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I. INTRODUCTION
An algebraic structure called B-algebra was introduced by Neggers and Kim [15]. Besides B-algebra, there was a hew
algebraic structure instituted by Kim and Kim [10] called BN-algebra. In the same article Kim and Kim also introduced
BN-algebra with condition (D), which is a BN-algebra with added particular property. Walendziak [16] defined a new BN-
algebra called BN;-algebra by adding an axiom to BN-algebra.

Algebraic structure such as B-algebra has been discussed by researchers. One of the interesting topics is derivation. The
notion of derivation from analytic theory was introduced by Posner in 1957 in prime ring discussion. Jun and Xin [8]
applied the notion of derivation in ring and near-ring theory to BCl-algebras. Some of the results are defining (1,r) and (r,l
)-derivations in BCl-algebra X. Moreover, they also defined a notion of regular of BCI -algebra, where a self-map d of a
BCl-algebra is said to be regular if d (0) = 0. The notion of derivation and regular of BCl-algebra resulting in some
interesting properties.

Abujabal and Al-Shehri [1] introduced a notion of left derivation of BCl-algebra and investigated its properties. They
also defined a notion of regular and p-semisimple BCl-algebra which admits left derivation. In [3], Al-Shehrie applied the
notion of derivation on BCl-algebra [8] to B-algebra and gave some of the related properties. Lee [12] instituted a new kind
of derivation of BCl-algebra, which is fs-derivation and discussed its properties as well. Furthermore, Abujabal and Al-
Shehri [2] also gave some derivation results of BCl-algebra. More discussion on algebra derivation can be found in [5], [9]
and [11].

From the properties of BN-algebra, BN-algebra with condition (D), and BN;j-algebra authors interested to discuss the
notion that they have. Therefore, derivation and left derivation of BN-algebra and their properties are defined in this article.
Lastly, derivation of fy-derivation in BN;-algebra and their properties are investigated.

Il. PRELIMINARIES
In this section, some necessary definitions needed to construct the main result are given starting with the notion of B-
algebra and derivation in B-algebra, BCl-algebra and f-derivation in BCl-algebra. Later, the notion of BN-algebra and its
properties and BN;-algebra and its properties discussed in [1], [3], [10], [12], [15], and [17].

Definition 2.1 [15] A B-algebra is a non-empty set X with a constant 0 and a binary operation * satisfying the following
axioms:

(B1) x *x =0,

(B2) x #0 =X,

(B3) (x #y) xz=x x(z #(0 *Y)),
forall x,y,z eX.

Example 2.2 Let A ={0, 1, 2} be a set with Cayley table as follows:
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Table 1: Cayley table for (A; *, 0)

0|1 (2
0f0]2 |1
111]0 |2
2(2]1110

It can be proven that (A; # 0) is a B-algebra.

Definition 2.3 [12] A BCl-algebra is a non-empty set X with a constant 0 and a binary operation = satisfying the
following axioms:

(BCIL) ((x *y) * (x x2)) * (z* y) = 0,

(BCI2) (x * (x xy)) xy =0,

(BCI3)x *xx =0,

(BCl4)x*y =0dany *x = 0 impliesx = .

forall x,y,z eX.

For (X; x 0) be an algebra, we denote x Ay =y *(y #Xx) for all X, y €X. Definitions of derivation and regular
of BCl-algebra are equivalent to B-algebra and as given below.

Definition 2.4 [3] Let (X; # 0) be a B-algebra and d is a self-map of X. A self-map d is a (I, r)-derivation of X if it
satisfies d(x »y) = (d(X) »y) A (x =d(y)) for all x, y €X. If d satisfies d(x #y) = (x #d(y)) A (d(x) #y), then disa (r,
I)-derivation of X. Moreover, if d is both a (1, r)-derivation and a (r, I)-derivation, we say that d is a derivation of X.

Definition 2.5 [3] Let (X; # 0) be a B-algebra. A self-map d of X is said to be regular if d(0) = 0.
The following is the notion of left derivation in BCl-algebra.

Definition 2.6 [1] Let (X; = 0) be a BCl-algebra. A self-map d is left derivation of X if it satisfies
d(x xy) = (x =d(y)) A (y xd(x)) forall x,y €X.
Now, let X be a BCI -algebra and f be an endomorphism of X. d(’; is a self-map of X by dg (x) = f(x) *q, for
all g, x eX.

Definition 2.7 [10] A BN-algebra is a non-empty set X with a constant 0 and a binary operation =* satisfying axioms
(B1), (B2), and the following axiom

(BN) (x *y) xz2=(0 #2) *(y *X),
forall x,y, z €X.

Example 2.8 Let X = {0, 1, 2} be a set with Cayley table as follows:

Table 2: Cayley table for (X; #, 0)

|01 (2
ofof1]2
1110 (1
212|110

It can be proven that (X; = 0) is a BN -algebra.
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Theorem 2.9 [10] If (X; *, Q) is a BN-algebra, then

(i) 0 %(0 *x)=x,

(i)) 'y *x=(0 *x) *(0 *y),

(ii)) (0 #x) xy=(0 *y) *x,

(iv) ifx xy=0theny #x =0,

(v) ifO #x=0=+ythenx=y,

(Vi) (x *2) *(y x2) = (z *y) *(z *X),

foranyx,y,z €X.
Proof. Theorem 2.9 has been proved in [10].

Definition 2.10. [10] Let (X; *, 0) be a BN-algebra. (X; *, 0) is said to be a BN-algebra with condition (D) if it
satisfies (X *y) *z=x =(z »y) forallx,y,z €X.
Example 2.11 Let X = {0, 1, 2, 3, 4, 5, 6, 7} be a set with the following Cayley table:

Table 3: Cayley table for (X; # 0)

= | O] 1f 21 31 4] 5] 6 7
O 1f 2[ 3 4] 5| 6[ 7

1 | 1f O 31 2| 5[ 4 7| 6

It can be proven that (X; #, 0) is a BN-algebra with condition (D).

Theorem 2.12 [10] If (X; = 0) is a BN-algebra with the condition (D), then

(i) 0 *x=X,
(i) X xy =y *X,
forall x,y eX.

Proof. Theorem 2.12 has been proved in [10].

The following is definition of BN;-algebra and its properties necessary to construct the notion of fy-derivation
on BN;-algebra which has been discussed in [17].
Definition 2.13 A BN-algebra is said to be BN;-algebra if it satisfies (x *y) »y =xfor all x,y €X.
Proposition 2.14 If (X; # 0) is a BN;-algebra, then for all x, y € X:
(i) 0 #x=x,
(i) x=(x*y) *(0 *y),

(ili) X xy=y xx,
(iv)  x=y *(y *x)

Proof. Proposition 2.14 has been proved in [17].
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Definition 2.15 [14] Loop is an algebra (L, *) with an unique solution and satisfies x *0 =0 »x = x for all xe L.

Theorem 2.16 [17] Every BN;-algebra is a loop.

Proof. Theorem 2.16 has been proved in [17].

I1l. DERIVATIONS ON BN-ALGEBRAS

In this section, notion of derivation on BN-algebra and BN-algebra with condition (D) are defined by

employing definition of derivation on B -algebra.

Let (X; # 0) be a BN -algebra defined asx Ay =y #(y #x) for all x,y €X.

Definition 3.1 Let (X; » 0) be a BN-algebra. A self-map d is called (I, r)-derivation of X if it satisfies
d(x #y) = (d(x) *y) A (x =d(y)) for all x,y €X.

d is said to be (r, I)-derivation of X if it satisfies

d(x #y) = (x *d(y)) A (d(x) *y)
If d is both a (I, r)-derivation and a (r, I)-derivation of X, then d is called derivation of X.
Definition 3.2 Let (X; » 0) be a BN-algebra. A self-map d is called left derivation of X if it satisfies
dx #y) = (x #d(y)) A (y =d(x)) for all x, y €X.

Example 3.3 Let X = {0, a, b, c} be a set with the following Cayley table:

Table 4: Cayley table for (X; # 0)

0OJa|b]c
OJc|b]a
ala]0]c|b
blbla]|0|c
clfc|blal|oO

It can be proven that (X; # 0) is a BN -algebra. Amap d

d(x) =

Then it can be proven that d is a derivation in X and d is a left derivation in X.

: X = Xis defined by

b
c
0
a

if x =0,
if x=a,
if x=»,
if x=c.

From Example 3.3 it can be seen that d satisfies all the notions of derivation in X. The following example shows
that there is a mapping d which is (I, r)-derivation, but does not satisfy (r, I)-derivation and left derivation in X.

Example 3.4 Let (Z; —, 0) be a set of integer numbers Z with subtraction operation. It can be shown that

BN-algebra.

Assume thatd : Z— Z where d(x) =x — 5 for all x € Z. Then

@d@) =AEx-dy) =x=5-y)A(x-(—5)

=(x-y+5-((x—y+5 —-(x—y-15))

=(x=-y)=5
=d(x—y),

(Z,—,0)isa
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for all x, y € Z. Hence, it has been shown that d is (I, r)-derivation in X. Furthermore,

x—dONAEX) =) =x—-@-5)DA((x=5)—y)
=x—-y-5-((x—y—-5—-(x—-y+5)
=x—-y)+5
#d(x—y),

The above statement shows that d is not a (r, I)-derivation in Z. Then,

x—dONA@Y—-dx)=x—@-5)DAE—(x—5))
=@-x+5-(—x+5)—-(x—y+5))
=x—-y)+5
#d(x—y),

The above statement shows that d is not a left derivation in Z.

In the following proposition, the properties of left derivation in BN -algebra is given.

Proposition 3.5 Let (X; * 0) be BN-algebra. If d is a left derivation in X, then d(0) = x * d(x) for all x € X.
Proof. Let (X; % 0) be a BN -algebra. Since d is a left derivation in X, then by axioms (B1) and (B2) yields
d(0) = d(x #x)
=[x #dO] A [x *d(X)]
=[x #d(] #[(x *d(x)) *(x »d(x))]
=[x #d(x)] #0
= x *d(x).

Hence, it has been shown that d(0) = x =d(x) for all x €X.
The following is notion of regular in BN-algebra and proposition applied if d is regular.

Definition 3.6 Let (X; * 0) be a BN-algebra and d be a self-map of X. d is regular if it satisfies d(0) = 0.
Proposition 3.7 Let (X; = 0) be BN-algebra and d be a regular of X.

(i). Ifdisa(l, r)-derivation of X, then d(x) = d(x) A x for all x €X,

(ii). Ifdisa(r, I)-derivation of X, then d(x) = x A d(x) for all x € X.

Proof.
Q) Since d is a (I, r)-derivation of X, then by axiom (B2) we have

d(x) = d(x *0)

[d(x) #0] A [x »d(0)]
d(x) A [x =0]

d(x) A x.

Therefore, d(x) = d(x) A x for all x €X.
(i) Since d is a (r, I)-derivation in X, then by axiom (B2) obtained
d(x) =d(x #0)
[x *d(0)] A [d(x) =0]
[x 0] A d(x)
X A d(x).
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Hence, d(x) = x A d(x) for all x €X.

Let (X; % 0) is a BN -algebra with condition (D) and d be a (r, I)-derivation in X. Then, by using d(x
*y) = [x*d(y)] A [d(x) *y] and Theorem 2.12 (ii) we have

d(x »y) =[d(y) *x] 2 [d(x) =y]. (1)
If d is a left derivation in X, then

d(x *y) =[x #d(y)] 2y =d(y)]. )
From Theorem 2.12 (ii) we have

d(x *y) = [d(y) *x] 2 [d(x) *y]. ®)

From equation(1) and (3) it can be concluded that in BN-algebra with condition (D), notion of (r, I)-
derivation is similar to the notion of left derivation.

Proposition 3.8 Let (X; x 0) be a BN -algebra with condition (D) and d be a self-map of X.

(i) Ifdisa(l, r)-derivation of X, then d(x =y) = d(x) *y for all x,y €X,

(i) Ifdisa(r, I)-derivation of X, then d(x #y) = d(y) =x forallx,y €X,
(iii) Ifdisa(l, r)-derivation of X, then d is also a (r, I)-derivation and it is called a derivation of
X

Proof.

(i)  Sincedisa(l, r)-derivation of X and by Theorem 2.12(ii) we have
d(x #y) = [d(x) *y] A [x *d(y)]
= [d(x) #yl A[d(y) *x]
= [d(y) #x] *[([d(y) #x) *(d(x) *y)]
= [(d(y) *x) *(d(x) *y)] *[d(y) *x)]
= [(dq) *y) *(d(y) *x)] *[d(y) *x)]
= [d(x) #y] #[(d(y) *x)) *(d(y) *x)]
= [d(x) #y] 0
= d(x) *y.

Hence, d(x *y) =d(x) =y forall x,y €X.

(i)  Since disa (r, I)-derivation of X and by Theorem 2.12(ii) we get
d(x #y) =[x *d(y)] A [d(x) V]

[d(y) #x] A[d(x) *Y]

[d(x) #y] *[(d(x) *y) =(d(y) *x)]

[(d(x) #y) *(d(y) *x)] #[d(x) *Y)]

[(d(y) #x) *(d(x) *y)] *[d(x) *Y)]

[d(y) #x] #[(d(x) *y)) *(d(x) *Y)]
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[d(y) #x] =0
d(y) *x.

Thus, d(x *y) =d(y) x forall x,y €X.
(iii) Let d is a (I, r)-derivation of X, then by Theorem 2.12(i) we obtain d(x *y) =d(x) *y. From
Theorem 2.12 (ii) obtained d(x =y) = d(y =x) = d(y) =x for all x, y €X, such that from Proposition 3.8
(i) it can be concluded that d is also a (r, I)-derivation of X. It is enough to show that d is a derivation of
X.
The converse of Proposition 3.8 needed to be true in general.

Proposition 3.9 Let (X; *, 0) is a BN-algebra with condition (D) and d be a derivation of X. Then
(i) d(0)=d(x) #xforallx €X,
(if) d(x) =d(y) =x =y forall x,y €X,

(iii)  dis a one-one function,

(iv) Ifdisaregular, then it is an identity map.

Proof.
(i) From axiom (B1) and Proposition 3.8(i) obtained d(0) = d(x *x) =d(x) =x for all x € X.
(if) From Proposition 3.9(i), d(0) = d(x) #x and d(0) = d(y) #y, and from axiom (B1) we get
d(0) = d(0)
d(x) *x=d(y) =y
[d(x) *x] *x=[d(y) *y] *X
d(x) (x *x) = d(y) *(x *y)
d(x) #0=d(y) *(x *y)
d(x) = d(y) *(x *y)
d(x) *d(y) = [d(y) *(x *y)] *d(y)
d(x) *d(y) = [(x *y) *d(y)] *d(y)
= (x *y) *#[d(y) *d(y)]
(x *y) =0

X *Y.
Hence, d(X) »d(y) =x =y forall x,y €X.

(iii) Let x, y €X such that d(x) = d(y). From Proposition 3.9(i) we have d(0) = d(x) *x and d(0)
=d(y) *y, such that
d(0) = d(0)

d(x) *x=d(y) *y
d(x) *x=d(x) *y
X=y.

Thus, d is a one-one function.
(iv) From Proposition 3.9(i) we have d(0) = d(x) *x for all x € X. Since d is a regular, then

d(0)=0
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d(x) #x=0

d(x) *x =X *X
d(x) = x,

forall x €X. Lety €X, since d is a regular and from Proposition 3.9(i), then d(y) =y = d(0) = 0, thus

d(y) *y=y =y
diy) =y,

for all y €X. Hence, d is an identity map.

Let (X; % 0) be a BN-algebra and d,, d, be a self-maps of X. Giventhat dy cdy : X —> Xas diedo =
ds (d,(x)) for all x € X.

Theorem 3.10 Let (X; *, 0) is a BN-algebra with (D) condition, d1 and d, be derivations of X, then
Q) di ° d> is also a derivation of X,
(i) diod2=dz° dh.

Proof.
(i) From Proposition 3.8(i)

di o da(x #y) = di(da(x *Yy))

= dy(dx(x) *y)

= dy(dx(x)) *y

=d1 o dao(X) *V.
Thus, d1 ° d» is also a derivation of X.

(i) From Theorem 2.12 (ii) and Proposition 3.8(i), for all x, y €X we get
di o dao(x *y) = di(dz(x *Y))

= du(dz(x) *y)
= du(y *dz(x))
= du(y) *do(x)

= d(X) *du(y),
and

dz ° di(x *Yy) = do(di(x *Y))

= da(di(y *x))
= da(du(y) *x)
= dp(x * du(y))

= d(X) * da(y).
This shows that dy e &> = dy ° di.

IV. f;-DERIVATIONS ON BN:-ALGEBRAS
In this section, notion of fy -derivation of BNi-algebra and its properties are given. It is clear that fg-
derivation of BNj-algebra generally does not apply in BN-algebra since in BN;-algebra X, x Ay = x applies for
all x,y eX.

Definition 4.1 Let (X; = 0) be a BN;-algebra and let f be a self-map of X. f is an endomorphism of X if it satisfies f (x *
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y) =f (x) «f (y) forall x,y €X.

Let (X; # 0) is a BNy-algebra. d: X — X is defined by d’ (x) = q * f(x) for all ¢, x € X and f is an
endomorphism of X. For all x, y €X, itis denoted that x Ay =y *(y #x). Since x Ay = x in BN;-algebra, then
notion of fq-derivation in [12] is redefined to get the following definition.

Definition 4.2. Let (X;*,0) be a BN;-algebra. A self-map dg is called inside fg-derivation of X if it satisfies dg(x *
y) = d(’;(x) * f(y) forallx,y € X. If df; satisfies df;(x *y) = dg(y) * f(x) forall x,y € X, then it is called an

outside fg-derivation of X. If d(’; is both an inside and an outside fy-derivation of X, then dg is a fy-derivation of X.

Example 4.3 Let X = {0, 1, 2, 3} and binary operation * is given by the Cayley table below:
Table 5: Cayley table for (X; %, 0)

« [ 0 1 2| 3
0| of of 21 3

1 11 0 3] 2

21 2 31 0] 1

3] 3 20 11 O

It can be proven that X is BN;-algebra. Endomorphism f: X — X'is defined as follows

0 ifx=0,

)1 if x=3,
F@=12 ifx=2
3 ifx=1.

Then d{; will be investigated if it is an inside and an outside f,-derivation in X using the following table:

Table 6: d/ (x * y) = di(x) * f(y) = db () * f(x)

x o [o |o Jo |1 |1 |11 |2 ]2 |2 |2 |3 |3 |3
y o |1 ]2 |3 Jo |1 |2 |3 Jo |1 |2 |3 |o |1 |2
x%y o |1 |2 |3 |1 |o |3 |2 |2 |3 [0 |1 |3 |2 |1

& Ccx ) o |3 |2 |1 |3 |o |1 |2 |2 [t ]o |3 |1 |23
i 0o o |o o |0 |3 |3 |3 |3 |2 |22 2|1 |11
fO) 0 |3 |2 |1 Jo |3 |2 |1 |o |3 ]2 |1 |0 |3 |2
26O * £O) o|3|2]1|3|of1|2]|2|1]o|3|1]|2]3
i) o|3s|2|1]|o|s|2|1]|0o|3]2]1]|0]3]2
£ ojlololo|3|3|3|3]|2|2|2|2]1]1]1
dh(y) * £() ol3|2|1|3|of1|2]2|1]|0]3|1]|2]s3
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Table 6 shows that dg is f-derivation in X. Likewise, it can be shown that df; is a f-derivation in X.
Every BN;-algebra has at least one f;-derivation. The following proposition shows the existence of fs-derivation in

BN;-algebra.
Proposition 4.4 Let (X; *, 0) be a BN:-algebra and f be an endomorphism of X. Then, there exist at least one fi-derivation

in X, which is dJ.
Proof. Let g = 0, by Proposition 2.14 (i) for all X, y € X gives

dy (x *y) =0 *f (x *y)
f() *(y)
[0+ ()] *f(y)
df (x *y) = dj ) *T ).

Thus, d’(; is an inside fg-derivation of X. On the other hand

d) (x *y) = 0 f (x xy)

f(y #x)

f(y) *f (x)

[0 +f ()] *f ()
dj (x +y) = dj () +F (x).

Thus, d’(; is an outside f-derivation of X. Therefore, it has been proven that there exist at least one f, -derivation in

X, which is d.
Proposition 4.5 Let (X; *, 0) is a BN;-algebra and f is an identity endomorphism of X. Then

(i) dg is an identity function,
(i) ) isafs-derivation in X.

Proof. Let X be a BN;-algebra.

(i) Since fis an identity endomorphism of X, then f (x) = x for all x € X. If q =0, then d{; (x) =
0 =f (x) =f (x) = x. Hence, d{; is an identity function.

(i) From (i) it is obtained that &} (x *y) =x *y, d} (x) f(y) =x *y,and @} (y) * f(x) =y *x = x * y.

Hence, d(’; is a f,-derivation of X.

The following is definition of regular in BN;-algebra.

Definition 4.6 Let (X; *, 0) is a BN;-algebra and dl’; is a self-map of X. d(’; isregular in X if d{; (0)=0.
For all x, y € X, if x =y then an inside fq-derivation is similar to an outside f-derivation. Hence, from this statement

is followed by the proposition below.
Proposition 4.7 Let (X; *, 0) is a BN;-algebra. If d{; is an inside or an outside fy-derivation in X, then

() d’ () =d! (x)«f(x)forallx€X,

(i) 1fd} isaregular, then d] (x) = (x) for all x € X.

10
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Proof.
(i) Let d{; is an inside or an outside fq-derivation of X, then by (B1) axiom we have
dl () =d! (xxx)=d) (x) = f(x)

for all x € X.

(if) Let d{; is a regular, then d{; 0)=0.If dt’; is an inside fg-derivation of X by Proposition 2.14
(i) obtained

dl () =d! 0+x)=d} (0) T (x)=0f(x)=f(x),

forall x € X. If df; is an outside fy -derivation of X, then by (B2) axiom we get

d) () =df (xx0)=d} (0) *F(x)=0xf(x)=f(x),
for all x € X.
Theorem 4.8 If (X; %, 0) be a BNi-algebra with condition (D), then

(M df; is an inside fy-derivation of X,
@iy If dqf is an outside fg-derivation of X, then d"; is a fg-derivation of X.

Proof.

(i) Since X be a BN;-algebra with condition (D), then by Proposition 2.14 (iii) for all X,y €X

obtained

d} (x *y) =q *f (x *y)

q *[f (x) *f ()]
q *+[f () *f (X)]
[+ (] *f (¥)
d] (x xy) = d’ (x) *f(y).

Therefore, d,’; is an inside fy-derivation of X.

(ii) Let X be a BN;-algebra with condition (D), then by (i) it is known that d{; is an inside fq-

derivation of X. Since d,’;is an outside fq -derivation of X, then it is proven that d{; is a fy-
derivation in X.

Definition 4.9 Let (X; *, 0) be a BN;-algebra and d{; and D; are two self-maps of X. d’; ° D’,;: X — X is defined by
() o D)) = @ (D] (x)) forall x € X.
Proposition 4.10 Let (X; *, 0) be a BN;-algebra and f is an identity endomorphism of X.

@i |If d,j; and D,; are two inside fo-derivations of X, then d(’; ° Dg is an inside fe-derivation in X.
(i) Ifdg and D, are two outside fe-derivations of X, then d(’; ° Dg is an outside fq-derivation in
X

(iii) If dl’; and D[; are two fq-derivations of X, then d{; ° D{; is a fg-derivation in X.

Proof. Let X be a BN;-algebra. Since f is an identity endomorphism of X, then f (x) = x for all x €X.

11
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i). Letd, and D, are two inside fq-derivations in X, then for all x,y € X we obtain
(i) I and D} inside f,-derivations in X, then for all x, y btai
(df o D)) (x +y) = d} (D} (x * y))
= dj (D) () * f())
=d} (D] () * FF )
(d) o D)) G x y) = (d] e DY) * F ().
Therefore, it is proven that df; ° DZ; ia an inside fy-derivations in X.
(ii). Let df; and Dg are two outside fq-derivations of X, then for all x,y € X we get
(d} o DIy (xxy) = dl (D] (x * y))
= dj (D] &) * f(0))
= d! (D] 0)) « F(F())
(d) ° D) (x*y) = (dy e D) * f ().

Hence, it is enough to show that (d(’; ° D(’;)(x * y)is an outside fq-derivations in X.
(iii). From (i) and (ii) it can be proven that df; ° D(’; is a fe-derivations in X.

Proposition 4.11 Let (X; *, 0) be a BN;-algebra, f is an identity endomorphism of X, and dg and D,{ are fq- derivations of
fof — f fof— f fopf =pfoqf

X Mdyof =fodyandD, of =foD,, thendy oDy =Dy ody.

Proof. Since d"; and D,’; are fq-derivations of X, then we say that d(’; is an inside fy-derivation and D(f is an outside fy-

derivation of X. For all x,y € X obtained
(d] o D}) (x *y) = df (D] (x * y))
= d} (D] () * f(2))
= df (F) * FDF )

() o DJ)Ccxy) = (df o )(x) * (f e D).
On the other side we have

(D] o d}) (x *y) = DJ(d} (x * ¥))
= DJ(d} () * F(¥))
= DJ(F ) * f(d} (X))
= f(@}()) * DI (F )

= (fod!)(x) * (D} o F)(v)

12
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(Dg 0 ) y) = (df o £)() = (f * D O)-
Thus, it can be seen that (d{; 0 D{;)(x xy) = (D{; 0 d{;)(x *y). Changing y = 0 yields(dg ° Dg)(x) = (D,{ 0 dg)(x).
Therefore, d{; ° Dj; = D(’; ° d(’; is true.

From Theorem 2.16 it is confirmed that BNj-algebra X defined in Example 4.3 is a loop. Therefore, it can be
concluded that loop can be applied to the notion of fs-derivation. However, the following example shows that the notion of
fq-derivation does not apply to loop that is not a BN:-algebra.

Example 4.12 Let X = {0, 1, 2, 3, 4} be a set with a binary operation * on X is defined by the following Cayley table:

Table 7: Cayley table for (X; % 0)

« [ 0] 1) 2| 3] 4
O of 11 2| 3] 4

1 11 O 3| 4| 2

It can be proven that X is a loop but not a BN;-algebra. Given an endomorphism f: X — X where f (X) = x. If g =0 it can
be proven that dg is an inside fs-derivation of X. However, since dg (1x2)=3and d{; (2) = f (1) =4, then dg (1x2) =+
dg (2) = f (1). Hence, dg is an outside fy-derivation of X.

From Example 4.12 it can be seen that f is an identity endo-morphism of X, but d{; is not a fy-derivation in X. This
statement contradicts with Proposition 4.5 (ii). Therefore, generally the notion of fs-derivation in BN;-algebra does not

apply on a loop.
V. CONCLUSIONS
Since every BN;-algebra is a BN -algebra it is clear that the notion of derivation of BN -algebra can also be applied to BN;-
algebra. On the other hand, the notion of fs-derivation defined in BN;j-algebra generally does not hold neither in BN -
algebra nor in loop.
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