
1-p 1-p . . -
lz| — T lz]2 < |RI;’}ﬁ’5f(z)| <lz| + TP |z|?,z € U, which is Corollary 3.2 in Swamy [13].

Letting A = 0 in Theorem 3.2.1, we get

Corollary 3.24 Letf e A,me N, =NU{0},1 >0, 20,0<p<1, B=0,t =0, and a areal number such that
a+pB>0.If

Z{[(k —p) + (k= Dip][(1 = 8By (m) + 64, (@, B, m)[1 + (k + ¢ — o — De]"Bax| < 1 -p,
k=2

then
—p

2] = ———P
20+w—-p

gl —— |z|?,z € U.
20+w—p

|zI? < |RET 5(0,0,)f (2)] < lz| +

Theorem 325 Letf e AmeN,=NU{0},xp>00<1<1,1<uy8§=200<p<1 B=0,t=0, oel0,¢], and
a areal number such that « + 8 > 0. If

oo

z{[(k —p)+ (k= Dkp — pDII(A = 6)B (M) + 64, (a, B, m)[1 + (k + ¢ —0 — Dt]"Ba| <1 -p,
k=2

then
If (2] = |z| -

and

1 -p)a+p™
[2—-p)+@u—pDH{m+ DA - 6)(a+p)™ +b6(a+20)™[1+ 1+ ¢ —o0)t]™}

|z|?,ze U
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1 -p)a+p™

(2= p) + (Za = p](m + DA —0)a + B)" + 3 + 2B 1+ A+ o~y A 2V

lf (@I <zl +

Proof. From Theorem 3.1.1, we have
[Q=p)+Qu—-pH{m+ DA -8)(a+p)" +5(@+20)™[1+ A +¢— a)t]m}zla <
Kkl =
k=2

(a+p)m™
Z{[(k = p) + (k= Dk — pD][(A = 8)By(m) + Ak (a, f,m)[1 + (k + ¢ — 0 — Dt]™]}a,| <1 —p.
There#ozrze,

ila < a-p)at+pm
L T2 = p) + @u—pDHm+ DA = 8)(a + /™ +8(a + 20)™[1 + (1 + ¢ — 0)t]™}

Hence,

F@I< 2l +1212 ) lay
k=2

A-p)a+p)™
[2=p)+Qu—=pH{m+ DA =8)(a+p)™ +6(a+20)™[1+ (1 +¢ —o)t]™}

<lz| + |z|2.

Similarly,
@I = 12l = 12 ) o] < le]
k=2

) (1= p)(a+p)" P
(2= p) + @i = pDIGm+ DA = D)@+ {7 +5(a+ 21+ (L + ¢ — )il

Taking t = 0 in Theorem 3.2.5, we get

Corollary 3.2.6 Letf e A,meN, =NU{0},u=>0,0<1<1,1<u,8=200<p<1 =0, and a a real number
suchthata + g > 0. If

Z{[(k —p)+ (k= Dlkp—pD]QA =) (a+ ™ +6(a+20)™Pax <1 -p,

k=2
then
1=+ pm
d @l 2l - ey r Gu= pDlim T DAt prrs@rzpm * - 2SV
an
) < Izl + A —p)ati” ok zev.

[(2=p)+ Cp—pHDHm+ DA - 8)(a+ )™+ 6(a +28)™}
Allowing t = A = 0 in Theorem 3.2.5, we get

Corollary 3.2.7 Letf e A,me Ny, =NU{0},u=0, § 20,0<p <1, B=>0, anda areal number such that « + g >
0. If

Z{[(k —p)+ (k= Dkp][(A = 8)(a+ )™ + 6(a + 28" Jay < 1—p,

k=2
then
1=p)a+p" 2
d @2 - G =l + DA - @+ prro@rzpm €Y
an
@)l <2l + 4 p)te + )7 2k zeu.

2A 4w —plHm+ DA -8 (a+ )™ +6(a+28)™}
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If A = 0in Theorem 3.2.5, we get

Corollary 3.28 Letf e A,me Ny, =NU{0},u=0,6=>00<p<1, =0,t=0, g€[0,¢], and a a real number
suchthata + 8 > 0. If

Z{[(k —p) + (k= Dku][(1 = 6)Bi(m) + 6A, (o, , M)[1 + (k + ¢ — 0 — Dt]" P, <1 —p,
then =
A-p)a+pm™

F@I =2l - T = P+ DA =)@ + B + 5 + 21+ A + 9 — )7 -

ze U,

and
(1= p)a+p)m
f@I <2+ ey =+ DA =@+ P+ o+ 2+ A+ g -y 7+ 2=V

3.3 Functions with negative coefficients

We denote by T m"l""”""'t (p) and TN 55" (p), the classes of functions f e T satisfying (16) and (17) respectively.

Clearly (i) TM“""“'*"'f (p) = MTETP () N T (i) NS () = Nte (@) N T.

Next, we shall show that the Theorem 3.1.1 is also a necessary condition for f € T to be in the class TMm“‘”“(p) by
following the technique of Silverman [20].

Theorem 33.1 LetfeT,meN,=NU{0}Lu=>00<1<1,1<ud=200<p<1 =0,t=>0 0¢]0,¢], and
a areal number such that @ + 8 > 0. Thenf(z) € TMm"l’”'”""'t(p) If and only if

Z{[(k = p) + (k = Dkp — pDII(A = 8)B,(m) + 64, (a, B, m)[1 + (k + ¢ —0 — Dt]"}a, | <1 - p.
The reskuzli is sharp.

Proof. In view of Theorem 3.1.1, we only need to prove the only if part of Theorem 3.3.1.

Since TM(;";(';’"”"” (p) c M, ’““ 7%t (p), for functions f € TM m"l‘““’“”'t(p), we can write

2 (R} 5(0, 9, t)f(z))' + 1z (REZ 5(0,9,0f ()

(1= DRELY (0,9, 0 (2) + Az (RED; 5(0, 0, Df @)
_r {z =¥, (1+ plk — 1D))[(A = 8)B(m) + 84, (a, M)A+ (k+ ¢ — 0 — 1)t)mkakzk}
- e zZ— Z,‘fzz(l + Atk — 1))[(1 —8)B,(m) + 64, (a, B, m)](1 + (k + ¢ — 0 — Dt)™a,zk

Re

> p.
Clearing the denominator in (22) and letting z — 1~ through the real values, we obtain

z— Z{(1 + e = D)L = 8B, (m) + 64, (@ B m)IA + (k + ¢ — 0 — D)™a, >

k=2
©

z— Z{(1 + Ak — D)[(1 = 8)Br(m) + 84, (a, B, m)](1 + (k + ¢ — 0 — Dt)}ay.
k=2
So that

oo

z{[(k —p)+ (k=1 (pA—kw)][(1 = 6)B(m) + §Ax(a, B, M)[1+ (k + ¢ —0o — Dt]"}a, = p — 1.
k=2
Hence,

z{[(k —p)+ (k= Dkp — pDI[(A = 6)B, (m) + 64, (o, B, m)[1+ (k + ¢ — 0 — Dt]"}a,| <1 —p.
k=2

The result is sharp and the extremal function is given by
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(oo}

_ 1-p
K =2 ) Gy G DT~ DB ¥ b FmdlL T G p—o DT
k=>2, zel.

Remark 3.3.2 i)Taking t = 0 in Theorem 3.3.2 we get Theorem 4.1 of Swamy [13].ii)Taking A =t = 0 in Theorem 3.3.2
we obtain Corollary 4.1 of Swamy [13].

With the above coefficient bounds, one obtain the following distortion theorem for the class TM m‘l‘““’“”‘t( ):

Theorem 3.33 Letfe A,meN, =NU{0}Lu=>00<1<1,A1<u,d6=00<p<1 =0,t=>0, oel0,¢], and
aa

real number such thata + 8 > 0. If f(z) € TM m”l""”""'t(p), then
1-p)a+p)™

= W =5y v Ga = o Ten + DA - D)+ 7 7 6@ + 287+ A v g -y 7Y
and
(1= p)(a+p)" )
. h'f(z)' =l G v @ —pln + DA - D)@+ Py + 6+ 2B L+ A+ o -0 7 <Y
wit

= kz [Z—p) + @i~ pDIC — By (m) + 64, @ B+ G+ 9~y =7

(|z| = ), for equality.
Allowing t = 0,4 = 0 in Theorem 3.3.3, we obtain

Corollary 3.34 Letfe AmeN,=NU{0Lu=>01<pu,5§=00<p<1, =0, and a a real number such that
a+p>0. IffeT]V[m“OU(po(p),then
A -p)a+p)™

d @21~ G =y aigtm+ DU - o+ prrs@rzpm 0 2V
an
1=p)atp"

@l = e Gy 2t DA - o prro@rzpm - 25V

with
_ 1-p _
FO =2 G v B e p <=

for equality.

Putting t = 0 in Theorem 3.3.5, we get

Corollary 3.35Letf e A,me N, =NU{0},p=>0,0<1<1,1<14,6=200<p<1 =0 0¢€[0,¢] and
a areal number such thata + 8 > 0. 1f f € TJv[m"“‘”(p), then

A-p)a+p)™

o VO R e DA o st
an
(-t pr
O e s D s
wit

f@)=z- Z [Z— ) + @ — pDOIL = )B,m) + 84 Bm[1 + (e + =)™
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z € U, (|z| = r), for equality.
Theorem 3.3.5 would yield the following corollary,when 1 = u = 0.

Corollary 3.36 Letf e A, me N, =NU{0}, §=>0,0<p<1, B=0,t=>0, ge€[0,¢], and a« areal number
such that a + B > 0. If f € TM """ (p), then

aA-p)la+p)™ 212,
@l = G ST DA=—®) @+ P + 6 + 2B [+ A + 9 — )™~ et

and
A-p)la+p)™

@< 2 G S T DA =D @+ P + 8 + 2D+ A+ 9 =)™ -

ze U,

with

— 1-p 2 —
f) —Z—kZZ(z = = 0B, (m) + SA(a, pm + (et g —ogm . 2< (E=n)
for equality.

We conclude the below result by taking u = %,/1 =t = 0in Theorem 3.3.5.

Corollary 3.3.7 Letf e Ame N, =NU{0},4u=>0,6§ >20,0<p <1, =0, and a areal number such that

a+B>0.1f(2) eTM; °""’ (p)then
(1= p)a+p)" 2
d CHE G-+ DA-0@+pr +o@r2pm - =V
an
(1= p)a+ B
ith @<l G mr Da-o@+ prr oz A <Y
Wi

_ 1-p _
f@=e- ; B = A= 8)B, () + 6Ag(a pmym - 2V Uel=")

for equality. This corrects Theorem 4.2 (i) in Swamy [10] and it is in agreement with the corrigendum of the paper: New classes
containing Ruscheweyh derivative and a new generalized multiplier differential operator, American International Journal of Research in Science,
Technology, Engineering & Mathematics, 11(1) June — August (2015) 65-71 by S R Swamy, which is available in ResearchGate.

Corollary 3.3.8 asserts aconsequence of Theorem 3.3.3, when A = %# =1t=0.

Corollary 3.38 Letf e A,me N, =NU{0}, x>0, 20,0<p <1, =0, and a areal number such that
a+pB>0.1ff(z) e TM™>7?°(p) then

a,B,8
20 = p)a + )"
d IOl - g st na - @ prrsarzpm 77
an
20 - p)a + )"
IOl G sptm s Da - @ prasarzpm <Y
with
——0) , zeu,(d =),

f@=2-) GG DB A E
for equality. This corresponds Theorem 4.2 (ii) in Swamy [10].

Settingu = 1,4 =t = 0 in Theorem 3.3.3, we arrive at the following:

Corollary 3.39 Letf e A,me N, =NU{0},1>0,§ 20,0<p <1, B =0, and a areal number such

thata + 8 > 0. I1f f(2) € TM;”;S‘“’"’ °(p), then

F@ = 12l - 1-p)ath)

(4 —-p){m+ DA -8 (a+p)™ +6(a+28)™}

|z]?, zelU
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and
(1= p)a+p)™ 2
<t G S DA - @+pr+s@rzpm @ 1<
with
_ (1 - ,0) 2 € —
F == ) G b e 2 <0

for equality. This corresponds Theorem 4.2 (iii) in Swamy [10].

Remark 3.3.10 Some interesting consequences of Theorem 3.3.5 are the following:
(1) When A = pu =t = 0 in Theorem 3.3.5, we get the Theorem 4.3 (i) in Swamy [11]

(i) WhenAl=pu = %, t = 0 in Theorem 3.3.5, we get the Theorem 4.3 (ii) in Swamy [11]
(iii) When A = pu =1,t = 0 in Theorem 3.3.5, we get the Theorem 4.3 (iii) in Swamy [11]

IV. CONCLUSION

In our present investigation, we have defined and studied a new subclass Mfé’l('s”'”“”‘t(p) of analytic functions in an open

disk. We have pointed out relevant connections of the results presented here with previous known results in the literature
and in particular, the ones in the work of Swamy [13]. It is hoped that the introduced new operators and subclasses pointed
out can inspire further research by other researchers.
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