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Abstract - The concept of the double-framed fuzzy multi group offers a useful technique for real life transportation problems.
This special phenomenon is used to model the structure of the controlling an intersection of two-way sheets. In this paper, we
study the concept of double-framed fuzzy multi group structures, double-framed fuzzy multi cossets and double-framed multi
normal subgroup structures. Finally, we define double-framed fuzzy multi homomorphism between any two double-framed

fuzzy multi groups and establish some important properties of this phenomenon.

Keywords - Fuzzy set, multi set. multi group, double-framedfuzzy multi set, normal subgroup, cosset, homomorphism, image.

AMS Subject classification (2020) : 03E72 , 08A05 , 20N25

I. INTRODUCTION
\The theory of collections is a necessary mathematical tool.It gives mathematical models for the class of problems that explains
with exactness, precision and uncertainty. Characteristically, non crisp set theory is extensional.More often than not, the real
life problems inherently involve uncertainties, imprecision and not clear. In particular, such classes of problems arise in
economics, engineering, environmental sciences, medical sciences, and social sciences etc.Zadeh [12] defined fuzzy set theory
in his pioneering paper in 1965. In order to solve various types of uncertainties and complex MAGDM problems, the theory of
fuzzy sets is proposed by Zadeh [12]. Later on, Atanassov [1] introduced the intuitionistic fuzzy set (IFS) theory to extend the
concept of fuzzy set.In an attempt to model uncertainty, the notion of fuzzy sets was proposed by Zadeh [12] as a method for
representing imprecision in real-life situations. One can say, a fuzzy set (or a fuzzy subset of a set) is the fuzzification of crisp
set to capture uncertainty in a collection. The concept of fuzzy set has grown stupendously over the years giving birth to fuzzy
group which is the application of fuzzy sets to the elementary theory of groups and groupoids as noted in [5]. Several works
has been done on fuzzy groups since inception; some could be found in [3]. Motivated by Zadeh [12], the idea of fuzzy
multisets was introduced in [3] as the generalization of fuzzy sets or the fuzzification of multi sets in [5]. Recently, Shingj et.al
[8] followed the foot steps of Rosenfeld [7] and introduced a non-classical group called fuzzy multigroup. In particular, the
idea of fuzzy multigroups generalized fuzzy groups.R.Nagarajan studied fermatean fuzzy multi groups over multi
homomorphisms in [6].In this paper, we study the concept of double-framed fuzzy multi group structures, double-framed fuzzy

multi cossets and double-framed multi normal subgroup structures. Finally, we define double-framed fuzzy multi
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homomorphism between any two double-framed fuzzy multi groups and establish some important properties of this
phenomenon.
Il. PRELIMINARIES

2.1Definition:Let X be a set. A multi set M is characterized by a count function Cm: X —N , when N = Nu{0}. For each xe
X, Cm(x) is the characteristic value of x in M. The set of all multi sets of X is denoted by Ms(X).
2.2 Definition: Let X be a group. A multi set M is called a multi group of X if it satisfies the following conditions;

0] Cm(xy) > min { Cm(X), Cm(y)}

(i) Cm(xt) > Cm(x), for all x eX. We denote the set of all multi groups of X by Mg(X).
2.3 Definition: If X is a collection of objects, then a fuzzy set A in X is a set of ordered pairs; A = {(x, pa(X) / X€ X, pa: X
— [0,1]},wherepa is called the membership function of A and is defined from X into [0, 1].
For convenience (Cwmr(X), Cnr(X)) is called double-framed fuzzy multi number (DFMN) denoted by (Cwmr(X), Cnr(X)). A
double-framed fuzzy multi sets (DFMSS) F is denoted by
F={<x,ua'(X), pa?(X), cooeervvn... WaP(X), (Var(X), VA2(X),..ovnn...... VaAP(X)) >/ x € X}.
2.4 Remark : we arrange the membership sequence in decreasing order but the corresponding non- membership sequence may
not be in decreasing or increasing order.
2.5 Definition: Let X be a group. A DFMS ‘F’ is called a double-framed fuzzy multi group of X if it satisfies the conditions

0] Cwmr(xy) > min { Cmr(X), Cmr(y)}and Cne(xy) < max { Cne(X), Cnr(Y)}

(i) Cwmr(xh) > Cue(x) and Cnr(x?) < Cne(x), for all x € X.

We denote the set of all double-framed fuzzy multi groups of X by DFMG(X).
2.6 Example : LetF ={<0.7,03/x ><1,07/y >,<0.2,0.7/z >}and
F,={<08,05/x >,<0.7,09/y >,<0.1,0.4/z >} for X={Xxy,z}. Then clearly F; and F; are double-framed fuzzy
multi groups of X.
2.7 Example : Assume that X = {a ,b, c} is a set. Then for
Cwmr(a) = {1,0.5. 0.7}, Cmr(b) = { 0.3. 0.7}, Cwr(c) = { 0},
Cnr(a) ={0.2,0.5. 0.7}, Cnr(b) = { 1,0.7}, Cnr(c) = { 0.3},
A DFMS of X writtenas F={< 1,0.5,0.7/a>,<0.3,0.7/b>,<0.2,05,0.7/a><0.3/c >}.
2.8 Definition : Let C be a non-empty crisp set and (& = (p1(m), vi(m)) and @, = (pz(m), v2(M)) be DFS’s on C. Then

Q) @1 = (@, if and only if pi(m) < po(m) and v1(m) > vo(M).

(i) [ = [0, ifand only if (@1 c[@2 and (02 c[c].

(i) 0% = (v(m), pa(m)).

(iv)  R1NE2=(min { pam) pa(m)}, max {pi(m) pa(m)3).

(v)  01UR2 = (max { p(m) pa(m)}, min {us(m) ,pz(m)}).

(vi) [ 1@1=(u(m).1-p(m)} <>@1=(1-vz(m),vi(m)).
2.9 Definition: Let F1, F,€ DFMS(X). Then F1 is called a double-framed fuzzy submulti set of F, written as F1& F if Curi(X)
< Cmr2(X), Crra(x) < Cnrz(X), for all x € X.
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2.10 Definition: Let a and B be positive real numbers lie in the closed unit interval such that 0 <o +p < 1.Then (o, B )-cut set
of DFMS ‘F’ of the universe ‘U’ is a crisp set consisting of all these elements of U for which Cue(x) > o and Cnr(x) < B for all
x € U.
2.11 Remark: A DFMS ‘F’ of a group is DFMG if each of its (o, B )-cut set is a subgroup of G.
2.12 Definition: A DFMS ‘F’ is said to be double-framed fuzzy multi normal subgroup (DFMNG) if it meets the following
conditions;

(i) Cwmr(xy) = Cmr(yx) and (ii) Cnr(xy) = Cnr(yx), for all x,y € G.
2.13 Definition: Let F; and F, be two DFMS’s of the universe U.Then the average operator F1 $ F, is defined as F1$F; = { < s1
~VCumr1(X) Cwir2(X) ,VCnri(X) Crr2(X)> / X € U},

I11. PROPERTIES OF DOUBLE-FRAMED FUZZY MULTI GROUP

In this section, we studydouble-framed fuzzy multi subgroup. Moreover, numerous useful results and algebraic properties are
introduced.
Definition 3.1: Suppose F is a DEMS of a universe S and A€ [0, 1]. Then DFMS
FA = (Cwe™, Cne) is called A — DFMS of universe S with respect to DFMS ‘F’; where
Cume(X) = B (Cwr(x) , A ), Cne*(X) = Q (Cnr(X) , 1-A) and (@, Q denote the average operators defined in 2.13.
Proposition 3.2: Let F; and F, be two A — DFMS’s of the universe U. Then so is F1*n F".
Proof: Consider
Cumrrn 2™ (X) = 0 { Cmrin r2)(x), A }= © { min { Cwr1(X) , Cmr2(X)}, A }

= E{min {Cur2(x), A}, min {Cura(x), A }}

=min { Cur1® (X), Cmrz" (X) }= Cur® nr)for all x €U.

Similarly, it can be proved that

CneErn 2y (X) = Cner? ne)(X), for all x eU.Hence (Fin F2) = Fi*n FA
Remark 3.3: The union of any two DFMS’s is also DFMS.
Definition 3.4: A DFMS of a group G is DFMG ‘F*’ satisfying the following conditions(i) Cme*(xy) > min { Cme*(X),
Cme(y)}and Cne(xy) < max { CneM(X), Cne(Y)} (i) Cmr(x ) > Cve(X) and Cne(xh) < Cne(x), for all x, ye G.
Remark3.5: Let ‘e’ be an identity element of G. Then FA(x) < FA(e) for all x € G. Also, FA(xy!) = F*(e) implying that FA(x) =
FA(y), forally € G.
Proposition 3.6: Every double-framed fuzzy multi group of G is an double-framedfuzzy multi normal subgroup of G.
Proof: Let x,ye G.Then by using the fact that F is double-framed fuzzy multi group. we have
Cwr® (xy) = B{ Cwr(xy) , A }
> @{ min {Cwmr(X) , Cmr(y) , A }

= E{min { Cue(x), A}, min {Cwr(y), A }

= min { Cve*(X) , Ciet(y) }

Similarly, it can be proved that Cne (Xy) < max { Cne*(X), Cne™(Y)

Moreover,Cue® (x1) =@ {Cmr (X1, A} =0 {Cnmr (x), A} =Cwme™ (X).
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Similarly, Cne (x1) =0 {Cne (X1, A} =0 {Cne (x), A} =Cne* (X).

Consequently, F* is a double-framedfuzzy multi normal subgroup of G.

Remark 3.7: A double-framedfuzzy multi group need not be a double-framed fuzzy multi normal subgroup, that is the
converse of proposition 3.6 does not hold.

The above fact can be explained in the following example.

Example 3.8: Let G = {e,a,b,c } be the Kelin’s -4 group. we define DFMS F of G as
F={<e04,06>,<3a0.3,05>,<b,020.8>,<c,0.1,0.7 > }. Note that, F is not DFMG of G.Let A =0.5. ThenF*= {<
e,0.4,05>,<4a0.3,05>,<h,0.2,08>,<c,0.1,0.7 > }Itis clear that (0.4, 0.5)-cut set of 0.5. A DFMS is A%5 = {a} and
A%8= {a} , whereas (0.5, 0.8)-cut set of 0.5. DFMS is given by A®®= {e, a} and A%® ={e,a,b,c}.

Note that, each of the above cut set of double-framedfuzzy multi set is a subgroup of G. Hence it is adouble-framedfuzzy multi
group.

The following results present the condition under which a given double-framedfuzzy multi group is a double-framedfuzzy
multi group.

Proposition 3.9: Let F be any DFMS of a group G such that Cur(x™) = Cwe(x) and Cne(x?) = Cne(x) for all x € G.Moreover ,
A<min {a, 1-b},

where a = min {Cur(X) / x €G}

and b = max {Cne(X) / X €G}. Then F is adouble-framedfuzzy multi group of G.

Proof: In view of given conditions, we have a > A and b< 1- A.

It follows that Cme(x) > A and Cne (X) < 1- A, for all x € G.

Therefore , Cue(xy) >min { Cue® (X), Cme(y)} and

Cne® (xy) <max { Cne(X) , Che(y)} for all x,y € G.

Moreover, for any x €G , we obtain

Cwmr (X1 =Cwme (x) and

Cne (X1) =Cne (X) . This shows that

Cwve® (x1) = Cume® (X)andCne® (x1) = Cnie (X) .

The subsequent result indicates that the intersection of any two double-framedfuzzy multi groups is a double-framedfuzzy
multi group of G.

Proposition 3.10: The intersection of twodouble-framedfuzzy multi groups of a group G is also adouble-framedfuzzy multi
group.

Proof: Suppose F1* and F>* are double-framedfuzzy multi groups of a group G.Then

Curinr™ (Xy) = @ { CuFin rXy) , A }

= @{min { Cmra(xy) , Cmra(xy)} , A}

= @ {min { Cvr(xy) , A}, min {Cmr(xy), A }}

=min { Cves" (xy) , Cwr2" (xy) }

=CmE™ nr™) (Xy) , for all x eU.

> min { min { Cwr® (x), Cve2"(x)}, min{ Cwes™ (y), Cur2(¥) 3}

=min {CuE* n ™) X), CuE ne™y (V)}
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Similarly, it can be proved that for all x,y € U,
Cnernr)y (xy) < max { Cn " n i) (), Cn e n®y (¥)}-Also
Cyiney® (x1) = B {Cunr) (X1, A}
= E{ min{Cwmr1 (x1), A}, min {Cur(x?), A}
= min {Cmr1(x1),Cura(x 1)}
=CuE nr™X).
Similarly,Cx 1 nr2y® (x%) = Cnene) (X).
Corollary 3.11: The intersection of any number of double-framedfuzzy multi groups of a group G is also adouble-framedfuzzy
multi group of G.
Remark 3.12: The Union of any number of double-framedfuzzy multi groups of a group G may not be a double-framedfuzzy
multi group of G.
Definition 3.13: Let F* be adouble-framedfuzzy multi group ofG and x € G.Adouble-framedfuzzy multi right cosset of ‘F’ in
G, denoted by Fx is defined as
F* x(9) = (Cwe" X(9) , Cne"x(9)),
where Cvex (9) =0 (Cmr(gx™), A), Cnex(g) = Q (Cne(gx™) , 1-A ) for all g € G.
Similarly, we can define a double-framedfuzzy multi left cosset of F in G.
Definition 3.14: Adouble-framedfuzzy multi group F* of G is called double-framedfuzzy multi normal subgroup of G if xF* =
FAx, for all x € G.
The following results shows that every double-framed fuzzy multi normal subgroup of G is also double-framedfuzzy multi
normal subgroup of G.
Proposition 3.15: If F is a double-framed fuzzy multi normal subgroup of a group G, then F* is also adouble-framedfuzzy
multi normal subgroup of G.
Proof: Let F be a double-framedfuzzy multi normal subgroup of G. Then for all x,g € G.
Cwr (gx?) = Cwr (x1g) and
Cnr (9x7) = Cnr (X19).
Implying thatCyue(x1g) = & (Cwr(x1g) ,A)
=0 (Cur(gx™), A)
= Cwe® (gx1).
Similarly, we can prove that Cne (gx) = Cnr (X1g). Consequently, xFA = FAX.
The converse of the given result does not hold generally. This fact can be viewed in the successive example.
Example 3.16: Let D3 = <a,b : a® = b? = e,ba = a?b > be dihedral group of order 6.Define double-framed fuzzy multi normal
subgroup of G ‘F’ of D3 by
Cwmr(x) =[ 0.63 if x €<6>
0.40 otherwise and

Cnr(X) =(0.70 if x €<6>

JLO.83 otherwise
Then F= {<#¢,0.63,0.70 >, <a, 0.40,0.83>, < a?, 0.40, 0.86 >, < b,0.63,0.70>, <ab, 0.40. 0.63>, <a’h, 0.63, 0.63>}.
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Since Cwr(xy) = 0.40 # 0.63 = Cwmr(yx), therefore F is not a double-framed fuzzy multi normal subgroup of G.
Next, let A=0.2,then A*?2={<e0.4,04>,<a,04,04>,<a%04,04>,<b,0.4,04>, <ab, 0.4. 0.4>, <a?b, 0.4, 0.4>}.
One can see that A%?2 is a double-framedfuzzy multi normal subgroup of G.
In the following result, a condition for double-framedfuzzy multi subgroup of G to be double-framedfuzzy multi normal
subgroup of G is established.
Proposition 3.17:Let F* be a double-framedfuzzy multi subgroup of a group G such that
A <min {a, 1-b}, wherea= =@ (Cur(X)/X€ G} andb= Q ( Cnr(X) / X € G}.
Then F* is a double-framedfuzzy multi subgroup of a group G.
Proof: Sincea> A and b < 1- A, thereforemin { Cume(X) / X € G} > A and
max { Cnr(X) / X € G} < 1-A.Thus Cur(x) > A for all x € G. Also, Cnr(X) < 1- A, so
Cme(xg) = B (Cme(gx?t), A ) =0 and
Cne(xg) = Q (Cumr(gx D) , 1-A ) =0, forall g € G.
Similarly, Cwx® (g) = B (Cumr(xg) , A)=© and Cnx" (9) = Q (Cne(x1g) , 1-A ) = 0.
This concludes the proof.
IV. DOUBLE-FRAMEDFUZZY MULTI HOMOMORPHISMS
In this section, we define double-framedfuzzy multi homomorphism between any two double-framed fuzzy multi groups and
establish some important properties of this phenomenon.
Defnition 4.1: Let F1*and F>* be two double-framedfuzzy multi groups of the groups G; and G; respectively and ¢ : G; — G2
be a group homomorphism from F* to F* if ¢ (F1?) = R
The following results indicates that adouble-framedfuzzy homomorphic image of the double-framedfuzzy multi group is a
double-framedfuzzy multi group.
Theorem 4.2: Let F* be adouble-framedfuzzy multi group of the groupG and ¢ : G; — G be a surjective homomorphism.
Then ¢ (FY) is a double-framedfuzzy multi group of G.
Proof: In view of the given condition, for any two elements p, g € G, there exist X,y € G such that ¢ (X) = p and ¢ (y) = q.
Consider ¢ (F)* (pg) = (Cmc®™ (PQ) , Cmem ™ (pa) ). Which implies that
Cums ™) (PA) = CumsePd) = @ (Cmem (SN s (W), A)
=1 (Cvem (G (X)), A)
> @ (Cmr(xy), A)
= Cume" (xy)
>min { Cwe(x) , Cue’(y) }
=min { Cue"(p) , Cune™(p) 3-
Thus Cum¢ ") (pq) = min { Cuer)*(P) » Cvsr™(p) -
Similarly, it can be proved that
Cne™) (pq) < max { Cngr(P)  Cremy(p) J-Also,
CucE (p?) = max {Cue® (x*) 1 g(x?) =p*}
=max { Cwr* (X) 1 6(X) = p }= Cmc ™) (p).
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Similarly, Cnc ) (p*) = Cre ™ (P)-

Theorem 4.3: Let F* be adouble-framedfuzzy multi normal subgroup of the group G and ¢ : G1 — G, be a bijective
homomorphism. Then ¢ (F*) is adouble-framedfuzzy multi normal subgroup of G..

Proof: In view of the given condition , for any two elements p, q € Gy, there exists a unique pair of elements x ,y € G such that
c(¥)=pandc(y) =q.

Consider ¢ (F*) (pd) = ( Cms*)(Pa) , Cwme ™y (pa) ). Then

Cvem™ (pA)=0 (Crsm (S5 (), A)

=0 (Cwmer) (G (xy)), A)

> (Cwr (xy),A)

which follows that= & ( Cme (yX))

(since  Cume" (xy) = Cue® (yX)= B{ Cmcmlc(w) » A}

=0@{Cwmm (gp), A}

=Cmem™ (ap) -

Similarly , Cw¢®"(pa) = Cvc e “(ap)-

The following theorem shows that every double-framedfuzzy multi inverse homomorphic image of double-framedfuzzy multi
group is always double-framedfuzzy multi group.

Theorem 4.4: Let F2" be adouble-framedfuzzy multi group of the group G and ¢ : G1 — G, be a group homomorphism. Then
¢! (F2") is adouble-framedfuzzy multi group of G;.

Proof: Suppose F»* be adouble-framedfuzzy multi group of the group G, then there exists a unique pair of elements x,y € G;
such that

C(F2%) (xy) = (Cmca 2™ (XY) , Cnce1r2™ (Xy)).Also

Cwm 12" (Xy) =Cur2* (5(xy)) = Cwmir2" (5(¥) G (¥))

> min { Cwr2" (5(X)), Cwr2" (5(¥)) }

=min { Cmc1 ") (X) , Cmca @™ ()}

Thus Cwc @2 (xy) = min { Cmc™ 2% (X), Cuc™ 2" (V)}-

Similarly, we will show that

Cnct e (xy) < max { Cnet @2 (X), Cnct 2 (y)}-Also

Cuct @ (ph) = Cwr2" (s(p™)

= Cuer " (5(P)™1)

= Cur ™ (5(P) = Cuc™ 2 (p).

Similarly, Cni2)® (6(p)) = Cnezy® (c(p)) = Crnct (2 (p).

consequently ¢1(F2") is a double-framedfuzzy multi group of G;.

The following theorem, we show that every double-framedfuzzy multi homomorphic inverse image of double-framedfuzzy
multi normal subgroup of G is a double-framedfuzzy multi normal subgroup ofG.

Theorem 4.5: Let F,* be adouble-framedfuzzy multi normal subgroup of the group G, and ¢ : G; — G be a group

homomorphism. Then ¢ (F;") is adouble-framedfuzzy multi normal subgroup of G;.
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Proof: Suppose F,* is adouble-framedfuzzy multi normal subgroup of the group G, , then there exists a unique pair of
elements x,y € G such that

Ct(F2") (xy) = (Cmc ™ 2" (Xy) , Cnc™ 2 (xy))-Also

Cmc™ 2" (xy) = Cur2" (5(xy))

= Cur" (5(X) 5 (V)

= Cur2" (5(y) 5 (X))

=Cumc™* &2 (Y¥)

Similarly, we can prove thatCn ¢t ") (Xy)= Cnc?t &™) (¥X).

Thus ¢*(F2") is adouble-framedfuzzy multi normal subgroup of Gi.

Conclusion: In this article, double-framedfuzzy multi set generalizes the idea of classical fuzzy multi set intending to assess
the fuzziness level of uncertainty situation. We have presented cossets, hormal subgroups of double-framedfuzzy multi set and
its applications. Also we demonstrated the effectiveness of the image and inverse image of double-framedfuzzy multi normal
subgroup followed by fuzzy multi homomorphism.
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