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Abstract - Tuberculosis (TB) and malaria are the most prevalent bacterial and parasitic infections in humans and continue to
be major causes of morbidity and mortality in the population. A co-infection of TB and malaria epidemic model was
formulated as a system of ordinary differential equation. Positivity and Invariant regions indicated that the model was
mathematically well posed and epidemiologically feasible. Disease free equilibrium were locally and globally asymptotically

stable whenever the basic reproduction number is less than unity and endemic when greater than one. The basic reproduction
number Rgp, of 0.7359316 was obtained. Sensitivity results indicated that an effective contact rate was the most sensitive

parameter with value of 1.000 which propels the basic reproduction. Significantly, the results obtained showed that the higher

the value of effective contact rates the higher the basic reproduction number.
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I. INTRODUCTION

Infectious diseases are caused by micro-organisms such as bacteria, fungi, virus or parasites. TB and malaria are the
most prevalent bacterial and parasitic infection in humans and continue to be major causes of morbidity and mortality in
impoverished population in the tropics [25]. Tuberculosis or TB (short for tubercle bacillus) is a common infectious disease
caused by Mycobacterium tuberculosis. Tuberculosis typically attacks the lungs, but can also affect other parts of the body. It is
spread through the air when active TB infectious people cough, sneeze or otherwise transmit their saliva through the air. TB
infections carrier can be active or latent. Symptoms of TB of are chronic cough which may result in blood-tinged sputum,
fever, night sweats, loss of appetite, weight loss and fatigue [1, 4, 23]. TB remained the leading cause of death from a single
infectious agent worldwide [8].

Malaria is a life-threatening disease caused by parasites transmitted to humans through the bites\blood meals of the
infected female Anopheles mosquitoes [2, 14]. Plasmodium falciparum is the parasitic species that largely causes human
malaria infections in Africa. The parasite requires two hosts to complete its life cycle — the infected female anopheles mosquito
and human. Once an infected mosquito bites a human and transmits the parasite, the parasite first travels to a human’s liver
where it grows and multiplies and later to the bloodstream where it infects and destroys red blood cells. Malaria can be
uncomplicated or severe depending on the symptoms which include fever, chills, nausea, vomiting and general weakness of the
body. Its incubation periods span between seven and thirty days before symptoms start [5, 24]. Treatment of malaria depends
of the type of plasmodium that causes it.

Human populations are rarely exposed to one pathogen particularly in high incidence regions such as sub-Saharan
Africa where infections with more than one pathogen represent a public health problem [15, 16]. Tuberculosis (TB) and
malaria were among major threats that undermine development in many resource-poor counties of the world. Despite
significant advances in medical science, these diseases continue to impact human populations. In 2019, an estimated 229
million cases of malaria occurred worldwide while 409,000 people died in which the majority of victims are young children
from sub-Saharan Africa [14, 24]. An estimated 10 million persons developed TB illness in 2019 while an estimated of 1.4
million TB-related deaths occurred [8].
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Despite this treat, few studies of the effect of TB-malaria co-infection may be found in the literature [15, 17, 21]. [25]
developed an experimental model to study Tuberculosis-malaria co-infection upon natural transmission of mycobacterium
tuberculosis and plasmodium berghei.  [12] worked on HIV/AIDS, malaria and tuberculosis. The model is analyzed to
investigate the potential impact of counseling and treatment on disease progression by carrying out sensitivity analysis of the
reproduction number with respect to counseling and treatment. [16] worked on Epidemiological features of the co-dynamics of
malaria and tuberculosis (TB) is formulated and the effectiveness of current intervention strategies of these two diseases was
analyzed. [18] studied the implications of HIV treatment on the HIV- malaria co-infection dynamics. Consequently, the
objective of this work is to provide insights into TB and malaria transmission dynamics, especially by investigating the impact
of each parameter in reproduction number that propel it to unsafe environment

I1. MODEL FORMULATION
In modeling the dynamical spread, the total homogeneous population at time t, denoted by N(t) = Ny (t) + Ny, (t)

where (N H (t)) is human population and (NV (t)) is vector (mosquitoes) population partitioned into fourteen compartments.

Human population (N, (t)) is sub-divided into susceptible (S, (t)) individuals, vaccinated (V; (t)) individuals,
Exposed (E; (t)) individuals, infected undetected (U (t)) individuals, infected detected (D; (t)) individuals, recovered
(RT ('[)) individuals, individuals that are Exposed to TB-Malaria disease(ET,\,I ('[)) active individuals infected with TB-
malaria (ATM ('[)) recovered individuals from TB-malaria (RTM ('[)) individual exposed to malaria dis;ease(E,\,I (t))
individuals infected with malaria disease (| M (t)) and recovered malaria (RM ('[)) individual.

Vector population (N, (t)) is also sub-divided into susceptible (S, (t)) of mosquitoes and infected Iy (t)
mosquitoes as well. So that,

N, () =S, +V; +E +U; +D; +R, +E,, +1,, + Ry, + Eqy + Ay + Reu
and (1)

Nv (t) = Sv + Iv

It is assumed that susceptible human population is increased by the recruitment of individuals (either by birth or
immigration) into the population. All recruited individuals are assumed to be susceptible at rate my except those that have been
vaccinated at the rate p. This population is decreased by both singly and dually infected individual acquired either TB or
Malaria or co-infected following effective contact with infectious individuals. This population later decrease due to natural
death of susceptible individuals at the rate p and later increase by vaccine wanes off at the rate

Co-infected and singly infected individuals transmit either TB, Malaria or both infection as defined as follows:

Transmission rates

Susceptible individuals acquire infections with TB and malaria at rates A; and A,, respectively for human and

mosquito respectively.
Transmission rate of tuberculosis

L. A ) _ﬂT(UT_'_nDDT) (2)
The transmission rate for TB only is give as - N

In (2) Br represents the effective contact rate (contact capable of leading to tuberculosis infection) while 775 is
modification parameter which accounts for the risk of infectiousness of individuals in D; class.
Transmission rate of malaria

ay fu(ly)

The transmission rate of susceptible human is given as A,, = N— 3)
\

Where PBwm is per capital biting rate of infected mosquito and “ am” is the probability that a bite by an infected mosquito on a

susceptible human will transfer the infection to human.
Transmission rate of vector
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ay By Uy +17uAw)
Ny,

Where By is the biting rate of infected mosquito while 77;,, is modification parameter which accounts for the risk of

The transmission rate of vector is givenas A, =

(4)

infectiousness of individuals in ATM class.
Transmission rate of TB-malaria co-infection

The transmission rate of TB and malariais given 1., =  SBru N—M (5)
H
Where S, s the effective contact rate for infection with TB-Malaria.

Thus, the rate of change of the susceptible population is given by:

dS
d_::(l_p)ﬂH_ﬂTSH_]’MSH _}‘TMSH_/”SH+CUVT+)/MRM ©)

The population of the vaccinated class increased by recruiting the vaccinated individuals into the vaccinated class at
the rate 07t . The population of vaccinated individual is decrease by the rate at which vaccine wanes off @ and also reduced

by natural death of vaccinated individuals at the rate L.

av
Thus: d_'[T =pr, —WNV; —oV;

Y]

A fraction @, of the newly infected individuals is assumed to immediately display disease symptoms. These category
of individuals known as “Fast progressor ” are moved to the infected undetected class U+ (t) while the remaining fraction

(1 - Hl)of the newly infected individuals are assumed to show no disease symptoms initially. These category of individuals
known as “Slow progressor” are moved to exposed class E;(t). The population of the exposed individuals is decreased by the
progression of exposed individuals to active TB at the rate x; natural death at rate /£ and by exogenous re-infection at the

rate ¥,y Thus:

dE,
W:(l_‘%)/%rSH —HEr —i By -y A By (8)

The population of infected undetected individuals is increased by infection of fast progressor 91/17. It is further
increased by the progression of exposed individuals that have the probability of developing infectious TB at the rate (1-v)
(where vis the fraction of progression of exposed individual that have the probability of developing infectious TB). It is

further increase by exogenous re-infection of exposed individual at the rate (1— Pz)‘//e V1 (where P, is the fraction of re-

infected exposed individual who are detected) and recovered individuals at the rate (1— P;)y, 77 (where P, is the fraction

of the re-infected recovered individuals who are detected). This population is decreased by natural death of TB patient at rate
U, disease-induced death rate & , and by detection rate ¢ . Hence,

du
dtT =04 S, +1-P)y A E; —pU; —U; —dU; +(1-0)x; Er +(1-P)w, 4Ry (9)

The population of infected detected individuals increased by progression of fraction of the exposed individuals that
have the probability of developing infectious TB at the rate v. It is further increased by detection rate ¢ of undetected

individual, exogenous re-infection of exposed and recovered individuals at Pz‘//e yr and Pyw,y; respectively. The
population is decreased by natural death of TB patient at rate £/ and later by TB induced death rate & This is further reduced
by treatment rate 7 of infected detected individuals and natural immunity at the rate o . Hence,

dD.
d_tT:UKTET + Py Er = 1Dy =Dy + Uy -7, D; — oDy + By AR, (10)
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The population of recovered individuals is increased by treatment rate . of infected detected individuals and also by

natural immunity at the rate o and by exogenous re-infection at ¥/, 7+ . This population is reduced by natural death rate & of
recovered individual. Thus,
dR;
5 D; +oD; — iR —w A;R; (11)

The population of exposed malaria individuals is increased by infection of slow progressor of susceptible at the rate

(1—(92 )XM . It reduces due to progression of human from exposed to infectious at rate «), and natural death at rate x . It then
increase by recovered human at the rate y,, . Thus,

dE
dtM = (1-0,)Ay Sy —#Ey —&uEy +7uRy (12)

The population of infected malaria individuals is increased by infection of fast progressor of susceptible at the rate

6’2/1,\,I and by progression of humans exposed to vector at a rate «, . It then reduce by natural death at rate  , vector induced
death rate o and treatment of infection human at rate z,, . Thus

i,
dt

The recovered human population is increased by the treatment rater,, . It decreased by natural death rate x and

= 0,4, Sy +xkyEy —tdy =y —7yly (13)

recovered individual at rate ), . This gives:

drR
- — IRy —yuRy (14)

at Tyl
The population of exposed individuals with TB dually infected with malaria is increased by the newly infected
individuals that slowly display the symptoms at rate (1—93). It latter reduced by the natural death at the rate x and

progression rate of individuals with both diseases at rate xy), . It latter increase by recovered individuals at the rate )7y, . Thus

dE
% =(1-0,)Any Sy — ey — Ky By + 770 Ry (15)

The population of active TB co-infected with malaria is increased by newly infected individuals that quickly display
the symptoms at the rate 6’3 and the progression from exposed stage to active stage at the rate Ky, . Also, the population of
this class reduced by natural death rate x and disease-induced mortality rate o. It further reduced by treatment rate
v s aresult of TB-malaria infection. Hence

Arn
d =034 Sy K B — Ay — Py — 7oy Any
dt (16)

The population of recovered TB dually infected with malaria increased by treatment received at the rate 7, .This population is
reduced by natural death rate & and recovered individual at rate ), of individuals in this class. Then

dR
™ = T A — MRy — 7 R
dt (7)

The susceptible vector class was increased by the recruitment of vectors (anopheles mosquitoes) into the population at
the rate 77, . This class was decreased by transmitted rate of susceptible vector. It further reduced by the natural death of vector

at the rate 4, and artificial death rate O, .

ds,
Then T =7y = A Sy —(y +6,)Sy (18)
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The infected vector population is increased by transmission rate of infected vector. It then reduced by natural death at
the rate 4, and artificial death rate o, . Thus,

N s, = G +a)1, (19)

Thus, the new Tuberculosis-Malaria co-infection transmission model is given by the following system of non-linear
differential equations:

S
T =(A=p)y =4Sy = Ay Sy — A Sy — 1S+ aV + 7y R,

L= pry ~(ut o)y

t
d
—(1 O) A Sy —(u+x7)E; —yw A E;
dU
dtT =04 Sy +(1-Py AL Er —(u+5+4)Ur + 1-0)kr Er + (1= Py ARy
d;)tT =k Er + Py A By —(u+6+7+07)Dr +Us + Py 4R,
dR
dtT =(T T"‘GT)DT _IURT _V/aﬂ“TRT
%, = (1-0,)Ay Sy —(u+xy)Ey
d(lj:" = 0,4,S, +xyEy —(u+5+1)1,,
dR
dtM =ty ly —(u+yy)Ry
dE
— M = (1-0;) Ay Sy — (12 + Ky )Ery + 7r Royg (20)
d
'ZIM =03 A Sy + Ky Eny — (1 + 65 +77 ) Ary
dR
d;M =Ty Ay — (4 + 7w )Ry
ds
dtv =7y — ASy — (i +6,)Sy
dl,
Sy - +0y)l
e = A (1y )y
Where 4, = Br (U +17,D; )’/1\/ =avﬁv(||v| "‘77T|\/|'A‘T|v|)1/1 =aMﬂH(|v)
N, N, M Ny
and /’LTM :M
Ny,
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Table 1: Definition of variables

Variables Definition

Sh Population of susceptible Human at time t.
Sy Population of susceptible vector at time t.
V; Vaccination Class for TB

E, Exposed TB individuals at time t

U; Undetected TB individuals at time t

D; Detected TB individuals at time t

R; Recovered TB individuals at time t

Em Exposed Malaria individual at time t

Iy Infected Malaria individual at time t

Rm Recovered malaria individual at time t
E, Exposed vector at time t

Ev Exposed TB induced Malaria at time t
Ay Active TB induced Malaria at time t

Riu TB induced Malaria recovered individual at time t
N Total Population

Table 2 Definition of Parameters used in the model

Parameters Definition

Ty, Ty Recruitment rate for human and vector respectively

Br. Bu By Effective contact rate for TB , Malaria and Infected vector

Ly My Natural death rate for human and vector respectively

o Natural immunity rate for TB

1, Ty Tem Treatment rate for TB, Malaria and TB-malaria co-infection respectively
S5, Sy Disease induced mortality rate for human in TB, vector and TB-malaria

Co-infection respectively

Nen s Mo Modification parameters for A, ,and A; respectively

YM Y™ Human Recovery rate for malaria and TB-malaria co-infection respectively
) Detection rate for undetected TB

P Vaccination rate for TB only

0 Vaccine wanes off for TB in v

v Probability of developing infectious TB rate

K;,Ky Ky Progression rate from Eto Ur, Em to Iwand Eq, to Ay, respectively
6,,0,,6, Fast progressor rate for TB, Malaria and TB-Malaria co-infection
Aridm My Force of infection for TB, Malaria and infected vectors (mosquitoes)
ﬂ’rM Force of infection for TB co-infection with Malaria

o Natural immunity for TB

am Number of human bitten by mosquito per unit time

ay Number of mosquito bites per unit time

Ve Exogenous re-infection of TB in exposed class

Wa Exogenous re-infection of TB in recovered class
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I11. QUALITATIVE PROPERTIES OF SOLUTIONS
Positivity of solutions
Theorem 1: The closed set D = {(S,,,V;,E;,U;, D, Ry, Eqyy s Ay s R » Ene L oRu» Sy s Iy )}
is positive for all t > O with respect to the model equation (20) above.
Let the initial data be
{(Sx (0)=0, V;(0)=0, E; (0)>0, U;(0)=0, D;(0)=0 R;(0)>0 Ep, (0)>0 A, (0)>0
Ry (0020 Ey, (0)20 1,,(0)20 R,,(0)>0 S, (0)>0 I, (0)>0}e &
Then the solution set
D={Sy.Vs,E1,Us,Dr, Ry Exm» A s Riw» En T R Sy s Iy )} of the model s positive for every t>0

Proof:

To prove, the equations of the system (20) was considered. Thus from the first equation of the model

ds
dtH =(1-p)r—A;Sy —AuSy — A Sy — 1S5, +aV (21)

It follows that

ddStH >—(u+A: + A4 +A)Sh (22)

Consequently,

dth +(u+A + A, +A34)S, =0 (23)

which is the first order homogeneous differential equation.
ej’(y+/1—r +Ay + Arp ) dt

using the integrating factor 1.F =

By multiplying both sides of equation (23) by equation (24) implies:

At +A4, A )t

d(s, e T Aty S o gt (25)

Integrate both sides with respect to t
—(ﬂ+ﬂT +1H + ﬂTM )t .

S,e > K (where kisa constant) (26)
_d (S e(ﬂ+/1T +1H + iTM )t
Multiply both sides of equation (26) by e
It becomes:

(u+Ar+Ay + At
S, () > Ke™ TR T (27)

Applying the initial condition that when t = 0, Su(t) = Sx(0)
S, (0)=K

—(,u+/1.|. +Ay +Ar )t
Hence, S, (t) =S, (O)e : M

Since u+ At + Ay +4 20 and Sy, (0) > 0then

SyM=0ift=0andt —» o
Therefore, S, (t)>0 VvVt=>0.
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It can be shown, using similar method , that the remaining state variables, V1(t); Ex(t); Ur(t); Dr(t); Rr(t); Em(t); Im(t); Rm(t);
Erm(t); Atm(t); Rrm(t); Sw(t); Iv(t), are non-negative for all the time t>0

Invariant Region

Theorem 2 The biologically feasible region €2 of TB-malaria model (20) is positively invariant.

The solutions of the model (20) are feasible for allt > Qif they enter the invariant region Q =Q, xQ < Riz X Rf

WhereQ, =(S,, Vs, E;, U, Dy Ry, Eqy s Ay s R s Ene s Ty Ry € RPandQ,. =S, 1, € R?
Proof:

Let Q= {(S,,,Vs,E;,Us, Dy, Ry Eqyy s Ay s Rew s Ens Ly Ry s Sy o Iy ) € R be any solution of the system (20)
with non-negative initial conditions.

It is clear from the first twelve equations of the model ) that in absence of the TB-malaria,

that is when | =0, equation (20) becomes

dN, (t)
dht <7, =Ny,
dN
— 4+ u N, <7, (28)

T T
N, S—h+(NhO——hj g ! (29)
Applying the theorem of differential inequality [26], gives

0<N, <7 ast > .
Hn

Similarly, , the ate of change of the total population of vector Nv(t) is:

+uy Ny <7, (30)
TT, T _
NhS—hJ{NhO——hje st (31)
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Hence, all feasible solution set of the human population of the malaria model enters the region

({SH’VT’ET'UT'DT’RT1ETM'ATMiRTM’EMilM’RM})ER}-Z:
Q, ={S,>0V,; >0 E; >0,D, >0,R; >0,E,, >0,A,, >0,

Ry, 20,E, 0,1, >0,R, >0,N, <"
Hh

Similarly, the feasible solution set of the vector population enter the

\
Hy
Therefore, the region €2 is positively invariant i.e. solution remains positive for all temporal

0 ={(sv,|v,)e R2:S,>0,1,>0,N, sﬂ}-

values. Thus, the model (20) is biologically meaningful and mathematical well-posed in the
domain €2

TB-malaria co-infection free equilibrium
At critical point,

dt dt dt dt dt d dt dt  d d dt dt dt dt
Let DFE be denoted by &g then, at DFE,

¢S, _dv; _E, _dU, D, GR, _dE, A, dRy, dE, _di, R, a5, _dl,

ET :UT = DT = RT = ETM :ATM :RTM ’:EM ’:IM :’RM 17 Iv =0 (32)
Then, the set of the uninfected classes of the model presented as:
£ = {”“(“ FOPA) PTa 000000000, ,0} 33)
plpto)  pto Hy

Derivation of basic reproduction number ( Ry, ) for TB-malaria

region

The basic reproduction number of the whole model shall be calculated using the next generation matrix method [7].

The associated matrices F and V, are derived from the model equation (20) where

. . F, F
New infection terms F=
F F

Can be partitioned as follows:

(34)

0 1-0)fr n1p1-0)B 0 0 0000 0
0 @  mptBr 00 0000 0
Are  Fi=| 0 0 0 00 | F=| 0000 0
0 0 0 00 0000 0
0 0 0 00 00000 (1_62)M
Hty
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0 00 0 0,8y Py by Ty
H7ty
00000 0 0 0 0 0
000O0TO 0 0 0 (-6,)Bmmm 0
Fe=| 00000 |, F= 0 0 0 O3 B 1w 0
000O0OTO O
00000 ay py 7y 1 00 ay Syl 7Ty 1 0
Hy Tty Hy Tty
s ||
And non singular matrix V=
vV, V, (35)
are
K, 0 0 0 O o 0 000
-(1-v); K, 0 0 0 0 0 000
Vi= — UKy - K, 0 O V=10 0 00 O
0 0 —(r+0) K, 0 0 0 000
0 0 0 0 K, o ~7m 000
000 0 —xy Ky 0 0 0 0
0000 O —ry Ky O 0 0
00 00O 0 0 0 Ks 0 0
V= 0000 0 . Vi= 0 0 —kny Ky 0
0000 O 0 0 0 0 Ky

Where Ki= (u+®)  Ke=(u+x;) Ke=(u+5+4) Ki=(u+S+7+07)
Ks= 1 Ke= (/,I+KTM)K7: (/u+5TM + Tm ) Ke= (/J+]/-|-M)
Ko= (1 +xy ) K1o= (e + 8+ 1y ) Kui= (u+ y v ) Ki2= (py +6y )

From the above matrix (34) and (35), V> and V3 are singular matrices, then F1V: and F;V4* will be considered for the
calculation of the reproduction number ““ Rypy,

The Reproduction number Ry of the matrix Fl'Vlil is:
R, = Pr [¢U77DKT01 — UKo K7 6, — punpicr + K10, — Pk 6, + UKs’?DKTj
K KK, \+ 0K 5 6, + g i — 0K i + KK, 6, — Kk 6, + K k) (36)
is R, = Bru (Kb — Ky 05 + Ky
KK,

While F,.V,*
@37
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F, .Vz‘l = FS.VS‘1 =0
Hence ,the associated reproduction number for the TB-malaria co-infection is known as

Rom =Max{R;.R,} (38)

It follows that the basic reproduction number of TB- malaria co-infection model denoted by R,;, measures the

average number of secondary TB-malaria co-infection caused by single TB-Malaria infected human introduced into an entirely
susceptible population.

Local stability of disease free equilibrium (DFE) for TB-malaria co-infection
Theorem 3

The disease free equilibrium of the equation (20) is locally asymptotically stable (LAS) if ROTM <1 and unstable when
Ry, > 1.
This theorem implies that the disease can be eliminated in the society if the basic reproduction number ROTM is less than

<1

0T™

unity ie Ryqy
Proof:
To determine the local stability of disease free equilibrium, the Jacobian matrix of equation (20) is computed at point &, =

(0.0,0,0,0,0,0,0,0,0,0,0,0,0,0).

Let J,, denotes the Jacobian matrix, then,

—u e 0 0 0 0 0 I 0 0 0 0

0 -K4 0 0 0 0 0 0 0 0 0 0 0 0

0 0 -K, 0 0 0 0 0 0 0 0 0 0 0

0 0 (-vky -Kg 0 0 0 0 0 0 0 0 0 0

0 0 vKT g -Kg 0O 0 0 0 0 0 0 0 0

0 0 0 0 (t+0) —u O 0 0 0 0 0 0 0
W=l 5 0 o 0 oom kg o o o0 o o oG

M 10

0 0 0 0 0 0 0 1y -Ky O 0 0 0 0

0 0 0 0 0 0 0 0 0 -Kg 0 rmq O 0

0 0 0 0 0 0 0 0 0 sy -Ky O 0 0

0 0 0 0 0 0 0 0 0 0 tqy -Kg O 0

0 0 0 0 0 0 0 0 0 0 0 0 -u O

0 0 0 0 0 0 0 0 0 0 0 0 0 —Ky

where kK, =u+o, K,=pu+x;, Ki=pu+6+¢, K,=u+d+rv+o7,
Ke=p+umy, Ki=p+6py +7ory, Kg=p+ymy, Ky =p+xy,
Kio=u+6+7y, Kp=pu+zy, Ky =p, +4,

Then, the characteristic equation of the matrix above is given as ‘JTM* -1 I‘ =0

31



M. A. Afolabi & S. O. Adewale. / IIMTT, 67(12), 21-40, 2021

—u-1 o 0 0 0 0 0 0 m 0 0 0 0 0

0 -K-4 0 0 0 0 0 0 0 0 0 0 0 0

0 0 -Ky-4 0 0 0 0 0 0 0 0 0 0 0

0 0 (-vxp -Kg-42 0 0 0 0 0 0 0 0 0 0

0 0 vKT ¢ -Kg-2 0 0 0 0 0 0 0 0 0

0 0 0 0 (t+0) -p-4 0 0 0 0 0 0 0 0

0 0 0 0 0 0 -Kg-4 0 0 0 0 0 0 0

X (40)

0 0 0 0 0 0 ko -Kig-4 0 0 0 0 0 0

0 0 0 0 0 0 0 o -Kyg-do0 0 0 0 0

0 0 0 0 0 0 0 0 0 -Kg-4 0 ™ 0 0

0 0 0 0 0 0 0 0 0 Ky -Kg-4 0 0 0

0 0 0 0 0 0 0 0 0 0 rty -Kg=4 0 0

0 0 0 0 0 0 0 0 0 0 0 0 -m-4 0

0 0 0 0 0 0 0 0 0 0 0 0 0 -Kp-4
From the equation (40), the first column has only non zero term in the diagonal. Thus, the first eigenvalue is /11 =—u and
subsequent sub-matrix gave:
A ==K, A =-K, Ay ==K, A5 =K, Ag =—H
A =K, Ay =Ky Ay =Ky iz =—Hy Ay =Ky,

- Ks =4y 0 V™
Km -K;, -4, 0
0 Ttm -Kg -4, =0 (41)
The characteristics polynomial of the above equation (41) is given by:
A3/13+A2/12+A1/1+AO:0 (42)
Where As=1
A =K, +K; +K;

A =K K, + K, K; + KK,
Ay = KgKeK; = 7oy Ky Ay

The determination of the nature of the roots of the polynomial is being explored by making use of Routh Hurwitz
criterion [14]. The matrices are all positive, then all the eigen-values of the Jacobian matrix have negative real roots when

ROTM < 1, therefore, the disease free equilibrium is locally asymptotically stable.

Global stability of disease free equilibrium of TB-malaria co-infection
Theorem 4
The disease free equilibrium of the system of equation (20) is globally asymptotically stable (GAS) whenever

Ry < land unstable if Ry, > 1.

Proof:
It follows that S, =N; -V; -E; -U; -D; =R, —-E,, - l,, —R,, —E;, —Ay —Ryy —l, at steady state.

0T™
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The proof is based on using the comparison theorem [10] to prove the global stability for the model (20). Using the comparison

method

(44)
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Then (F-V) goes thus

(45)

[(e}
o - 4

0

L9

(F-V)
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(1-05)ap By 4y 7H

Where  Li=(1-0)fr. L=Q-0)n pr. L=0pr, L& (1—91)[}1, Ls= oy . Le
6-a

2°M MY TH Li=(-03)fm + Ls =0381\ L= VAT AV A L= (- o),

HTEy M 7H H7H

L= (1—61)ﬁ-r —K3, Li3= (r + o), L14:93ﬁTM —K7, K= (,u+a)) K2:(,Ll+K-|-) K3:(ﬂ+5+¢), Ky=
(u+S5+7+0), Ke=(u+y7), K= (u+Kmy), Ki=(u+8+7my), Ke= (1t ) Ke=(u+xy),
Kio=(s+5+7y), Ku=(u+yy), Ki= (14, +6y),
Then, by computing z—fs (F -V)[Z] (46)

Wh Z=V_,E_,U_,D_.,R,E ,I ,R ,E_ R

ere T Er Y P R B T Ry Bov A B v

Thus, according to [3] and [7], all eigen values of the matrix (F-V) have negative real parts. It follows that the linearized
differential inequality above is stable when ROTM <1. Hence, it shows that disease free equilibrium is globally asymptotically

stable whenever R g, <land unstable when Rgp,, > 1.

IV. SENSITIVITY ANALYSIS OF THE MODEL
In determining the best way to control and reduce human morbidity and mortality due to TB-Malaria co-infection, it is
necessary to know the relative importance of the different factors responsible for its transmission. According to [6, 28], the
normalized forward sensitivity index & of a variable “u” that depends differentiably on a parameter “p” is defined as:

gY = ou_ P

op u
Upon substituting the values of parameters in Table 4 for the basic reproduction number Romwm in equation (37), the result Ry
= 0.7359316 was obtained.

(47)

Table 3: Values of Numerical Sensitivity for Model

Parameters Sensitivity values
L 0.99999999

U -0.04114534510
™ -0.9333333333
S -0.040000000

6, 0.2031340685
KTM 0.03370634492

V. NUMERICAL SIMULATION
The analytical results of this study are illustrated by carrying out numerical simulations of the model using parameter values in

Table 3 with the help of Maple 18 software with the following initial values Sn(0) = 5000, V+(0) = 1800, E1(0) = 1200, U1(0) =
900, D+(0) =500, Rr(0) = 300, Em(0) = 2000, Im(0) = 1500, Rm(0) = 1200, Etm(0) = 700, Atm(0) = 300, Rrm(0) = 100, Sv(0) =
700, 1v(0) =300.
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Table 4: Parameters values used for the numerical simulation

Parameters Values Sources
Ty 2000 [13]
Ty 1000 [26]
My 0.02, 0,04 [1], Estimated
5™ 0.03 [17]
6,,0; ’ 6, 0.7,0.7,0.7 Estimated, [20]
L Br 0.6, 0.3 Estimated
Kim K 0.05492, 0.238 [16]
Tm 0.7 Estimated
T 7T 0.70.8 Estimated, [11]
5 Oy 0.05, 0.01 [11, 16]
Ym YT 0.2,02 Estimated
P 0.2 [11]
Bu By 0.833,0.48 [6]
v 0.16 Estimated
aw ay 0.12,0,12 [27]
0.2 [9]
¢ 0.2 Estimated
Kt 0.2522 [1]
® 0.1 Estimated
P,,P, 0.7,0.7 [1]
WerWa 0.35,0.35 [1]
o 0.001, 0.001 [20], Estimated
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Figure 1: Graph of infected population against time (t) at different treatment rates
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Figure 2: Graph of exposed population against time (t) at different progression rate
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Figure 3: Behavior of contact rate on infected population against time (t)
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Figure 4: Behavior of contact rate on susceptible population against time (t)
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Figure 6: Graph of infected population against time (t) at different fast progressor rates

V1. DISCUSSION OF RESULTS
As shown in figure 1, the magnitude of infected population reduces more rapidly when the treatment rate is high as

0.9. Conversely, the population increases when the treatment rate is low as it appeared at 0.1. Figure 2 shows the impact of
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progression rate from exposed population to infected class. The reduction rate of exposed population when the progression rate
is high as 0.11492 with population about 630 as compared to when the progression rate is low as 0.01492 which resulted into
population around 820 at time (t) = 4. In figure 3, the magnitude of infected population reduces more rapidly when the contact
rate is low as 0.2 and 0.4 than when it is 0.6, 0.8 and 0.95. Implication of this is that when the contact rate is low, the infected
population will be reduced. As shown in figure 4, the magnitude of susceptible population increases more when the contact rate
is low as 0.1 than when they were 0.4, 0.6 and 0.9. Implication of this is that when the contact rate is low, the susceptible
population will be increased. Figure 5 shows the impact of fast progressor rate on exposed population. The low-value fast
progressor rate increases the exposed population while the high-value fast progressor rate reduces the same population. The
impact of fast progressor rate on infected population was shown in figure 6. The magnitude of infected population reduces

more rapidly when the fast progressor rate is high as 0.7 and 0.9 than when it is 0.1.

VII. CONCLUSIONS

This works entails the formulation and analysis of a mathematical model for the transmission dynamics of TB-malaria co-
infection. The mathematical model incorporates some epidemiological features for the dynamical spread and control of the

disease. The analysis of the model revealed that that it was mathematically well-posed epidemiology feasible. Also, the basic
reproduction numbers ROTM was obtained using next generation matrix method. It was established that disease free
equilibrium was locally and globally asymptotically stable whenever the basic reproduction number is less than unity for
disease free equilibrium and greater than unity for endemic equilibrium. Sensitivity results revealed that contact rate ( ™ )

for TB- malaria full model is the most sensitive parameter. Any increment in contact rate increases the basic reproduction

which thereby leads to endemicity in the society.
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