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Abstract - A radio labeling of a graph G is a function f from the vertex set VV (G) to the set of non negative integers such
that |f(w) — f(v)| = diam(G) + 1 — d;(u,v), where diam(G)and d;(u,v) are diameter and distance between
uandvin graph G, respectively. The radio number rn(G) of G is the smallest number k such that G has radio labeling
with max{f(v) : v €V (G)} = k.We investigate the radio number of some special type of path related graph.
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I. INTRODICTION

In a telecommunication system to design radio networks,the interference constraints between a pair of transmitters play a
vital role. For the transmitters of radio network, we seek to assign channels to transmitters such that it satisfies all
interference constraints. The assignment of channels to the transmitters is popularly known as channel assignment problem
which was introduced by Hale [3].In 2005, Chartrand et al. [1] introduced the concept of radio labeling and put the level of
interference at largest possible-the diameter of graph. For a simple connected graph G. The distance between any two
vertices u and v is denoted by d; (u, v) or simplyd (u, v).The diameter of G, denoted by diam(G), is the maximum value
of d(u,v) for allu,v € G. A radio labelingf of G is an assignment of non-negative integers to the vertices of G satisfying
If(w) — f(w)| = diam(G) + 1 —d;(u,v),for all u,v € V (G). The integerf () is called the label of w under f, and the
span of f is defined as span(f) = max{|f(w) — f(v)|: u,v €V (G)}. The radio number of G, denoted by rn(G), is
the minimum span among all radio labelling of G. A radio labeling induces an ordering u,, u;,..., up,_1(p = |V (G)]) of
vertices such that0 = f(uy) < f(wy) <...< f(up—1) = span(f).The radio number of graph is studied by several
authors (see, [5]-[22]). The first result on the radio number of trees was given by Chartrand et all [1]. They gave an upper
bound for the radio number of paths and trees. Later, Liu and Zhu[11] gave the exact radio number of paths. In this paper,
we determine the radio number of some special type of path related graph.

Il. PRELIMINARIES

Let T be a tree with centroid S. For any two vertices u and v, if u is on the (S, v) —path, then u is an ancestor of v, and v is
a descendent of u. The centroid S is an ancestor of every vertex,and every vertex is its own ancestor and descendent.
Define level function on V (T) by Lg(w) = d(S,u) for any u € V (T), we use L(u) instead of Lg(u). For anyu,v €
V (T) define ¢ as

¢(u,v) = max{L(t): tis a common ancestor of u and v with respect to centroid S}.
Theweight of T at the centroid S is denoted by w(T) and defined by w(T) = Xeyry L(1).
Let P,,.,be a path with 2k + 1 number of vertices. Now we associate r vertices to both of the nearest two vertices of the
centroid of P, . Let the vertices which are newly associated to the left side of the centroid be x;,x,,..., x,.and those
which are newly associated to the right side of the centroid be y;,y,,...,y,. We name this graph as T, ,. We have the
following observations for the treeT3, , ;.

Observation
(@) The number of vertices of Ty, ,;isn = (2k + 1) + 2r.
(b) The diameter of T, is2k.
(c) The centroid T;, ., is at v.
(d) The weight of T, ., is given by
W(T) ={1-2+2-24+...+k-2}+2-2r.
=2-1+2+3+...+k)
k(k+1)
=2 —
= k(k + 1)+ 4r.

In next two sections deal with the radio number of T3, , In the immediate section we give alower bound for radio number
of T,,., From here to onward, we denote g is the diameter of T, ;.
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I1l. LOWER BOUND OF RADIO NUMBER OF T%; .4

In this section, we give a lower bound for radio number of Tj,,, Recall that V (T],,,) = {vo,vq,..., U} U
{x0, %1, %3V {y1,¥4,-.., ¥ }. A radio labelling f is a one-to-one function.On the other hand, any one-to-one integral
functionf on V (T3, 4, ), with 0 € f(V), induces an ordering of V (T, ), which is a line-up of the vertices with
increasing images. We denote thisordering by U(f), where V (T5,..1) = U(f) = {ug, uy, uy,..., uy_1} with

0 =f(up) < f(uy) < f(up) <...< f(up-y).

Notice, if fis a radio labelling, then the span of fis f(u,_;). Now from the radio conditions we have the following
for0 <i<n-2

fip) = f) =2 q+1 —du,up,). (€Y)

To make it an equality, we add a positive quantity J¢(u;, u;44), called jump of f from w;to u;,,, in right side of the
inequality (1). Therefore,
fuip) — f(w) = g+ 1 — d(uyuieqg) + T Uigq)

Summing up these n — 1 equations,

n-2

Flino) = D [F ) = F] + £ o)

i=0

n-—2

= D la+ 1= dup )]+ g ) + £ )

i=0
n-2

>(n—1)(q+1) -2 Z L(u;) + L(ug) + L(uy_y) +

i=0
n-2
DT 1) + 20 i) + £ (o)
= (= 1)(q + 1) 2W(Tfes) + Fig) + L) + Ltn_y) +0(f) @

Where o (f) = X157 0p (u, Uj41) and oy (up uieg) = Jp(u up) + 200 (u uiyq).  Here  total  jump  J(f) =
Z::OZ J¢(uj, ui4,). So the relation between o (f) and J(f) is o(f) = J(f) + 2 Z:j d(Uj, Ujyp)-

Lemma 3.1 If u; and wu;,, are in the same branch of Tj,., and u;,, is in a different branch of T, then
o (U, Wig1) + 0 (Uig 1, Uiyn) = max{2L (wgpq) + 2 (g, iy ,) — 2k — 1,0}

Proof:
fuiv) = fu) =2k + 1 —duyupyq) + Jp W Ui44)
=2k +1—L(u) — L) + 20w wipq) + Jp(w, uiyq)
=2k +1— L(u) — L) + 0 (U, Uigq)
and

fisz) = fQuiy1) = 2k + 1 — L(uyyq) — LQugyp) + O'f(ui+1rui+2)
Summing up we get
fQuin) = fw) = 4k + 2 = L(w;) — L(wisz) — 2L(wip1) + 0p (U Uipg) + 0 (Uiyr, Uip)

where o (ug, Upyq) = Jp (U, Upy1) + 20 (ug, upy4) for t =i,i+ 1. On the other hand, since f isa
radio labeling, we have
fuisn) = f(u) = 2k + 1 — d(u;, uyy,)
=2k +1—L(w) — Luigp) + 20wy uyyp)
Combining the two expressions above, we get where oy (w;, U;y1) + 0 (Uiyq, Upyp) = 2L(Wi41) + 20wy, uiy) — 2k — 1.
Since the value of oy (u,, upyq) = 0 fort =i,i + 1, the result follows
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immediately.

Remark 3.1 From the above lemma we see that if a vertex u;,, is at level k, then o (u;, u;11) + 0 (W1, Uig2) = 1,
provided s & {u;,u;,,}.
Theorem 1. For the tree Ty, , ™(Thyi1) = (n— D2k + 1) — {2k(k + 1) + 8r} + 2.

Proof: Let f be an arbitrary radio labelling of T3, ,, and uy, uy, ..., u,, be the ordering of the
vertices of Ty, suchthat0 = f(uy) < f(w,) <+ < f(u,_,) = span(f). Then from Eq. (2)
with f(uy) =0 and W(Tj,,,) = k(k +1) + 4r, f(u,_,) satisfies the following

f@n1) 2 (= D2k + 1) — {2k(k + 1) +8r} + L(ug) + L(un_q) + o(f) 3
Where o(f) = X755 0p (u;, ui41) and op (uy, uz41) = Jp (U, ti44) + 20 (g, uz4). 1F possible, let
span(f) = (n—1)(q + 1) — {2k(k + 1) + 8r} + 1. Then from Eq. (3), we must have

L(ug) + L(up_) + a(f) =1

As L(ug) + L(u,_1) = 1s0 Eq.(4) implies L(u,) + L(u,_,) =1 and o(f) = 0. But the equality is true only when one
of u, and u,_, isthe centroid s and other is adjacent
to s. But then Remark 3.1 implies o(f) > 1 asT;,,, has two vertices which are level k. So we
get a contradiction. Hence we obtain the result.

IV. UPPER BOUND FOR RADIO NUMBER OF T3, 4

To find an optimal radio labelling, we need to rearrange the vertices of T;,,,. Inthe below we
give a vertex index scheme for the same.
4.1 Vertex Arrangement Scheme of T5;,4:
Recall that V(T%4.1) = {Vo, V1, - Var 3 U {Xxg, X1, .., %3 U {¥g, Y1, -, ¥ }. NOW we rename the
vertices of V(T%,.1) by u;’s, where u;’s are defined as below.

(@ Foro<i<2k-1

f vk, i= 0
4 vzk, i= 1
u:= i
t | U%' i is even and 2<i<2k-2
( Vsl iis odd and 3sis2k-1.
Xi+2 ..
) = iis even
() For0<i<n-—2k—2,uyy; = Vir1
T, iis odd

(€) Up—1 = Vg1 -

Remark 4.1 From the above new arrangement of vertices ug,u,, ...u,_, forms an alternating

sequences i.e., ¢(u,, u..,) = 0 forevery i.

From here no onwards by the consecutive vertices we understand that u,, u,,, are consecutive if f(u,) < f(upyq)-
Lemma 4.1 Let u, and u,,, be any two consecutive vertices of Tj,,,\{u,}, then

Lug) + L(ugyq) <k + 1

Proof : Let us partition the vertex set V(T%,,) into four disjoin sets S;,S,,S; and S, , where

S, = {0, V1, ey Vg -

Sy = {Vis 1, Vicss - Varc}

Sy = {x1,%5,.., %, }.
Sa=vye ¥}

Also we have,
Lw)=k—i, 0<i<k-1
L(v;) =1, 1<i<k
L(x;) =2, 1<i<r
L(y;) =2, 1<i<r

Now consider the following cases.
Case-1: u, €S, .Ifu, €S, thenu, = v; for some i satisfying0 <i<k—-2andu,,, €S,.

AlSO U1 = Vjyiyq- Therefore,
L(ug) + L(ue) = L) + LWpsip) = (k=D + @+ D =k+1
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Case-2 :  wu; € S;\{v, .} Let u; € {vyp_1, V2 Then u, € S, and this implies u, = v;,; with 1 <i <k -2 and
Uiyq €S . AlSO u,; = v; . Thus we have

L(ue) + L(ugyq) = Lgy) + Lw) =i+ (k—0) =k.
Again if u, = vy,_,, then u,; €55 and u.,; = x; . SO we obtain

L(up) + Lupyq) = L(wgp_) + L)) =(k—1D)+2=k+1.

Case-3: u, €55 .If u, € S5, then u, = x; for some i satisfyingl <i <r; u., €S, and
Uspq = V; - Therefore, L(u,) + L(upyq) = L(x) +L(y;)) =2+ 2 =4.

Case-4: u,€S,. Ifu, €S, {y},thenu, =y; forsomeiwithl <i <r-1 and u, ; = x;4;.
Hence L(u;) + L(uspq) = Ly) + L(xjp1) =2+2 =14

Again if u, =y, ,thenu,,, = v,_, and for this values of u, ,we have
L(ue) + L(ueyq) = LGy) + L(vg—y) = 3.

On account of all the above cases, we obtain L(u,) + L(uzy,) < k + 1.

4.2 Radio Labeling of T3, .4

Now we are in a position to give a radio labelling of T, .
Theorem 2 For the tree T;,..,, the mapping f defined as; f:V(T;,.1) = {0,1,2,...,}.

0, i=0
fu) ={f(u_1) +2k+1—L(u;—4) — L), i=21,i+3
f(ui_l) +2k+1-— L(ui_l) - L(ui) + 1, i=3

is an optimal radio labeling.

Proof: To show f is a radio labelling of T;,,,, We need to prove f(uj) —f(w) =2k +1—-d(u;,u;,,) forallj>i
First we take j =i+ 1. Then from definition of f , we have f(u;;,) = f(u;)+ 2k + 1 — L(u;) — L(u;,,) and hence
fQuip) — fu) =2k + 1 —d(uyyq,u;) as (u;, uyq) = 0 implies that L(w;) + L(u;4q,) = d(u;,uzy) - Now for j =
i+ 2. , we calculate the difference  f(u;,,) — f(v;) in the below.

fuiv2) = f(w) = 22k + 1) — L(w;) — LQuyyq) — L(uyyg) — 1i42)
=2k +1) —{L(w) + L(uj4)} — {L (i) + L(wiy2)}
>2Qk+1)—-2(k+1)
=2k
Therefore the radio condition is satisfies for j =i+ 2. Similarly, for j > i+ 3, we have

fQuipr) = f(u) = 2k + 1 — L(w;) — L(u;4q)
f@isz) = fUy1) = 2k + 1 = L(ugyq) — L(uiy2)
fiyz) = fUiyp) = 2k + 1 = L(ugy2) — L(uiy3)

Fu) = Fluys) = q +1- L) - L(w,).

Adding all these we get,
flw) = fQu) = G — D)2k + 1) = ZiZH{L(ue) + L(uger)}
>(-DRE+D-(G-Dk+1)
=G -k
=3k, asj—i=3
Thus for all i and j , we have f(u;)— f(uw) =2k +1—d(u;w) .ie, f isaradio labelling of TJ,,,. To show
optimality, we need show that the span of f coincides with the lower bound
presented in Theorem 1.
span(f): From definition of f ,We have
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0, i =
f(ui) = f(ui—l) +2k+1- L(ui—1) - L(ui), i>1,i
f(ui_l) + 2k + 1 - L(ui_l) - L(ul) + 1, l =

Now the difference  f(u,,_;) — f(u,) is given by

fQ_) —fluy) =m—1)Q2k+1) —2W (T3, 4q) + L(ug) + L(u,_,) + 1 and putting the values f(uy) , W( T3, 41
and L(uy) + L(u,_q) , we have

fp)=m—-1Rk+1)—2{k(k+ 1) +4r} + L(ug) + L(u,_y) +1

Therefore, f is a radio labelling

=n-1DQRk+1)—-2k(k+1)+8r}+0+1+1
=(n—-1Qk+1)—{2k(k+1)+8r}+2
with span(f) = f(u,_1) = (n— D2k +1) —{2k(k+ 1)+ 8r}+2}. In

r
2k+1

Figure 1, we give an optimal radio labelling of T} according to our rule stated in this theorem.
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