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ABSTRACT. In this paper, we study to solve the Hyers — Ulam — Rassias stability
type of the Cauchy functional equation and then Jensen functional equation in
non — Archimdean (1, 3)-normed space. and that of the pexiderized Cauchy functional
equation in (I, 8)-normed space Then I will show that the solutions of equation are
additive mapping. These are the main results of this paper.
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1. INTRODUCTION

Let X and Y be a normed spaces on the same field K, and f : X — Y be a mapping.
We use the notation H . Hﬁl (H . Hg) for corresponding the norms on X and Y. In this
paper, we investigate the stability of the Cauchy functional equation and then Jensen
functional equation in Non — Archimdean (I, 3)-normed space. In fact, when X is a

non-Archimedean (n,)-normed space with norm H . H 8 and that Y is a Banach non-

Archimedean (n,()-normed space with norm with norm H . H g

We solve and prove the Hyers-Ulam-Rassias type stability of the functional equation in
non— Archimdean (1, 3)-normed space, associated to the Cauchy type additive functional
equation and Jensen type additive functional equation with 2k variable:

f(éa:ﬁ—%émﬂ) Zéf(:vj)%—éf(aﬁ:’j) (1.1)

and

2% (5 §x+%§$’3j) Z;f(l‘j) +;f(g”’;j) (1.2)

The study of the functional equation stability originated from a question of S.M. Ulam
[24], concerning the stability of group homomorphisms. Let (G, >l<) be a group and let

(G’, O,d) be a metric group with metric d(-, ) Geven € > 0, does there exist a 6 > 0
such that if f: G — G’ satisfies

d(f(zxy). fz) e fly)) <0
for all z,y € G then there is a homomorphism A : G — G’ with

d(f(:v),h(a:)) <e€

This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)


ssrg 5
Text Box
International Journal of Mathematics Trends and Technology                                                        Volume 67 Issue 10, 7-33, October, 2021
ISSN: 2231  - 5373/doi:10.14445/22315373/IJMTT-V67I10P502                                                 © 2021 Seventh Sense Research Group®     
  


ssrg 5
Text Box
 
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)



LY VAN AN/ IUMTT, 67(10), 7-33, 2021

for all z € G 7, if the answer, is affirmative, we would say that equation of homomophism
h(a: * y) = h(y) o h(y) is stable. The concept of stability for a functional equation arises
when we replace functional equation by an inequality which acts as a perturbation of the
equation. Thus the stability question of functional equations is that how do the solutions
of the inequality differ from those of the given function equation?

The Hyers [8] gave firts affirmative partial answer to the equation of Ulam in Banach
spaces.

. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by Rassias [17]
for linear mappings by considering an unbounded Cauchy difference. A generalization of
the Rassias theorem was obtained by Gavruta [7] by replacing the unbounded Cauchy
difference by a general control function in the spirit of Rassias approach. The functional
equation

flx+y)=f@)+ fly)

is called the Cauchy equation.

The functional equation

T+y 1 1
PR = L)+ i)

is called the Jensen additive functional equation.

The first work on the stability problem for functional equations in non-Archimedean
spaces was started by Moslehian and Rassias [11]. Moslehian and Sadeghi [10] investigated
the stability of cubi functional equations in non-Archimedean normed space. Next the
mathematicians Xiuzhong Yang, Lidan Chang, Guofen Liu and Guannan Shen stabilty
of functional equation in non-Archimedean (n,()-normed space

concerning to the following Cauchy functional equation and Jensen functional equation
flz+y)=f(z)+f(y)

21 () = 1) + ()

Recently, in [9, 10, 11, 25] the authors studied the on Hyers-Ulam-Rassias type
stability the stability of the functional equation in non — Archimdean (I, 3)-normed
space, associated to the Cauchy type following additive functional equation and Jensen
type additive functional equation.

k

f(;:vﬁégifw) =3I+ 321 (5)

7=

J=1

[y

and
k

(S A3 ) =3 )+ 37 (5)

J=1 J=1

ie the functional equation with 2k-variables. Under suitable assumptions on spaces X
and Y, we will prove that the mappings satisfying the functional (1.1) and (1.2). Thus,
the results in this paper are generalization of those in [ 10, 11, 25] for functional equation
with 2k-variables.

The paper is organized as followns:

In section preliminarie we remind some basic notations in [10,11,25] such as Banach
space, Banach non-Archimdean space, non-Archimdean (I, 3)-normed space, Banach non-
Archimdean and solutions of the Cauchy function equation and Jensen function equation.
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Section 3: is devoted to prove the Hyers-Ulam-Rassias type stability of the Cauchy type
additive functional equations in non-Archimdean ([, 3)-normed space when X is a non-

Archimdean (I, #)-normed space with norm H . H 4 and Y is a complete non-Archimdean

(I, B)-normed space with norm H . Hg

Section 4: is devoted to prove the Hyers-Ulam-Rassias type stability of the Jensen type
additive functional equations in non-Archimdean (I, 3)-normed space when X is a vector

and Y is a complete non-Archimdean (I, 5)-normed space with norm H . H 5

Section 5: is devoted to prove the Hyers-Ulam-Rassias type stability of the pexiderized
Cauchy type functional equations in non-Archimdean (I, 3)-normed space when X is a

vector and Y is a complete non-Archimdean (, 3)-normed space with norm H . H 5

2. PRELIMINARIES

2.1. (n, ﬁ)—normed spaces.
Definition 2.1.

Let {:En} be a sequence in a normed space X.

(1) A sequence {a:n} ._, in a space X is a Cauchy sequence iff the sequence {l’n+1 —

l’n} converges to zero.

n=1
(2) The sequence {a:n} _, issaid to be convergent if, for any € > 0, there are a positive
integer N and z € X such that

Tn —:EH <eVn >N,

for all nm > N. Then the point x€ X is called the limit of sequence x,, and
denote lim,, o T, = .

(3) If every sequence Cauchy in X converges, then the normed space X is called a
Banach space.

Definition 2.2.

Let X be a linear space over R with dimX > n, n € Nand 0 < § < 1 let H,,H :
X" — R. be a function satisfying the following properties:

(1) ||z1, ...,y , = 0 if and only if x4, ..., z,, are linearly dependent,
(2) ||z1,...,xy,|| is invariant under permutations of x1, ..., z,

(3) |laxy, ..., xn|| = ‘a‘ﬁHatl,...,:cn

(4)

4

X1y ees Ty Y + ZHg < ‘a:l,...,:cn,yHB + ‘:El,...,zn,z‘)ﬁ,‘v’zl,...,a:n,y,z € X and

a € R. Then the function

* Note that the concept of a linear (n, ﬁ)-normed space is a generalization of a

ICEEE

) is called an (n, ﬁ)-norm on X and the pair

D is called a linear (n, ﬁ)-normed space or an (n, ﬁ)-normed space.

linear n-normed space (ﬁ = 1) and of a linear n-normed space (n = 1)
Definition 2.3.

A sequence {a:n} in a linear (n, ﬁ)-normed space X is called a convergent sequence if
there is € X such that lim,, Ha:n —x, 21, 29, ""Z"—ng =0 for all zq, 29,..., 2,1 € X.
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*Note we call that {a:n} convergent to xor that x is the limit of {l’n}, witer {a:n} — T
as n — 0o or lim,, . T, = T.
Definition 2.4.

A sequence {a:n} in a linear (n, ﬁ)-normed space X is called a Cauchy sequence if
limy, 1100 Ha:n — T, 21, 22, ""Z"_lHﬁ =0 for all z1, 29, ..., 2,1 € X.
Definition 2.5.

A linear (n, ﬁ)-normed space in which every Cauchy sequence is convergent is called a
complete (n, ﬁ)-normed space

2.2. The properties of (n, ﬁ)—normed spaces.

Lemma 2.6.

Ha:l,zl,zg, ...,zn_1H =0 for all 21, 29, ..., 2,1 € X, then 1 = 0.

Let (X,

) ) be a linear (n, ﬁ)-normed space, k > 1, 0< < 1. If x; € X and
&)

Lemma 2.7.

For a convergent sequence {a:n} in a linear (n, ﬁ)-normed space X,

lim Ha:n,zl,zg,...,zn_lH = H lim a:m,zl,ZQ,...,zn_lH =0
B M—00 B

n—oQ

for all 2z, 29, ..., 2,1 € X.

2.3. non-Archimedean (n, ﬁ)—normed spaces. In this subsection we recall some basic

notations fromsuch as non-Archimedean fields, non-Archimedean normed spaces and non-
Archimedean Banach spaces.

A valuation is a function ‘ . ‘ from a field K into [0, 00) such that 0 is the unique element
having the 0 valuation,

=0<r=0

o
‘r . s‘ = ‘7" |s|,Vr,s € K
and the triangle inequality holds, i.e.,

‘r—l—s‘ < ‘7" + ‘s‘,‘v’r,s e K.

A field K is called a valued field if K carries a valuation. The usual absolute values of
R and C are examples of valuation. Let us consider a valuation which satisfies a stronger

condition than the triangle inequality. If the strong triangle inequality is replaced by

}r + s} < ma:z{}r}, }s}},‘v’r,s e K,
then the function ‘ . ‘ is called a non-Archimedean valuation. Clearly, ‘1‘ = ‘ — 1‘ =1
and }n} < 1,Vn € N. A trivial example of a non-Archimedean valuation is the function
‘ . ‘ talking everything except for 0 into 1 and ‘0‘ = 0. In this paper, we assume that the
base field is a non-Archimedean field with ‘2‘ # 1, hence call it simply a field.

Definition 2.8. Let be a vecter space over a filed K with a non -Archimedean ‘ . ‘ A
function H . H X — [0, oo) is said a non -Archimedean norm if it satisfies the follwing
conditions:

(1) H:EH = 0 if and only if x = 0;
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(2)

) _

(3) H:B%—yH < max H:c

(rekK,ze X);

),

) . H) is called a norm -Archimedean norm space.

rx T

)yH x,y € X hold.

Then (X ,

Definition 2.9.

A sequence {:En} in a norm -Archimedean (n, ﬁ)-normed space X is a Cauchy sequence

if and only if {a:n — :Em} — 0.

Definition 2.10. Let {a:n} be a sequence in a norm -Archimedean normed space X.

o
(1) A sequence {a:n} in a non -Archimedean space is a Cauchy sequence iff the
n=1 o
sequence {In+1 — In} converges to zero.
n=1

(2) The sequence {l’n is said to be convergent if, for any € > 0, there are a positive
integer N and x € X such that

|

for all n,m > N. The we call x€ X a limit of sequence x,, and denote lim,, ., x, =
Z.

Tn —:EH <eVn >N,

(3) If every sequence Cauchy in X converger, then the norm -Archimedean normed
space X is called a norm -Archimedean Bnanch space.

Definition 2.11.

Let X be a real space with dimX > n over a scalar filed K with a non -Archimedean
nontrivial valuation ‘ . ‘, , where n is a positive integer and [ is a constant with 0 < § < 1.
A real-valued function let H, e H : X™ — R. is called an (n, ﬁ)-norn on X satisfying the
following properties:

(1) ||z1, ..., Ty , = 0 if and only if x4, ..., z,, are linearly dependent,

(2) ||z1, s Ty ) is invariant under permutations of 1, ..., z,

(3) |laxi,...,zp , = ‘a‘ﬁ‘ X1y ey Ty

(4) (o + x1, ..,y , < mCLI{HIQ,...,In 5 X1y eeey Ty ﬁ},‘v’a:o,xl,...,:zn € X and
a € K. Then the function H, e H is called an (n, ﬁ)-norm on X and the pair

normed space.
* Note that the concept of a non -Archimedean (n, ﬁ)-normed space is a non

D is called a non -Archimedean (n, ﬁ)-normed space or an (n, ﬁ)-

-Archimedean n-normed space if (ﬁ = 1) and a a non -Archimedean [F-normed
space if n=1 respectively.

2.4. Solutions of the equation. The functional equation

flz+y) =f(x) + fy)

11
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is called the Cauchuy equation. In particular, every solution of the Cauchuy equation is
said to be an additive mapping.

The functional equation f(%) = %f(:c) + %f(y) called the Jensen equation. . In
particular, every solution of the Jensen equation is said to be a Jensen additive mapping.

Note: n is positive integer and [ > 2.

3. STABILITY OF THE CAUCHY TYPE FUNCTIONAL EQUATION IN NON-ARCHIMDEAN
(I, 5)-NORMED SPACE

In section, we assumer that ‘2]{:‘ # 1. Under this condition we prove the Hyers-Ulam-
Rassias type stability of the Cauchy type additive functional equations in non-Archimdean

(1, B)-normed space when X is a non-Archimdean (I, 3)-normed space with norm H . H 4

and Y is a complete non-Archimdean (I, 5)-normed space with norm H . H 5

or X is a vector space and Y is a complete non-Archimdean (I, 3)-normed space with

norm || - | .

Under this setting, we can show that the mapping satisfying (1.1) is additive. These
results are give in the following.

Theorem 3.1.

Suppose That X is a non-Archimedean (j-normed space and that Y is a complete
non-Archimedean (I, 5)—normed space, where [ > 2 , 0 < 3,81 < 1. Let € € [0, 00),

p.q € (0,00) with I3 (p+ ¢) > B and let
¢ Y — [0, 00)
be a function. Suppose that a mapping
f: X%* Y
satisfying the inequality

‘ f(ifﬂj "’i%) - if<a7j) - Zf<$2+j),21722,---,2’1_1
j=1 j=1

J=1 J=1
k
p
T e
B L
7=1

B

q
)¢<Z17 22y eeny Zl—l)
1

(3.1)

k
Ly

(11l

J=1

for all zj,x4; € X forall j =1 — k and 21, 22, ..., 2-1 € Y . Then there exists a unique
additive mapping

H:X—-Y
satisfying

k(p+q)
) (3.2)

Hf(a:) — H(x), 21, 22, s 211 (B

E )

for all z € X and 21, 29,...,21.1 €Y .
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Proof. Put ©; = x,xp4; = ka for all j = 1 — k in (3.1) and dividing both sides by
‘(21{:)_5|, we get

< ¢ . Lkt

[

—f(:c),zl,zz,...,zl_l Ha: 21,22,...,2’1_1) (3.3)

for all x € X and 21, 29, ..., 2,1 € Y . Replacing x by (21{:)”:17 in (3.1)

and dividing both sides by |(2k)"?|, we get

@R @R 5
S € kkqﬁl (2]{:}) ng (2]1)5 ‘ (2k)nk61(p+q) ‘ )I»HZ(;D—H]) 2 <Z17 22y eeey Zl—l)
1 (o)
— . Lkap kg1 (p+q)—8
=€ kM (2]{;)5“(21{:) p+q ‘Hl’ N gp(zl,zg, ---,21—1) (3.4)

for all x € X and z1, 29, ..., 29,1 € Y. Since k(p + ¢)51 > [ and 21{:‘ # 1, we get

f((2k)" ) B f((2k) )
(2k)n+ (2k)"

lim

n—oQ

for allz € X and z1,29,...,21.1 €Y

. It follows from (3.5) that the sequence {f(gg:m) } is Cauchy sequence for all x € X.
Since Y is completes space, the sequence {f(gg:m)} coverges. So one can define the
mapping H: X — Y by

f ((2]{:)":5)
H(z):=1 3.6
(v) := Jim (2k)" (3.6)

for all z € X.

13
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It follows from (3.1) and (3.6) and lemma 2.7 that

H(il’j + %il’]ﬁ.j) - iH([L’j) - iH(%),ZI,ZQ, ceey Rl—1
j=1 j=1 j=1 j=1 B
n n k
- (o) o) (S )| - ()7
j=1 j=1 j=1
- if((mff)n%>>2’1>Z’2>--->Zl—1

Jj=1

B

< k <2k)nxj ’ lkl ‘)<2k)n$k+j ;1>S0(21,22,...,Zl_1)

7=1

= lim 6 (2 )kﬁl(iﬁ‘i'q <| | H<2k) l,] . k ‘)<2k)nzk+j ;)SO(ZI’Z%‘“’ZI_I)
- j=1 1

and so for all z;, xyy; € Xforall j =1 — k. and 21, 29, ..., 2051 € Y. Since kB (p+q) >
and ‘2]{:‘ # 1, we get

k k k k
1 Lti
H<Zz) + szk-lﬂ) - ZH<zJ) - ZH< k—i—j))Zlaz%'“yzl—l
7=1 7=1 7=1 7=1
for all z;, xpy; € X for all j =1 — k. and 21, 22, ..., 211 € Y. By lemma 2.6, we get
k k k k
1 Tt
A2 L) - 1e) -2 () -
7=1 7=1 7=1 7=1
for all ;, 45 € X for all j =1 — k. So mapping H is additive. replace x by 2kx in
(3.3) and dividing both sides by }(21{:)5}, we get

< lim 6 <2k:) -

n—oQ

=0

kar)
ok 3 R1y Ry eeny RI—1
B
< e krak (21{:) —25 ’ k(erq)gp(zl, 29, ..., zl_l) (3.7)
and keep replacing x by 2kx in (3.7)and dividing both sides by '(21{:)5 , we get
f((Qk:)?)a:) B f((Qk:)zx) o .
(2]{:)3 (2]{:)2 5 21y B2y eeey Al—1 ,
< e kkah (21{:) 35 H(2k‘)2z Z(p+q)g0(zl,22, ...,zl_l) (3.8)
and so on until
f((Qk:)"“z) f( 2k)"x
(2kf)n+1 - (2]{?) 21y %2y 00y Rl—1 ,
) 1 n k(;n+q)
< ¢. kkaB (2]{;)"6 H(Qk:) " gp(zl, 29, ..., Zl—1) (3.9)

14
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Thus by (3.7), (3.8) and (3.9) We get

2k n+1
Hf( )_% 21y B2y eevy Z1—1
B
' ),21,22,...,2’1_1 s
B
21{: 2:5 2]{::5)
(2]{5)2 - 2%k y Rly B2y +eey Z1—1
B
‘ e fea) }
s s (k) k) e A
B
k p—l—q
<ma:c{e fkar 21,2’2,...,2’1_1)
E(p+
>€'kkq61 W H(2 ? 51(10 q)S0<Z1>2’2>---,2’2k—1)
,...,E'kkqﬁl W H(2k)n$ Z(p—l—q)SO(Zlaz%“'azl—l)}

for all x € X and 21, 29, ..., ;-1 € Y. Since k(p+ q)p31 > [ and ‘2]{:‘ # 1, we get

f(2kx p—l—q
Hf(:ﬂ) — (27,2’1,22, vy Zop—1|| < e€- k:kqﬁl zl,zz, ...,zl_l) (3.10)
for all z € X and 2y, 29,...,21.1 € Y.
By induction on, n we can conclude that
((2K)a)

k
< €-k b 21,22,...,2’1_1)

Hf(f) - W,Zl,,@, ey R1—1 )
(3.11)

for allz € X and z1,29,...,21.1 €Y
foralln € N, z € X and z1, 29, ..., ;-1 € Y. Replacing x with 2kx in (d) and dividing

both sides by '(21{:)5 , we get

— 3 R1y B2y eney Rl—1

f(2kz)  f((2k)" )
2k (2k)nt1

B

k(r+a)

<e- KMo (2k) 7

)(2]{:):5

3 SD(Z17Z27 "'azl—l) (312)

15
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for all z € X and 21, 29, ..., 211 € Y and n € N. It follows from (3.3) and (3.12) that

f((2k:)"+155)
- L)

3 R1y Ry eeny RI—1

B
k(p—!—q)
B1

for all x € X and zy, 22, ...,2-1 € Y and n € N. This is completes the proof of (3.13).

Taking the limit as n — oo in (3.13) we can obtain (3.2) Now we prove the uniqueness of
H. Assume that H; : X — Y is an additive mapping satisfing (3.2). Then we have

< - (28) || 2h)e

gp(zl, 29y .eey zl_l) (3.13)

H(l’) — H1 (l’),Zl,Zg, ceey Rl—1

B

= |(2r) 7

H((Qk:)":c) - H; ((21{:)"17), 21,225 ens 211

B

ma:z{HH((Qk:)":c) — f((Qk:)"a:),zl,zz, ey 21

)

< |(2r)

Y

B

Hf((%)":c) — Hy((2K)"), 21, 22, s 21

< e kraPr|(2k)™F (21{:) - H(Qk‘)":ﬂ Z(p+q)g0(zl,22,...,zl_1)
— ¢ . kkah (Qk‘)k(ﬁq)ﬁl_ﬁ‘n (21{:) - Ha:HZ(erq)gp(zl, 29, e zl_l) (3.14)

for all z € X and 2z, 29, ..., 2,1 € Y . Taking the limit as n — oo, we have

HH(:E) — H; (:E),zl, 2o, ..., 21—1|| =0

B
for all z € X and 21, 29, ..., 2,1 € Y. By lemma 2.6, we get H(a:) = H, (a:) forallz € X
. So H is the unique additive mapping satisfying (3.2) OJ

Theorem 3.2.

Suppose That X be a vector space and that Y is a complete non-Archimedean (I, 3)—normed
space, where [ > 2,0 < 3 < 1. Let

@ X2 —[0,00)

be a function such that

nll_)rglo (2]{?) o g0<((2])€)f1, (2]{?) T2y eny (2/{?) Tk, (2/{?) k‘l’k+1, (2/{?) k‘l’k+2, ceey (2/{?) k‘l’gk) =0
(3.15)

for all z;,x44; € X forall j =1 — k, and
suppose that a mapping
YY" — [0, 00)
be a function. The limit
16
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lim ma:z{ (2k)i5 @ ((2k) " wy, (2k) g, oy (k) Hag), 1 < i < n} (3.16)
exists for x € X, and it is denoted by ¢(x). Suppose that a mapping
f: X—=Y

satisfying the inequality

k k k k
f<ZCEj + Z :Elzrj) o Zf<93j) - Zf(zgl;:j),zbzz,--wzl—l
i=1 i=1 i=1 :

Jj=1

B

S QO(I’l, L2y eeey Thy Lhot1y L2y -0y l’gk) . Q/J(Zl, 22y euny Zl—l) (317)
for all zj,xp4; € X forall j =1 — k and 21, 22, ..., 21-1 € Y . Then there exists a unique
additive mapping

H:X—->Y
satisfying

< P(x)p(z1, 22,0 21-1) (3.18)
B
for all z € X and 2y, 29, ..., 211 € Y. Moreover, if

Hf(:ﬂ) — H(l’),Zl,Zg, ey 211

1 — i i
AL o((2k) 2y, (2k) 2o, ...y (2k) g,

h—o00 n—00

lim lim ma:z{

(2) " ki, (25) " ki, o (2K) o) 1+ h < i <+ h} —0  (3.19)
for all x € X, then H is a unique additive mapping satisfying (3.18).

Proof. Put z; = x,x54; = kx for all j = 1 — k in (3.17) and dividing both sides by
‘(2]{:)5|, we get

- f(l’),Zl,Zg, ceey Rl—1

B

< ‘ (2k) - o(x, @, ...z, ka, kx, . kx ) (21, 22, ..., 2-1) (3.20)

for all x € X and 21, 29, ..., 2,1 € Y . Replacing x by (2]{:)[:5 in (3.20)

and dividing both sides by

(2k)"

, we get

Hf((?k;)w%) - £((2k)ix) - )
(2k)it1 (2k) 1y 225 vy 22k—1

< ‘(Qk:) 1 26) | o (2k) ., (2K) s .oy (2)

(2k) "k, (2k) 'k, ..., (2k) kz) o (21, 29, ..., 225-1) (3.21)

17


ssrg 5
Text Box
17


ssrg 5
Text Box
LY VAN AN/ IJMTT, 67(10), 7-33, 2021 



LY VAN AN/ IUMTT, 67(10), 7-33, 2021

for all x € X and z1, 2, ..., ;-1 € Y. Taking the limit as i« — oo and considering (3.15)

(k)" ) f((2k)')

li . .
m (2k) (2K 1 215 225

1—00

y Rl—1 =0 (322)

B

for allz € X and z1,29,...,21.1 €Y

. It follows from (3.22) that the sequence {f(gg:z) } is Cauchy sequence for all x € X.
Since Y is completes space, the sequence {f(gg:m)} coverges. So one can define the
mapping H: X — Y by

- J((2k)")
H(z):= lim ——~ 3.23
(v) := Jim (2k)" (3.23)

for all x € X.
It follows from (3.17),

(3.2
H(Z% %; kﬂ) — ZH(:EJ) — ZH<$2+j>,z1,z2, ey 211

3) and lemma 2.6 that

= i 5
n k
1 n

-l <M;M>]_;<@ )

k

Zf( ) 21,20y 2

Jj=1 Jé]

nlggg \ (28], ()", (24"

( ) kw)w(zl,Z2,-- >Z2k—1)
and so for all Tj, Tpyy; € Xforall j =1 — k. and 21, 29, ..., 211 € Y.we get
k 1 E k k .
k+j

for all zj, xpy; € X for all j =1 — k. and 21, 22, ..., 2111 € Y. By lemma 2.6, we get

k k k k
1 Thej
(a4 Do) - Ya () - () —o
7=1 7=1 7=1 7=1
for all z;, xy4; € X for all j =1 — k. So mapping H is additive.

Replace x by 2kx in (3.20) and dividing both sides by |(2k)?

, we get

— 3 R1y Ry eeny RI—1

H F((2k)22)  f(2kz)

(2k)? 2k ]
< H(%)—% o((2K)", (2K) "z, ... (2K) "2
(2k)"kz, (2k)"ka, ..., (2k)"kz) ¥ (21, 22, .., 2101) (3.24)

18


ssrg 5
Text Box
18


ssrg 5
Text Box
LY VAN AN/ IJMTT, 67(10), 7-33, 2021 



LY VAN AN/ IUMTT, 67(10), 7-33, 2021

for all x € X, 21, 29, ..., z1-1 € Y. Considering (3.20), we get

(2k) ™

o)

gp(x,a:, X kx, kx, ,k::c) gp((Qk:)x, (2]{:):17, - (2k)x,

< mazz{

(21{:) kx, (21{:) kx, ... (2]{:) k:z) }w(zl, 29y .ees zl_l) (3.25)

for all z € X, 21, 29, ..., 211 € Y. By induction on n, we get

F((2k)"x
Hf(if) - (2k)" y Z1y B2y ooey Z1—1 ;
S {gp( (k)" N, (2k)" e, o (20)" T, (20)" T R, (20)" T R, o, (26)" T R)
1<h< n}w(zl,zg, e Z11) (3.26)

replacing x by 2kx in (3.26)and dividing both sides by ‘(21{:)5 , we get
f((2k)z) — f((2k)""'z)
(2/{,‘) — (2]{,‘)""’1 3 R1y B2y eey Rl—1
B
o o((2k)"z, (2k) "2, ..., 2k) "z, (2k)"kz, (2k) "k, ..., (2K)"kz)
- ‘(Qk)(h—l—l)ﬁ ’
1<h< n}w(zl,zg, ...,zl_l) (3.27)

for all x € X, 21, 22, ..., 211 € Y and n € N, which together with (3.20) implies .
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2k)" g
H.f((2kf)l’) — %, 21y B2y evvy Z1—1

<magg{gp(:ﬂ,z,...,z,k:v,kx,...,k::c)

i @7

o((2K)"z, (2K)"x, ..., 2k) "z, (2k)"kz, (2k) "k, ..., (2k)" k)
‘(Qk(h+lﬁ‘

B

>1 <h< n}w(zl,ZQ, ---,Zl—1)
{so( (2k) "z, (28)"z, .., (2k) "z, (2k) "k, (2k) Kz, .., (2k) k)

‘(2;{; (h+1 ﬁ‘

= max

1<h<n} (21,22, .0, 21-1)

_mm{ o((2) "z, (2K) "z, ..., 2k) "z, (2k)"kz, (2k) "k, ..., (2k)" k)

o

1 §h§n+1}w(zl,22,...,zl_1) (3.28)

for all x € X, 21,29, ..., 211 € Y and n € N. This is completes the proof of (3.26) Taking
the limit as n — oo in (3.26). Now we need to prove the uniqueness of H. Let H' be
another additive mapping satisfying (3.18). Sence

1
(2k)"

lim
h—oo

o((2k)"z) = lim lim mazz{

h—o00 n—00

(2k)

(k)" kg, (26)"T T kagga, o, (26)MT T gy, 1 <0 < n}

ﬁ (2 e, (20) ., (2K

h—o00 n—00

= lim lim mazz{

(2k)" ' kwppr, (k) kapso, oy (2k) ko), 1+ A < i <n+ h}
(3.29)

for all x € X, 21, 29,..., -1 € Y, it follows from then H is a unique additive mapping
satisfying (3.19) that.

20
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HH(I’) — H/(l’),Zl,Zg, ceey Rl—1

B
. 1 ,

= hlljg() k) HH((%‘)hz) —H ((2]€)hl’),21,22,...,zl_1 ﬁ

1
< f}ggo k) ma:z{ 'H((%‘)hzz) — f((2k)"2), 21, 22, ... 211 ﬁ,
H.f((2k)hl') - H/((2k‘)hl’), 21529y ooey Zl—1

B

1 ~

< lim 21 P((2k) P2y (21, 22, ooy 2121) = 0 (3.30)

for allz € X and 21, 29, ..., z;_1 € Y. Considering lemma 2.6 we prove that H is unique [

4. STABILITY OF THE JENSEN TYPE FUNCTIONAL EQUATION IN NON-ARCHIMDEAN
(I, 5)-NORMED SPACE

In section, we assumer that ‘2‘ # 1. Under this condition we prove the Hyers-Ulam-
Rassias type stability of the Jensen type additive functional equations in non-Archimdean
(1, B)-normed space when X is a vector and Y is a complete non-Archimdean (I, 3)-normed

space with norm H . Hg

Under this setting, we can show that the mapping satisfying (1.2) is Jensen additive.
These results are give in the following.

Theorem 4.1.

Suppose That X be a vector space and that Y is a complete non-Archimedean
(I, 5)—normed space, where [ > 2,0 < < 1. Let

@ X% —[0,00)

be a function such that

Tim |27 (%%%z’gfﬁf%) =0 (4.1)
for all z;,z44; € X forall j =1 — k, and
suppose that a mapping
¥ Y — [0, 00)

be a function. The limit

Jirgomax{ 96 gp(%, % %00 L0),1<i<n-— 1} (4.2)
exists for x € X, which is denoted by ¢(z). Suppose that a mapping

f: X—=Y
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and f(())
k k

2kf<i Zlafj‘l‘i ' Ik—l—y) Zf<$3) _Zlf<%>’zl,22,...,zl_1
Jj= J= B

S gO(l’l,[L’g, veiy Ty Tt 15 LE+2, ...,l’gk) . Q/J(Zl, 22y eeey Zl—1
(4.3)

for all zj,xp1; € X forall j =1 — k and 21, 22, ..., 2-1 € Y . Then there exists a unique
additive mapping

=0 satisfying the inequality

H:X—->Y
satisfying

f(:E) — H(:E),zl,ZQ, vz < gb'(:c)gp(zl,zg, ...,ng_l) (4.4)

B
for all z € X and 2y, 29, ..., 211 € Y. Moreover, if
. . i8 Tl T2 .
hhm hmmcw{Q SD(?’?’" 5,00 ),h§z§n+h—1}:0 (4.5)

for all x € X, then H is a unique additive mapping satisfying (4.4).

Proof. Put x; = x,x34; =0 for all j =1 — k in (4.3)we get

Qf(g) — f(I),Zl,Zg, ceey Rl—1
B

< [k7Plp(z, 2, ..., 2,0,0,..,0)¢ (21, 22, ..., 21-1) (4.6)
for all z € X and zy, 22, ..., z1-1 € Y . Replacing x by % in (4.6)

and multiplying both sides by [2"%|, we get
x x
2n+1f(2n+1) - 2”f(2—n),21,22, ceey Rl—1
B
< }k—ﬁ} oné (%,%,...,%,0,0,...,O)w(zl,ZQ,...,zl_l) (4.7)

for all x € X and z1, 2, ..., ;-1 € Y. Taking the limit as i — oo and considering (4.1)

: n x el ®
nhjglo 2 Hf(ﬁ) -2 f(2—n)>2’172’2,---,2’l—1 =0 (4.8)
B
for all z € X and z1,29,...,21.1 €Y
. It follows from (3.22) that the sequence (zi) is Cauchy sequence for all z € X.

Since Y is completes space, the sequence 2" f ( ) coverges. So one can define the

mapping H: X — Y by
x
H = lim 2" f| — .
(2) im f(2n) (4.9)

for all z € X.
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By inductionon n, we have

an(%) — f(x), 21, 22, ..., 211

B
1 T2 Tk
< ma${‘2h5‘gp(2—h, S g 00,00, 1< h<n — 1}¢(zl,z2, )
(4.10)
for all z € X and 21, 22,...,21-1 € Y and n € N . Replacing x by 5 in (4.10)
and multiplying both sides by |2°|, we get
x x
2n+1f(ﬁ) —Qf(E),zl,Zg,...,Zl_l
B
h+1)3 T X2 Tg
S maI{P( ) ‘S0(2h+1’ 2h+1""7 2h+1’070> “‘70)7 1 S h S n— 1}w(219227 "'7Zl—1)
(4.11)

for all x € X and 21, 29,...,21-1 € Y and n € N . Considering the above inequality and
(4.6) we have

T T
2n+1f(2n+1) — Qf(i),zl,zg, vy 211
B

< maz{gp(zl,xg, ey g, 0,0, ...,0),

h+1)8 L1 T2 Lk
‘2< ) ‘S0(2h+1,2h+1,...,2h+1,0,0,...,0),1Shgn—l}w(zl,zg,...,zl_l)
. hg 1 T2 Tk
—mazﬂ{‘Q ‘¢(2—h,2—h,...,2—h,0,0,...,0),1ghgn—l} (4.12)

for all x € X and z1, 29, ..., 2-1 € Y and n € N . This completes the proof of (4.6) Taking
the limit as n — oo in (4.10), we obtain (4.4)

Next, we prve that H is additive. Considering (4.1), (4.3) and (4.9)

k k k k
1 1 Tt T+ j

21{:H<%Z%—I—%Z 2 )—ZH(@)—ZH( - ),21,22, ) 21-1

7=1 7=1 7=1 7=1 Jé;

le~ 1 =z i x i T
RT ns + J L k+j - AT k+j
-t oo | (30 5 o) | - 3o (3) - () e
7=1 7=1 7=1 7=1
y Al—1
B
. ng| (F1 L2 Lk

<n11_>I£10 2 (Q_n’Q_n’ '72_n>0>07 »0)¢(21>22> '721—1)

23


ssrg 5
Text Box
23


ssrg 5
Text Box
LY VAN AN/ IJMTT, 67(10), 7-33, 2021 



LY VAN AN/ IUMTT, 67(10), 7-33, 2021

and so for all z;, z44; € X forall j =1 — k. and 21, 29, ..., z1-1 € Y.we get

k k k k
1 1 Lh+j
21{:H<% JEZI i+ 53 jEZI Ik—l—j) - J§:1:H<Ij) - ;:1 H< - >>Zl> 22, -0y 211

=0

for all zj, xpy; € X for all j =1 — k. and 21, 22, ..., 211 € Y. By lemma 2.6, we get

k k k k
H(Zazj + %Zxkﬂ) - ZH(a:J) - ZH(931;€+y) =0
j=1 j=1 j=1 j=1

for all z;, xy4; € X for all j =1 — k. So mapping H is additive.

. Now we need to prove the uniqueness of H. Let H' be another additive mapping
satisfying (4.4). Sence

S0((2]{:)1'—1%—11’1’ (2]{?)i+h_ll’2, s (2kﬁ)h+i_ll’k,

(2k)"

lim
h—oo

((2k)"z) = lim lim ma:z{

h—o00 n—00

1
2k

(k)" kg, (26)"T T kagga, o, (26)T T gy, 1 <0 < n}

(2]{,‘)16 QO((2k?)i_ll’1, (2kﬁ)i_ll’2, ceey (2kﬁ)i_ll’k,

h—o00 n—00

= lim lim ma:z{

(2k)" ki, (k) kxpss, .., (2k) Tkaoy), 1+ h <i<n+h
(4.13)

for all x € X, 21, 29,..., 211 € Y, it follows from then H is a unique additive mapping
satisfying (3.19) that.

HH(I’) — H/(l’),Zl,Zg, ceey Rl—1

B
. 1 /
= hh—>r£10 (Qk;)hﬁ HH((2/€)hl’) - H ((2]{?)hl’),21,22, ceey R2k—1 ]
. 1
< f}ggo k) ma:z{HH((Qk:)ha:) — [((2k)"z), 21, 22, .. 211 6,

Hf(@k)hff) - H/(@k‘)hff),Zl,Zz, vy Z1—1

B

< lim gb'((Zk)_hﬁa:)w(zl, 29y 2-1) =0 (4.14)

1
(2k)"

for allz € X and 21, 29, ..., z;_1 € Y. Considering lemma 2.6 we prove that H is unique [
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5. STABILITY OF THE PEXIDERIZED CAUCHY FUNCTIONAL EQUATION

is devoted to prove the Hyers-Ulam-Rassias type stability of the pexiderized Cauchy
type functional equations in non-Archimdean ([, 5)-normed space when X is a vector and

Y is a complete non-Archimdean (I, 5)-normed space with norm H .

Theorem 5.1.

I

Suppose That X be a vector space and that Y is a complete non-Archimedean
(I, 5)—normed space, where [ > 2,0 < < 1. Let

be a function such that

@ X2 —[0,00)

F(a:l, T2y weey Thoy Thot 1y TRk 2y s l’gk)

> ; X1 i) Tk
- l{:W( Lo 2 T 0,0
; S0(2%@—1 2kl—1 2kl—1 )
Tr+1  Tk+42 Lok
0,0,...,0, — .
_I_SD( P 9ki—17 9 fei—1" ’ka—l)
I T2 Tk Thk+1 Thk42 T2k )
+ 90(2;{51'—1’ Ofi—17 " Qi1 Qpi—1" 9fi—1’""" Qki—l)
< o0 (5.1)
and
. Iy T2 Tk Tk41 Tk+2 Lok
lim |k"° =0 5.2
im0 S0(2k;n’2km’ '2kn 2kn 2k ’Qk:") (5:2)
for all z;,z44; € X forall j =1 — k, and
suppose that a mapping
Y S [0, 00)
be a function.
If mapping
f9p:X—=Y
satisfying the inequality
k L. k k .
k+j k+j
(S5 ) - Safe) - (52
7=1 7=1 7=1 7=1 Jé;
< o(w1, T, ooy Thy Thop1, T2, o Tok) - (21, 22,0, 201)  (5.3)
for all zj,xpy; € X forall j =1 — k and 21, 29,..., z1-1 € Y, then there exists a unique
additive mapping
H:X—->Y
satisfying
H.f(l’) - H(l’),Zl, 2y eeey 211
B
< F(I)Q/J(Zl,ZQ, ...,zl_l) + p(O),Zl,ZQ, ezl + 9(0),21,22, vy 211 (5.4)
B B
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g(I) - H($)7Z17227 sy Zl—1

B
< F(z)w(zl,zg,...,zl_l) + g(O),zl,zz,...,zl_l +2 p(O),Zl,ZQ,...,Zl_l
B B
+ o((2k) 1, (2k) g, ., (2k) 12, 0,0, ..., 0) 0 (21, 22, ..., 21-1) (5.5)

p(I) - H($)>Zl> 22y ey Zl—1
B
< F(z)w(zl,zg,...,zl_l) + p(O),Zl,ZQ,---,Zl—l +2 g(O),zl,zz,...,zl_l
B B
+¢(0,0,...,0, (2k)  @pg1, (k) @pra, ., (20) T o) U (21, 22, s 21m1) (5.6)
for all z € X and 21, 29,...,21.1 € Y.
Proof. Put x; = 57, oy = 5 forall j =1 — k in (5.3)we get
.f(I) - kg(%) - kp(;_k)>zlaz27 sy Zl—1 ,
T x T T T x
S gp(%, %, ceey %, E, E, ceey 5)'&(21, 22y euny Zl_l) (57)
for all z € X and 21, 29,...,21.1 €Y .
Put v; = 57 x5 =0forall j =1 — kin (5.3)
we get
Hf(g) - k:g(%) — kp(0), 21, 29, o 511 6
r x
< QO(%, %, ceey %, 0, 0, ceey 0)’&(2’1, 22y euny Zl—l) (58)

for all x € X and z1, 29, ..., 211 € Y. It then follows from (5.8)

H.f(z) - kg(£)>zlaz27 ceey Rl-1

2 2k 5
S QO(%, %, ...,%,0,0, ...,O)w(zl,ZQ, ---,Zl—l) + Hk‘p(O),Zl,Zg, ceey Rl—1 3 (59)
for all z € X and 2y, 29,...,21.1 € Y.
Put 7; =0, z34; = 5 forall j =1 — kin (5.3)
we get
Hf(g) — kg(0) = kp(57)s 1, 220 20 6
< gp(0,0,...,O,g,g,...,g)w(zl,zg,...,zl_l) (5.10)

for all z € X and 2z, 29, ..., 2,1 € Y. Thus, we obtain

26


ssrg 5
Text Box
26


ssrg 5
Text Box
LY VAN AN/ IJMTT, 67(10), 7-33, 2021 



LY VAN AN/ IUMTT, 67(10), 7-33, 2021

2 2k ,
< gp(0,0, ooy 0, g, g, ...,g)w(zl,zg, ...,zl_l) + Hk:g(()),zl,zg, vy 211 ) (5.11)
for all z € X and 2y, 29,...,21.1 €Y
T
77(5,21,22,...,Zk, zk+1,zk+2,...,zl_1)
= Hk‘g(O),Zl,Zg, ...,ng_lHﬁ + Hk‘p(O),Zl,Zg, ...,Zl_lHﬁ
T x T T T T
+¢(%>%m%’5’5"-->§)¢(21>22>--->Zl—1)+
—I—QD(%,%,...;%,0,0,1:..,0)1/1(21,22,...,Zl_l)—l—
—I—gp(O,O,...,0,5,5,...,5)1/1(21,22,...,21_1) (5.12)
Using (5.7), (5.9) and (5.11), we have
T
H‘f(l’) — Qf(E),zl,zg,...,zl_l
B
< | £() = ko () = kp(5p) 21220 2 N ko(5p) = £(3): 212000 220 5
+ kp(%) - f(§)7217227 y Al—1 ,
< Hk‘g(O),Zl,ZQ, y Zl—1 + Hkp(o)azlaz2> -5 Rl—1
+ ¢(%7 211;:7 7%70707 >0)¢(2’1>22> "'>Zl—1) + S0(0707 "'707 27 27 >g)¢(2’1>2’2> '>Zl—1)
T T T T T
+S0(%72k7 '7%75757 >§)¢(2’1>22>--->Zl—1)
77(%2’1,2’2, o Z1e1) (5.13)
for all z € X and 21, 29,...,21.1 €Y .
So
1
Hf(g) - 5f($)7217227 y Al—1 < 2_677(27217227 "'>Zl—1) (514)
B
for all z € X and 21, 22, ..., z1-1 € Y . Replacing x by 7 in (5.14), we get
1
Hf<§—2> G ] S ) (5.15)
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for all x € X and z1, 29, ..., ;-1 € Y. It then follows from (5.14) and (5.15)

1 1
H.f(;_g) - 2_2f($),21,22, y Al—1 , < H-f(%) - §f(g),21,22,---,2:l—1 5
1
+ 2—5 f(g) — §f(l’)’zl’2:2, ey Z1—1 < 77(%,21,22, ---,Zl—l) + 2_6n(g,21,22, ...,sz—l)
B

(5.16)

for all x € X and z1, 29, ..., 211 € Y. Applying an induction argument on n, we will prove
that

n

1
< Emw(;——u%@mzl*) (5.17)
B =

T

Hf(2—n) - %f(fl?),zbzm ey Rl-1

for all z € X, z1,29,...,21-1 € Y and n € N. In view of (5.14) is true for n=1. Assume
that (5.14) is true for n > 1. Substituting § for x in (5.14), we obtain

1 T "

Hf(%%) —27f(§)>21,22>--->21—1 °

1
<> S0 (Gt 210 220 00 2101) (5.18)
g =1

for all x € X and zy, 2, ..., -1 € Y. Hence, it follows from (5.17) that

1
Hf(Qnajl-l) o on+1 f(i),Zth,...,zl_l
B
T 1
S f(2n+1) - 2_nf($)7zlaz27"'>zl—1
B
1
+ 2—n5 f(g) - §f(l’),21,22, ey 21—
B
< Z 2(i-1)577(2n+1_i55>2’1>22> --->Zl—1) +2 77(5,,21,2'2, ---,21—1)
i=1
=2 Q(i—l)ﬁn(2n+1—iI’Zl’22’ e 21) (5.19)
i=1

for all x € X and 21, 2, ..., -1 € Y, which proves inequality (5.17) by (5.17), we have

n

o 1
= 22(1'_71)577(2”—_11’,21,22,...,21_1) (520)

Ié; =1

T

2”f(2—n) — f(z),zl, 22y eeey Zl—1

for all x € X, 21, 29,...,2;.1 € Y and n € N. Moreover, if n,q € N with n < ¢, then it
follows from (5.14) that
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2Qf(£) _2nf(;) 1y R25 +eey Z1—1

29
B
q-1 | )
S; QZf(2Z) 2(Z+1)f(2i+1)’zl>22>"'>Zl—1 ﬁ
q-1 )
SZQ(H—I f( ) f(ﬁ)’zl’z%--wzl_l
i=n ;

q—1 1
= Z 2(Z+1)677(§I7 21y 225 +eny Zl—l)

N[ (T T m
= 22 [gp(?., 5" o ,0,0,...,O)w(zl,zg,...,zl_l)

i=1
T+1 Thk42 Lok
i s i ,...,?)w(Zj,ZQ,...,Zl_l)

1 T2 Tk Tk4+1 Tg42 Lok
—l—QO(— Ty ey T - - - 1/1(21,22,...,2’1_1)

+¢(0,0,...,0,

217 217 Y 2Z’ 2Z Y 2Z Y Y 2Z

+ Hg(()),zl,zg, ...,zl_lej

<ZQ (i+1)8 [ (fl 2@2’“,’%,0,0,,,.,0) —I—QO(0,0,...’O’ $;j1’$;j2,...,gik)

L1 22 Tk Tk4+1 Tg42 Lok
—l—gp( G : — w(zl,zg,...,zl_l)

+ Hp 0 ,21,22,...,2’1_1’

2Z 2Z ) ) 2Z ) 2Z ) 2Z ) ) 2Z
+27p(0). 21,220 2|+ Hg(()),zl,zg, ey (5.21)
for all x € X 21, 29, ..., ;-1 € Y. Hence, it follows from
Taking the limit as n, ¢ — oo and considering (5.1)
1 1
] q _ __on _ —
n,LlLHOO 2 f(2ql') 2 f(2ql'),21,22,...,21_1 ] =0 (522)

for all z € X and 21, 29, ..., ;-1 € Y. Accoding to Difinition 2.4, we know that

that the sequence {Q‘Jf(i

5 :E)} is Cauchy sequence for all x € X. Since Y is completes

(n, ﬁ) space, the sequence {qu(ziqzc)} coverges.
So one can define the mapping H: X — Y by

H(z) := lim 2"f(ina7) (5.23)
for all x € X. in (5.3)

j=1 j=1 j= 3
. Ty T2 Tk LTkl Tk+2 T2k
ng
nhm 2 gp(2n,2n,...,2n, TR )w(zl,zg, 2 1)
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and so for all z;, x4, € X for all j =1 — k. and 21, 29, ..., z7-1 € Y.It follows from (5.9)

knf(%") N kng(%)’zhz%-wzl—l ;
< kP [gp(%> % %00 o 0 (21, 22,y 21 + Hk‘p(O),zl,zz, ey 211 6}

(5.24)
for all x € X and z1, 2, ..., ;-1 € Y. Considering (5.1)

2kn’ 2kn’ 7 2kn’

=K k(mw[ TLo2 2 00,00 2
> ; ¥ Ofi) Qfi Qi w(ZhZQ, s 2 1)

+ gp(0,0, ., 0, gkl;l, g;k;’ ey ;—Z)w(zl,zg, ...,zl_l)

1 T2 Tk Tg41 Tk42 Lok
- — . - - — ... - ey 2 5.25
+S0(2k‘“2k:“ o 2 2 ,%Z)w(zm, ) (5:25)

k‘nﬁ ( 2 Tk 0,0,...,0)’(/1(21,22,...,21_1)

— 0 asn— o0
It follows from (5.25) that

H(z) := nhm k f(Qk: ) hm k (21{:" ) (5.26)
for all z € X. Also, by (5.11)

n n :I:
k‘ f(Qk‘n) — k‘ p(@),zl,zz,...,zl_l ]
. T x x
< k B |:S0(0, 0, ceey 0, ofn’ ofn Qk")w(Zh 22y eeey Zl—l) + Hk‘g(()),zl, 22y ey -1 ﬁ:|
(5.27)
for all x € X and z1, 29, ..., ;-1 € Y. Similarly, it follows from (5.27) that
H(z) := lim k"f L:p = lim k"p L:p (5.28)
n—00 2km n—00 2km

for all z € X and 21, 2, ..., 211 € Y. Thus, by (5.2), (5.25), (5.28) and lemma 2.7, we get

k k k k
1 Thyj Thej
H< E [L’j—l—E E I;{:—l—j) - E H([L’j) - E H( I;:J),zl,z%...,zl_l
j=1 j=1 j=1 j=1

B

n n k k
1 1 1 1 z

_ 1 ng . - . +J
= Jim |k f[(; T k:zj:l zknz’f”)] Zf( o J) Zlf<2k:“ ) BRI
s Rl—1

g

. 1 X2 Tk Tg41 T2 Lok
<1 nf 2
< im |k (%n’%n’ "2kn’ 2kn 2kn ’2kn)w(zl’22’ 711
=0

and so for all z;, z44; € X forall j =1 — k. and z1,29,...,5-1 € Y.
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we get

k k k k
1 -
H<§ :$)+E E zk-l—)) - E :H<$J) - E H< 2+J>721>Z27"'9Zl—1

j=1

=0

for all zj, xpy; € X for all j =1 — k. and 21, 22, ..., 211 € Y. By lemma 2.6, we get

k k k k
(a4 Do) - X a(n) - S m() ~o0
j=1 j=1 j=1 j=1

for all z;, xpy; € X for all j =1 — k. So mapping H is additive. Taking the limit as
n — oo in (5.17)

HH@) (@), 21, 72,

B

) - 1 x
S nh—>rgo Zl Qk(i—l—n)ﬁ S0(2kn_1 y R15 B2y +nny Zl—l)

= lim (1— 2/{:“5)(Hk‘g(@),zl,Zg,...,Zl_l

5 + Hk‘p(()),zl,zg, ey R1—1

)

) - i x x Tk
+ n11_>r£10 ;k‘( 18 (gp(2ki1_1, 21{:1'2_1"“’ 2ki_l,O,O, ...,O)w(zl,zg, ...,zl_l)
x x x
+ S0(0707 "'707 2;Zt117 2]:;-—1;217“'7 2]{:%1)??(2’1,22, "'azl—l)
x x Tp Tk Tk Tok
+ 90(2;{51'1—1’ 2ki2—1""’ oki—1’ Qkitll’ 2]{;21 RS 2k§_1)¢(21,22, "'>Zl—1))

= Hk:g(O),zl,zg, vy 211 ) + Hk:p(()),zl,z’g, vy 211 ) + F(:E)w(zl,zz, ...,zl_l) (5.29)

for all x € X, 21, 29, ..., z—1 € Y, Which prover (5.4) Prover the uniqueness of H. Assume

That
H:X—-Y
is another additive mapping which satisfying (5.4)

HH@) —H(x), 2, 2 ey 21

B
+ kY

X X
H(%) — f(%),zl,ZQ,...,Zl_l ,

kAT (Hk‘g(()),zl, 29y e Zl_ng + Hk‘p(()),zl, 29y e Zl_ng + F(

_ kﬂﬁ—l(“]{;g(o),zl,zg, ""Zl_ng + Hkp(O),zl,Z2, “"Zl_ng

< B

X , X
f(%) —H (%),21,22, ceey Rl—1

%)w(zl,zz, ---,Zl—l))

X1 i) Tk
+ g0(2k:i_1, =17 fa—1" 0, 0, ceey 0)'&(21, 22y eeey Z2k—1)
Th+1 Th2 L2k
+ gp(O, 0,...,0, i1’ Qi1 2ki_1)w(zl, 29, ..n, 21—1)
T T2 T  Tk+1 Tk+42 T2k )
: — ... ; . — ... : ey 21 5.30
+ S0(2%@—1’ 2ki—=17""" pi—1"7 Qi—17 Qi—17""" 2kz—1)w(zl’ 22y 005 2l 1) ( )

n — 0asn — oo for all x € X and 2y, 29, ..., 2,1 € Y. Which together with lemma 2.6
implies that H(z) = H'(z) for all z € X. O
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6. CONCLUSION

In this paper, I have shown that the solutions of the (1.1) and (1.2) are additive map-
pings. The Hyers-Ulam-Rassia stability for these given from theorems. These are the
main results of the paper , which are the generalization of the results [10, 11, 25] .
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