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Abstract - Tuberculosis (TB) and malaria are the most prevalent bacterial and parasitic infections in humans and continue to 

be major causes of morbidity and mortality in the population. A co-infection of TB and malaria epidemic model was 

formulated as a system of ordinary differential equation. Positivity and Invariant regions indicated that the model was 

mathematically well posed and epidemiologically feasible. Disease free equilibrium were locally and globally asymptotically 

stable whenever the basic reproduction number is less than unity and endemic when greater than one. The basic reproduction 

number TMR0  
of 0.7359316 was obtained. Sensitivity results indicated that an effective contact rate was the most sensitive 

parameter with value of 1.000 which propels the basic reproduction. Significantly, the results obtained showed that the higher 

the value of effective contact rates the higher the basic reproduction number.  
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I. INTRODUCTION  
Infectious diseases are caused by micro-organisms such as bacteria, fungi, virus or parasites. TB and malaria are the 

most prevalent bacterial and parasitic infection in humans and continue to be major causes of morbidity and mortality in 

impoverished population in the tropics [25]. Tuberculosis or TB (short for tubercle bacillus) is a common infectious disease 

caused by Mycobacterium tuberculosis. Tuberculosis typically attacks the lungs, but can also affect other parts of the body. It is 

spread through the air when active TB infectious people cough, sneeze or otherwise transmit their saliva through the air. TB 

infections carrier can be active or latent. Symptoms of TB of are chronic cough which may result in blood-tinged sputum, 

fever, night sweats, loss of appetite, weight loss and fatigue [1, 4, 23]. TB remained the leading cause of death from a single 

infectious agent worldwide [8].  

 Malaria is a life-threatening disease caused by parasites transmitted to humans through the bites\blood meals of the 

infected female Anopheles mosquitoes [2, 14]. Plasmodium falciparum is the parasitic species that largely causes human 

malaria infections in Africa. The parasite requires two hosts to complete its life cycle – the infected female anopheles mosquito 

and human. Once an infected mosquito bites a human and transmits the parasite, the parasite first travels to a human’s liver 
where it grows and multiplies and later to the bloodstream where it infects and destroys red blood cells. Malaria can be 

uncomplicated or severe depending on the symptoms which include fever, chills, nausea, vomiting and general weakness of the 

body. Its incubation periods span between seven and thirty days before symptoms start [5, 24]. Treatment of malaria depends 

of the type of plasmodium that causes it.  

 Human populations are rarely exposed to one pathogen particularly in high incidence regions such as sub-Saharan 

Africa where infections with more than one pathogen represent a public health problem [15, 16]. Tuberculosis (TB) and 

malaria were among major threats that undermine development in many resource-poor counties of the world. Despite 

significant advances in medical science, these diseases continue to impact human populations. In 2019, an estimated 229 

million cases of malaria occurred worldwide while 409,000 people died in which the majority of victims are young children 

from sub-Saharan Africa [14, 24]. An estimated 10 million persons developed TB illness in 2019 while an estimated of 1.4 

million TB-related deaths occurred [8].  

https://www.ijmttjournal.org/archive/ijmtt-v67i12p503
http://www.internationaljournalssrg.org/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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Despite this treat, few studies of the effect of TB-malaria co-infection may be found in the literature [15, 17, 21]. [25] 

developed an experimental model to study Tuberculosis-malaria co-infection upon natural transmission of mycobacterium 

tuberculosis and plasmodium berghei.   [12] worked on HIV/AIDS, malaria and tuberculosis. The model is analyzed to 

investigate the potential impact of counseling and treatment on disease progression by carrying out sensitivity analysis of the 

reproduction number with respect to counseling and treatment. [16] worked on Epidemiological features of the co-dynamics of 

malaria and tuberculosis (TB) is formulated and the effectiveness of current intervention strategies of these two diseases was 

analyzed.  [18] studied the implications of HIV treatment on the HIV- malaria co-infection dynamics. Consequently, the 

objective of this work is to provide insights into TB and malaria transmission dynamics, especially by investigating the impact 

of each parameter in reproduction number that propel it to unsafe environment 

II. MODEL FORMULATION 

In modeling the dynamical spread, the total homogeneous population at time t, denoted by )()()( tNtNtN VM 
 

where ))(( tNH  is human population and ))(( tNV  is vector (mosquitoes) population partitioned into fourteen compartments.  

Human population ))(( tNH  is sub-divided into susceptible ))(( tSH  individuals, vaccinated ))(( tVT  individuals, 

Exposed ))(( tET  individuals, infected undetected ))(( tUT individuals, infected detected ))(( tDT  
individuals, recovered 

))(( tRT  individuals, individuals that are Exposed to TB-Malaria disease ))(( tETM , active individuals infected with TB-

malaria ))(( tATM , recovered individuals from TB-malaria ))(( tRTM , individual exposed to malaria disease ))(( tEM , 

individuals infected with malaria disease ))(( tI M and recovered malaria ))(( tRM individual. 

 Vector population ))(( tNV  is also sub-divided into susceptible ))(( tSV of mosquitoes and infected )(tIV

mosquitoes as well. So that, 

VVV

TMTMTMMMMTTTTTHH

IStN

and

RAERIERDUEVStN





)(

)(

(1) 

It is assumed that susceptible human population is increased by the recruitment of individuals (either by birth or 

immigration) into the population. All recruited individuals are assumed to be susceptible at rate πH except those that have been 

vaccinated at the rate ρ. This population is decreased by both singly and dually infected individual acquired either TB or 

Malaria or co-infected following effective contact with infectious individuals. This population later decrease due to natural 

death of susceptible individuals at the rate μ and later increase by vaccine wanes off at the rate ω 
Co-infected and singly infected individuals transmit either TB, Malaria or both infection as defined as follows:      

 Transmission rates 

 Susceptible individuals acquire infections with TB and malaria at rates T  and M  respectively for human and 

mosquito respectively. 

 Transmission rate of tuberculosis 

The transmission rate for TB only is give as      )2(
)(

N

DU TDTT
T





  

In (2) βT represents the effective contact rate (contact capable of leading to tuberculosis infection) while D  
is 

modification parameter which accounts for the risk of infectiousness of individuals in TD   class.

  Transmission rate of malaria 

The transmission rate of susceptible human is given as  

V

VMM

M
N

Ia )(
    (3) 

Where  βM  is per capital biting rate of infected mosquito and  “ aM” is the probability that a bite by an infected mosquito on a 

susceptible human will transfer the infection to human. 

 

 Transmission rate of vector 
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The transmission rate of vector is given as )4(
)(

H

TMTMMVM
V

N

AIa 





 

Where βv is the biting rate of infected mosquito while TM
 
is modification parameter which accounts for the risk of 

infectiousness of individuals in TMA   class.  

 Transmission rate of TB-malaria co-infection 

The transmission rate of TB and malaria is given )5(
H

TM
TMTM

N

A
   

Where TM   is the effective contact rate for infection with TB-Malaria. 

Thus, the rate of change of the susceptible population is given by: 

MMTHHTMHMHTH
H RVSSSS

dt

dS
  )1(     (6)

 
The population of the vaccinated class increased by recruiting the vaccinated individuals into the vaccinated class at 

the rate  . The population of vaccinated individual is decrease by the rate at which vaccine wanes off   and also reduced 

by natural death of vaccinated individuals at the rate µ.  

Thus:  TTH

T VV
dt

dV
 

      (7)

 

A fraction 
1  of the newly infected individuals is assumed to immediately display disease symptoms. These category 

of individuals known as “Fast progressor ” are moved to the infected undetected class TU (t) while the remaining fraction 

)-(1 1 of the newly infected individuals are assumed to show no disease symptoms initially. These category of individuals 

known as “Slow progressor” are moved to exposed class (t)ET . The population of the exposed individuals is decreased by the 

progression of exposed individuals to active TB at the rate T ,
  natural death at rate  and by exogenous re-infection at the 

rate Te  Thus: 

TTeTTTHT

T EEES
dt

dE
  )1( 1       (8)

  

The population of infected undetected individuals is increased by infection of fast progressor T1 . It is further 

increased by the progression of exposed individuals that have the probability of developing infectious TB at the rate ( 1 ) 

(where  is the fraction of progression of exposed individual that have the probability of developing infectious TB). It is 

further increase by exogenous re-infection of exposed individual at the rate TeP )1( 2  (where 
2P  is the fraction of re-

infected exposed individual who are detected) and recovered individuals at the rate TaP )1( 3  (where 3P  is the fraction 

of the re-infected recovered individuals who are detected). This population is decreased by natural death of TB patient at rate

 , disease-induced death rate , and by detection rate . Hence,  

TTaTTTTTTTeHT

T RPEUUUEPS
dt

dU
 )1()1()1( 321   (9)

 
The population of infected detected individuals increased by progression of fraction of the exposed individuals that 

have the probability of developing infectious TB at the rate  .  It is further increased by detection rate  of undetected 

individual, exogenous re-infection of exposed and recovered individuals at TeP 2  and TaP 3  respectively. The 

population is decreased by natural death of TB patient at rate   and later by TB induced death rate .This is further reduced 

by treatment rate 
T  of infected detected individuals and natural immunity at the rate  . Hence, 

TTaTTTTTTTTeTT
T RPDDUDDEPE

dt

dD
 32    (10)
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The population of recovered individuals is increased by treatment rate T  of infected detected individuals and also by 

natural immunity at the rate   and by exogenous re-infection at Ta .  This population is reduced by natural death rate
 
of 

recovered individual. Thus,  

TTaTTTT
T RRDD

dt

dR
       (11)

 
 The population of exposed malaria individuals is increased by infection of slow progressor of susceptible at the rate 

M )1( 2 . It reduces due to progression of human from exposed to infectious at rate M  
and natural death at rate  . It then 

increase by recovered human at the rate M  . Thus,    

MMMMMHM

M REES
dt

dE
  )1( 2     (12)

 
The population of infected malaria individuals is increased by infection of fast progressor of susceptible at the rate 

M 2  and by progression of humans exposed to vector at a rate M . It then reduce by natural death at rate  , vector induced 

death rate  and treatment of infection human at rate M . Thus 

MMMMMMHM

M IIIES
dt

dI
  2     (13) 

The recovered human population is increased by the treatment rate M . It decreased by natural death rate  and 

recovered individual at rate .M  
This gives: 

MMMMM

M RRI
dt

dR
       (14)

 
The population of exposed individuals with TB dually infected with malaria is increased by the newly infected 

individuals that slowly display the symptoms at rate )1( 3 . It latter reduced by the natural death at the rate   and 

progression rate of individuals with both diseases at rate TM . It latter increase by recovered individuals at the rate .TM  Thus  

TMTMTMTMTMHTM

TM REES
dt

dE
  )1( 3     (15) 

The population of active TB co-infected with malaria is increased by newly infected individuals that quickly display 

the symptoms at the rate 3  and the progression from exposed stage to active stage at the rate .TM   Also, the population of 

this class reduced by natural death rate  and disease-induced mortality rate .  It further reduced by treatment rate  

TM
 
as a result of TB-malaria infection. Hence  

TMTMTMTMTMTMHTM

TM AAAES
dt

dA
  3

    (16)   

The population of recovered TB dually infected with malaria increased by treatment received at the rate TM .This population is 

reduced by natural death rate  and recovered individual at rate TM of individuals in this class. Then  

TMTMTMTMTM

TM RRA
dt

dR
 

      (17) 

The susceptible vector class was increased by the recruitment of vectors (anopheles mosquitoes) into the population at 

the rate v . This class was decreased by transmitted rate of susceptible vector. It further reduced by the natural death of vector 

at the rate v  and artificial death rate .V   

Then VVVHVV

V SS
dt

dS
)(      (18) 
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The infected vector population is increased by transmission rate of infected vector. It then reduced by natural death at 

the rate v  and artificial death rate V . Thus,  

VVVVV

V IS
dt

dI
)(         (19) 

Thus, the new Tuberculosis-Malaria co-infection transmission model is given by the following system of non-linear 

differential equations: 

 

VVVVV
V

VVVVVV
V

TMTMTMTM
TM

TMTMTMTMHTM
TM

TMTMTMTMHTM
TM

MMMM
M

MMMHM
M

MMHM
M

TTaTTTT
T

TTaTTTTTeTT
T

TTaTTTTTeHT
T

TTeTTHT
T

TH
T

MMHHTMHMHTH

IS
dt

dI

SS
dt

dS

RA
dt

dR

AES
dt

dA

RES
dt

dE

RI
dt

dR

IES
dt

dI

ES
dt

dE

RRD
dt

dR

RPUDEPE
dt

dD

RPEUEPS
dt

dU

EES
dt

dE

V
dt

dV

RVSSSS
dt

dS

)(

)(

)(

)(

)20()()1(

)(

)(

)()1(

)(

)(

)1()1()()1(

)()1(

)(

)1(

3

3

2

2

32

32

1

























































 

Where
 

,
)(

H

TdTT

T
N

DU 



 ,

)(

H

TMTMMVV

V
N

AIa 





V

VHM

N

Ia
M

)(
   

and 

H

TMTM
TM

N

A
   

 

 



M. A. Afolabi & S. O. Adewale. / IJMTT, 67(12), 21-40, 2021 

 

26 

Table 1: Definition of variables 

Variables Definition 

HS
                  

Population of susceptible Human at time t. 

VS   Population of susceptible vector at time t. 

TV                    Vaccination Class for TB                             

TE   Exposed TB individuals at time t 

TU   Undetected TB individuals at time t 

TD   Detected TB individuals at time t 

TR   Recovered TB individuals at time t 

ME   Exposed Malaria individual at time t 

MI   Infected Malaria  individual at time t 

MR   Recovered malaria individual at time t 

VE   Exposed vector at time t 

TME   Exposed TB induced Malaria at time t 

TMA   Active TB induced Malaria at time t 

TMR   TB induced Malaria recovered individual at time t 

N                    Total Population 

 

Table 2 Definition of Parameters used in the model 

Parameters Definition 

VH  ,   Recruitment rate for human and vector respectively
 

VMT  ,,
 

Effective contact rate for TB , Malaria and Infected vector 

Vtm  ,,
 

Natural death rate for human and vector respectively 

   Natural immunity rate for TB  

tmmT  ,,  Treatment rate for TB, Malaria and TB-malaria co-infection respectively 

tmv  ,  Disease induced mortality rate for human in TB, vector and TB-malaria  

                        Co-infection  respectively 

Dtm  ,             Modification parameters for TTM and  ,  respectively  

TMM  ,
 Human Recovery rate for  malaria and TB-malaria co-infection respectively 

 


  

Detection rate for undetected TB  


               

Vaccination rate for TB only 

                     Vaccine wanes off for TB in TV  


  

Probability of  developing infectious TB rate 

TMMT  ,  Progression rate from ET to UT, EM to IM and TME  to TMA respectively                           

321 ,,   Fast progressor rate for TB, Malaria and TB-Malaria co-infection 

VMT  ,,  Force of infection for TB, Malaria and infected vectors (mosquitoes) 

TM
                  

Force of infection for TB co-infection with Malaria                                              

               Natural immunity for TB  

ma
                   Number of human bitten by mosquito per unit time  

Va
                    

Number of mosquito bites per unit time 

e
                   

Exogenous re-infection of TB in exposed class 

a
                    

Exogenous re-infection of TB in recovered class 
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   III. QUALITATIVE PROPERTIES OF SOLUTIONS 

Positivity of solutions

 

Theorem 1: The closed set  ),,,,,,,,,,,,,( VVMMMTMTMTMTTTTTH ISRIERAERDUEVSD   

is positive for all 0t  with respect to the model equation (20) above. 

Let the initial data be 





}0)0(0)0(0)0(0)0(0)0(0)0(

0)0(0)0(0)0(0)0(,0)0(,0)0(,0)0(,0)0({(

VVMMMTM

TmTMTTTTTH

ISRIER

AERDUEVS
 

Then the solution set 

 ),,,,,,,,,,,,,( VVMMMTMTMTMTTTTTH ISRIERAERDUEVSD   of the model is positive for every 0t  

Proof: 

To prove, the equations of the system (20) was considered. Thus from the first equation of the model  

VSSSS
dt

dS
HHTMHMHT

H   )1(    (21) 

It follows that 

HTMHT
H S

dt

dS
)(          (22) 

Consequently, 

0)(  HTMHT
H S

dt

dS
      (23)

 

which is the first order homogeneous differential equation. 

using the integrating factor 
 


dtTMHTeFI

)(
.


 

tTMHTdtTMHT eeFI
)()(

.
  

     (24) 

By multiplying both sides of equation (23) by equation (24) implies:  

 

dtSd
tTMHTeH 0)(

)(


 
      (25) 

Integrate both sides with respect to t 

)constant a isk   where(
)(

KS
tTMHT

eH 
 

    (26)
 

Multiply both sides of equation (26) by

tTMHTeHSd
e

)(
(

 


 

It becomes: 

tTMHT
KetSH

)(

)(
 

       (27) 

Applying the initial condition that when t = 0 , SH(t) = SH(0) 

 

KSH )0(  

Hence, 

t
TMHT

eStS HH

)(

)0()(
 

  

Since 0 TMHT   and 0)0( HS then  

0)( tSH  if  tandt 0  

Therefore,   00)(  ttSH . 
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It can be shown, using similar method , that the remaining state variables, VT(t); ET(t); UT(t); DT(t); RT(t); EM(t); IM(t); RM(t); 

ETM(t); ATM(t); RTM(t); SV(t); IV(t),  are non-negative for all the time t>0 

 

Invariant Region  

Theorem 2 The biologically feasible region   of TB-malaria model (20) is positively invariant.  

The solutions of the model (20) are feasible for all 0t if they enter the invariant region 
212

  RRvh  

Where
12,,,,,,,,,,,(  RRIERAERDUEVS MMMTMTMTMTTTTTHh and

2,.  RIS VVv  

Proof: 

Let   14),,,,,,,,,,,,,(  RISRIERAERDUEVS VVMMMTMTMTMTTTTTH  be any solution of the system (20) 

with non-negative initial conditions.
 

It is clear from the first twelve equations of the model ) that in absence of the TB-malaria,  

that is when 0hI , equation (20) becomes 

 

 

hhh
h N

dt

dN
           (28) 

After solving the equation (28) and evaluating it as time t tends to infinity, then  













h

h
h

h

h
h NN








0

the


        (29) 

Applying the theorem of differential inequality [26], gives 

h

h
hN




0 as t . 

Similarly, , the ate of change of the total population of vector Nv(t) is: 

VVV
V N

dt

dN
            (30) 

After solving the equation (30) and evaluating it as time t tends to infinity, then  
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h
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        (31) 

hhh
h N

dt

tdN
 

)(



M. A. Afolabi & S. O. Adewale. / IJMTT, 67(12), 21-40, 2021 

 

29 

Hence, all feasible solution set of the human population of the malaria model enters the region 

  







































h

h

hMMMTM

TMTMTTTTh
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NRIER

AERDEVS
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,0,0,0,0,00,0

:,,,,,,,,,,, 12
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Similarly, the feasible solution set of the vector population enter the region

  








 

v

v
vvvvvv NISRIS




,0,0:,, 2

 

Therefore, the region   is positively invariant i.e. solution remains positive for all temporal  

values. Thus, the model (20) is biologically meaningful and mathematical well-posed in the  

domain  . 

TB-malaria co-infection free equilibrium  

At critical point,

0
dt

dI

dt

dS

dt

dR

dt

dI

dt

dE

dt

dR

dt

dA

dt

dE

dt

dR

dt

dD

dt

dU

dt

dE

dt

dV

dt

dS VVMMMTMTMTMTTTTTH
 

Let DFE be denoted by 
2

 , then, at DFE, 

0,,,,,  VMMMTMTMTMTTTT IRIERAERDUE  (32)
 

Then, the set of the uninfected classes of the model presented as: 












 0,,0,0,0,0,0,0,0,0,0,0,,

)(

)(
2

V

VHH












     (33) 

Derivation of basic reproduction number ( TMR0 ) for TB-malaria 

The basic reproduction number of the whole model shall be calculated using the next generation matrix method [7]. 

The associated matrices F and V, are derived from the model equation (20) where 

New infection terms F= 








43

21
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        (34)

 

Can be partitioned as follows: 
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F3= 





























00000

00000

00000

00000

00000

,  F4 = 



































000

0000

0)1(000

00000

0000

3

3

2

HV

VTMVV

HV

VVV

TMTM

TMTM

V

HVMM

aa

a

















 

And     non singular matrix V= 
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Where  K1= )(    K2= )( T  K3= )(      K4= )( T   

K5= K6= )( TM  K7= )( TMTM   K8= )( TM 
   

 K9= )( M  K10= )( M  K11= )( M  K12= )( VV  
 

 

From the above matrix (34) and (35), V2 and V3 are singular matrices, then F1V1
-1 and F4V4

-1 will be considered for the 

calculation of the reproduction number “ TMR0 “ 

The Reproduction number R1 of the matrix 
1

11.
VF

 is: 















)414142414
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TTTTDT

TDTDDTDTDTDT
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While  
1

44 . VF is 
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336
4

(

KK

K
R TMTMTM  



      (37)
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0.. 1

33

1

22   VFVF
 

Hence ,the associated reproduction number for the TB-malaria co-infection is known as 

 }.{ 410 RRMaxR TM 
         (38)

  

It follows that the basic reproduction number of TB- malaria co-infection model denoted by TMR0  measures the 

average number of secondary TB-malaria co-infection caused by single TB-Malaria infected human introduced into an entirely 

susceptible population. 

 

Local stability of disease free equilibrium (DFE) for TB-malaria co-infection 

Theorem 3   

The disease free equilibrium of the equation (20) is locally asymptotically stable (LAS) if 10 
TM

R  and unstable when

10 
TM

R . 

This theorem implies that the disease can be eliminated in the society if the basic reproduction number 
TM

R0   is less than 

unity ie 10 
TM

R  

Proof: 

To determine the local stability of disease free equilibrium, the Jacobian matrix of equation (20) is computed at  point 0 = 

(0.0,0,0,0,0,0,0,0,0,0,0,0,0,0 ). 

 

Let TMJ  denotes the Jacobian matrix, then, 
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Then, the characteristic equation of the matrix  above is given as  0**
 IJTM 
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)40(
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From the equation (40), the first column has only non zero term in the diagonal. Thus, the first eigenvalue is   1  and 

subsequent sub-matrix gave: 

12141311910897

645342312 ,

KKKK

KKKK
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TM

TM

   (41)

 
The characteristics polynomial of the above equation (41) is given by: 

001

2

2

3

3  AAAA          (42) 

Where  A3=1 

 6782 KKKA   

 7687681 KKKKKKA   

 TMTMTMKKKA  7680  

The determination of the nature of the roots of the polynomial is being explored by making use of Routh Hurwitz 

criterion [14]. The matrices are all positive, then all the eigen-values of the Jacobian matrix have negative real roots when 

10 
TM

R , therefore, the disease free equilibrium is locally asymptotically stable. 

 

Global stability of disease free equilibrium of TB-malaria co-infection   

Theorem 4 
The disease free equilibrium of the system of equation (20) is globally asymptotically stable (GAS) whenever 

10 
TM

R and unstable if 10 
TM

R . 

Proof: 

It follows that VTMTMTMMMMTTTTTTH IRAERIERDUEVNS 
  

at steady state. 
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The proof is based on using the comparison theorem [10] to prove the global stability for the model (20). Using the comparison 

method  

Where:
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Then (F-V) goes thus 
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Where  L1= T )
1

1(  ,  L2= TD
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Thus, according to [3] and [7], all eigen values of the matrix (F-V) have negative real parts. It follows that the linearized 

differential inequality above is stable when 10 TMR . Hence, it shows that disease free equilibrium is globally asymptotically 

stable whenever 10 TMR and unstable when 10 TMR . 

 

IV. SENSITIVITY ANALYSIS OF THE MODEL 

In determining the best way to control and reduce human morbidity and mortality due to TB-Malaria co-infection, it is 
necessary to know the relative importance of the different factors responsible for its transmission. According to [6, 28], the 

normalized forward sensitivity index    “ ” of a variable “u” that depends differentiably on a parameter “p” is defined as:  

u

p

p

uu

p 



       (47) 

Upon substituting the values of parameters in Table 4 for the basic reproduction number R0TM in equation (37), the result TMR0  

= 0.7359316 was obtained. 

 

Table 3: Values of Numerical Sensitivity for Model 

Parameters Sensitivity values   

TM
  

0.99999999 

   -0.04114534510 

TM   -0.9333333333 

TM   -0.040000000 

3   
0.2031340685 

TM   0.03370634492 

 

     V.  NUMERICAL SIMULATION 

The analytical results of this study are illustrated by carrying out numerical simulations of the model using parameter values in 

Table 3 with the help of Maple 18 software with the following initial values SH(0) = 5000, VT(0) = 1800, ET(0) = 1200, UT(0) = 

900, DT(0)  = 500, RT(0) = 300, EM(0) = 2000, IM(0) = 1500, RM(0) = 1200, ETM(0) = 700, ATM(0) = 300, RTM(0) = 100, SV(0) = 

700,  IV(0) = 300.   
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Table 4: Parameters values used for the numerical simulation 

Parameters Values Sources 

 
2000 [13] 

 
1000 [26] 

,  
0.02,  0,04 [1], Estimated 

 
0.03 [17] 

,  
0.7, 0.7, 0.7 Estimated, [20] 

 
0.6, 0.3 Estimated 

,  
0.05492, 0.238 [16] 

 
0.7 Estimated 

,  
0.7 0.8 Estimated, [11] 

,  
0.05,  0.01 [11, 16] 

,  
0.2 , 0.2 Estimated 

 0.2 [11] 

,   
0.833, 0.48 [6] 

 0.16 Estimated 

,  
0.12, 0,12 [27] 

 0.2 [9] 

 
0.2 Estimated 

 
0.2522 [1] 

 0.1 Estimated 

 
0.7 , 0.7 [1] 

 
0.35, 0.35 [1] 

,  
0.001, 0.001 [20], Estimated 
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Figure 1: Graph of infected population against time (t) at different treatment rates 

 

 

 

Figure 2: Graph of exposed population against time (t) at different progression rate 
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Figure 3: Behavior of contact rate on infected population against time (t) 

 

 

 

 

 

Figure 4: Behavior  of contact rate on susceptible population against time (t) 
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Figure 5: Graph of exposed population against time (t) at different fast progressor rates 

 

 

Figure 6: Graph of infected population against time (t) at different fast progressor rates 

 

VI. DISCUSSION OF RESULTS 

As shown in figure 1, the magnitude of infected population reduces more rapidly when the treatment rate is high as 

0.9. Conversely, the population increases when the treatment rate is low as it appeared at 0.1. Figure 2 shows the impact of 
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progression rate from exposed population to infected class. The reduction rate of exposed population when the progression rate 

is high as 0.11492  with population about 630 as compared to when the progression rate is low as 0.01492 which resulted into 

population around 820 at time (t) = 4.  In figure 3, the magnitude of infected population reduces more rapidly when the contact 

rate is low as 0.2 and 0.4 than when it is 0.6, 0.8 and 0.95. Implication of this is that when the contact rate is low, the infected 

population will be reduced. As shown in figure 4, the magnitude of susceptible population increases more when the contact rate 

is low as 0.1 than when they were 0.4, 0.6 and 0.9. Implication of this is that when the contact rate is low, the susceptible 

population will be increased. Figure 5 shows the impact of fast progressor rate on exposed population. The low-value fast 

progressor rate increases the exposed population while the high-value fast progressor rate reduces the same population. The 

impact of fast progressor rate on infected population was shown in figure 6. The magnitude of infected population reduces 

more rapidly when the fast progressor rate is high as 0.7 and 0.9 than when it is 0.1.  

VII. CONCLUSIONS 

This works entails the formulation and analysis of a mathematical model for the transmission dynamics of TB-malaria co-

infection. The mathematical model incorporates some epidemiological features for the dynamical spread and control of the 

disease. The analysis of the model revealed that that it was mathematically well-posed epidemiology feasible. Also, the basic 

reproduction numbers
 TMR0  

was obtained using next generation matrix method. It was established that disease free 

equilibrium was locally and globally asymptotically stable whenever the basic reproduction number is less than unity for 

disease free equilibrium and greater than unity for endemic equilibrium. Sensitivity results revealed that contact rate  TM  

for TB- malaria full model is the most sensitive parameter. Any increment in contact rate increases the basic reproduction 

which thereby leads to endemicity in the society. 
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