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Abstract - Senlin and Zaiming (2016) [21] studied the equilibrium strategies for the fully unobservable and almost
unobservable single-server queues with breakdowns and delayed repairs. The present paper aims to study the customers
behavior of the system in markovian single server queue with presence of redundant server. Redundant server is an extra
server which is used in our model so that the system provides a reliable working facility to the customer. In unobservable case
an arriving customer does not know length of queue. The model under consideration can be observed as an M / M /1 queue in
a casual environment. Equilibrium balking strategies in single server markovian queue with redundant server are calculated
for the almost unobservable and fully unobservable queues. Finally, we demonstrate the effect of several system parameters on
the equilibrium behavior.
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I. INTRODUCTION
During the last decades, in economic point of view there are an emerging tendency to study queueing systems. In a queueing
system, the analysis of strategic behavior of customer is based on some reward-cost structure which is compulsory on the
system and reflects the customers’ desire for service and their unwillingness to wait. An every arriving customer wants to
maximize their expected benefit, considering that the other customers have the same objective so this situation can be seen as a
game among them. In this type of studies, the fundamental problem is to identify individual and social optimal strategies.

In the queueing literature most of papers assume that the server is always available, although this assumption is not a realistic.
Actually, perfectly reliable servers are virtually nonexistent. In Senlin, Zaiming, Wu [21] we studied the equilibrium strategies
for the almost unobservable and fully unobservable m/m/1 queues with server breakdowns and delayed repairs. In this paper
we consider equilibrium strategy of customer in unobservable markovian single server queue with redundant (extra) server. In
many realistic situations, due to non-availability of the repair facility, the repair process may not be started immediately. This
work compensates the game theoretic analysis in [8] by studying the corresponding unobservable cases.

In our paper we consider equilibrium strategy of customer in unobservable markovian single server queue with redundant
(extra) server. In our model we minimize the waiting time of customer with help of the redundant server in M/M/1. If main
server goes in breakdown state then working process is not affected because of the redundant server. Customers moves the
redundant server and customer is served without any delay. In the case, when each server fails, service facility stops and
system enters in repair state. Since repair process also takes some time, it also constitutes some delay. In this situation
customers face delay in service. But with the help of redundant server overall reliability of the system increases so customers
do not balk from the system. Redundant server is an extra server used in our model so that the system provides a reliable
working facility to the customer.

Il. BRIEF REVIEW
There are many researches works for economic analysis of customer behavior on the performance of a queueing system.
Burnetas and Economou [1] first described the theory of several Markovian queues with setup times and four precision levels
of system information and analyzed the customers’ equilibrium strategies. Economou and Kanta [2] studied the equilibrium
balking strategies in the observable M / M /1 queueing system with an unreliable server and repairs. There are some research
works to described the server vacation policies, such as Guo and Hassin [17] and Sun et al. [22]. Moreover, there are many
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papers in which described the economic analysis of the balking behavior of customers of the M/ M /1 queue in variations. in
[3], Economou and Manou discussed a Markovian clearing queueing system that operates in an alternating environment.

Liu, Yu [24] studied an M/ M/ C queueing system in a random environment. there are some differences between vacations
and breakdowns. A vacation must occur after completing the service of the customers in the system, but the break- downs can
occur at the any point of time no matter the server is busy or idle. The economic analysis of customer behavior on the
performance of queueing systems has been described by several authors. In the M / M /1 queueing system with an unreliable
server and repairs, the equilibrium strategies under various levels of information have been studied by Economou, Li and
Jagannathan. Li[12] studied the equilibrium analysis of a single-server Markovian queueing system with working
breakdowns. In the case of working breakdown, when the system is defective, instead of stopping service completely, the
service continues at a slower rate then normal woking rate .

In this paper, we provide supplement to the investigation in Senlin, Zaiming, Wu [21] by discussing the corresponding
unobservable cases with redundant server in which the queue length is unknown to arriving customers. Due to the redundant
server, the balking behavior of customers under unobservable case should be considered to obtain a reliable representation of
the system. From a operational point of view, the almost unobservable case is interesting to study. The model under
consideration is viewed as an M / M /1 queue with redundant server in a random environment and thus we can interpretate of
the stability condition.

This type of model has wide applications in many fields, as argued in [2],[9],[8],[12]. For example, due to failures of
machines or job-related problems , the machine may break down at any state . Such systems that require repairs after server’s
break- downs are very common in practice. But if there are redundant machine already present in the system then after
breakdown redundant machine serve customers without any delay. If all machines fail at the same time or redundant machine
breakdown before repair of main machine. Then customer faces delay. The repair delay time is introduced as the time interval
between the epoch of server breakdown and the beginning of repair process to reflect the fact that the service may delay due to
the repair process.

The un- observable case with redundant server in real-life situation can be illustrated by the decision making of customers in
the ITES service provider working in government or private sector for providing support/services in such cases generally two
data centers are created. One of which works at time and other work as backup in case of natural disasters/ accidents. Backup
server provide services If main server fails. In this case backup server becomes main server and main server goes in repair
process and when that server is repaired then it acts as backup server. the servers does not provide any information related to
the number of customers just waiting in the system prior to the customer’s arrival. In the wireless communication technology
field , assume there is only one channel which is unreliable. Once the channel is breakdown , it goes a delayed time before
recovery. In order to make full use of this channel, we should design some admission control policies and with redundant
channel to allow an arriving customer to reliable service

The rest of this paper is organized as follows. In Section Ill, we describe the dynamics of the model and the reward- cost
structure. In Section IV, we consider the equilibrium mixed strategies for the almost unobservable case. Section V is devoted
to studying the fully unobservable case. Some conclusion and future research.

I1l. MODAL DESCRIPTION

We investigate the same model discussed in Wang and Zhang [8] but there is some difference in our model here we use
redundant sever. We consider the M / M /1 queueing system with an infinite waiting queue in which customers arrive
according to a Poisson process with intensity A and customers are served at a rate of p. The server has an exponential lifetime
with failure rate 2& when he is working. Once the server fails it will not experience an exponential delayed time to activate the
repair process. Because all customers load of system is transfer on the redundant server. Working process is continuing. In
this situation fail server is going to repair process. But in this interval of time redundant server fails. Then delayed time is
exponentially distributed with parameter 8. In the delay state, the server doesn’t provide any type of service to arriving
customers and to begin the repair process ,server waits for repair facility. The repair time is exponentially distributed with
repair rate 0. In other words, when the server fails, then the repair process doesn’t start immediately due to non-availability
of the repair facility. The repair delayed time is define as the time interval between the period of server breakdown and the
beginning of repair process. We realize that the repair delayed time has two stages and hence it is not memoryless. We
describe the state of the system at time t by a pair (L (t), | (t)), where L (t) records the number of customers in the system and |
(t) denotes the state of the server (3: working state 2: working state (redundant server); 1: delayed period; 0: under repair).
The stochastic process {(L (t), I (t)), t > 0} is a two-dimensional continuous-time Markov chain

q(n,i)(n+1,i) =1 ,n = 0 ;i = 0, 1, 2, 3;-
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An,id(n-1,i) — 4 m=>15i= 2,3;
Ampm+rn =4 ,mn=20;i=0,1,23;

An3)(n2) = 2§ n = 0;

Adn2)(n) = § m=0;
Ao =0 ,mn=20;

dno)n3) =0 m=20

I(t)=0
I(t)=3

Ift)=2

Ift)=1

Fig.1.transition rate diagram for equilibrium strategy in unobservable queue with redundant server with breakdown
and delayed repair

In fact, the model under consideration can be viewed as an M / M /1 queueing system in a random environment. More
specifically, the external environment is an irreducible continuous-time Markov chain on a finite state space {3, 2, 1, 0}. That
is, when the external environment | (t) isin state I, 1 =0, 1, 2,3, the system behaves as an M (X)/ M (u)/1 queue with arrival

intensity A and service rate u;, where gy =y, =0and u, = pu; = p. The infinitesimal generator (i.e., ¢ -matrix) of the external
environment I(t) is given by

—28 26 0 O
[ 0o = & o
Q= 0 0 -5 6

8 0 0 -6

Let (75, m,,m; ,7,) be the stationary distribution of the external environment, by solving ( 75, m,,m; ,m,) Q =0,
285

wehave Let m, =—2% g o=_—_20 o _ 2§60 . =
3 7 30542064386 ' 2 T 305+208+380 ' "1 395+208+3t0 ' 0 T 305420¢+386

The system is said to be in state (n, I) if there are n customers in the system and the server is found at state I. Let p (n, 1) be the
limiting probability of the system in state (n, I). Thatis, p (n, I) = lime t—w P (L (t) =n, I(t)=1),n >0, if I=0, 1, 2,3.

Theorem 1. For the M / M /1 queue with redundant server with breakdowns and delayed repairs, the stability holds if and only
if

W (s, ) > A, 6., n(350)> A (350+ 260+ 263). @)

Proof. The steady-state balance equations are given below,

A+0)p(0,0=pnp(01), 2
A0 pm0)=Apmn-1,0+5p(n,1),n>1, 3)
(A+8)p (0, 1)=&p(0,2), 4
(A8 p(m, )= Apm—1, 1)+&pn,2),n>1, (5)
A+ p0,2)=pnp(l,2)+2p(0,3), (6)
A+ pt+é)pm,2)=rApm—1,2)+ppn+1,2)+2&p(n, 3),n>1. @)
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(+28) p(0,3)=pp(1,3)+6p(0,0), ®)
(At pt+28pm,3)=Apmn—1,3)+pph+1,3)+6pn 0),n>1. ©)
Starting with n = 0 and summing each of these balance equations over i,i=0, 1, 2,3, Then
upm+1,3)+upn+1,2)=rpm 3)+Apm2)+Aip(m 1)+Ap(n 0),n=>0. (20)

Clearly, Xo_op(n,i) =m;, i =0, 1, 2. By summing (10) overall n, we arrive at
p(my, —p (0, 2)) + p (w3 —p (0, 3)) = A (w3 +m, + m+my ) = A, that is,
n(p 0,2 +p(0,3)=p(my+ms) A (11)

Since all states are communicating, from the theory of recurrent events it can be deduced that the probabilities p (n, i) (n >0, i =
0, 1, 3) are either all positive or, alternatively, all equal to zero. This property is crucial for our analysis.

If the Markov chain {(L (t), I (t)), t >0} is ergodic (positive recurrent), then all the probabilities p (n, i) (n >0,i=0, 1, 3) are
positive.

Thus p (0, 2) >0and p (0, 3) > 0 we have p (T, +m3) > A from (11).

Conversely, if pu (m,+m3) > A, then p (0, 2) > 0 and p (0, 3) > 0 from (11).

We can conclude that all the probabilities p (n, i) (n >0, i =0, 1, 2,3) are positive from the ergodicity theory for continuous-
time Markov chains. Thus, the stochastic process {(L (t), I (t)), t >0} is stable.

In a word, for the stochastic process {(L (t), I (t)), t >0}, the steady-state regime exists if and only if p (0, 2) > 0 and p (0, 3) >
0. The necessary and sufficient condition for its existence is p (w,+m3) > A

The intuitive interpretation of the theorem is straightforward: note that p (m,+m;) is the average capacity of the system to
render service and A is the arrival intensity. For steady-state conditions, the average service capacity of the system must exceed
the arrival rate. The customers are allowed to decide whether to join or balk the system at their arrival instants. Every customer
receives a reward of R units in the system after completing their service . This may reflect his satisfaction or the added value of
being served. On the other hand, customers have a waiting cost of C units per time when they remain in the system including
the waiting time in queue and being served. Every Customer want to maximize their expected net benefit of service. Their
decisions are unchangeable that retrials of balking customers and reneging of entering customers are not allowed. Each arriving
customer can observe the number of customers. We distinguish two cases depending on the information available to the
customers at their arrival instants: (1) almost unobservable case: customers observe the server state | (t), but not the queue
length L (t); (2) fully unobservable case: customers are not informed about the queue length L (t) or the server state | (t).

IV. THE ALMOST UNOBSERVABLE QUEUE
We now proceed to the almost unobservable case with redundant server where the arriving customers observe the state of the
server upon arrival, but not the queue size. From a methodological point of view, the almost unobservable case is interesting.
There are eight pure strategies for the customers. In the almost unobservable case, a mixed strategy is specified by a vector of
joining probabilities ( g, , 91 , 92 ,93), 9 q; € [0, 1], where g i denotes the joining probability of a customer if the server is
found at state i upon arrival,i=0, 1, 2 ,3.
Clearly, the new queue is equivalent to the original queue except that the arrival intensity A should be replaced by Ag; when
the server is found at state i. The mixed strategy has the form ‘while arriving at time t, observe | (t), enter with probability g,
when I(t) =1’
Suppose that all customers follow the same strategy and enter the system with probability q; when the server is found at state i,
the steady-state equations governing the almost unobservable queue are similar with
Egs. (2) - (10).

Define the partial generating functions as G, (z) = Yo p(n,i) z™,|z|<1,i=0,1, 2,3.

For Egs. (2) — (5) and (8), multiplying both sides by z™ and summing overall n for state i, note that A should be replaced by
Aq; for state i, then

(Mo +0) Gy (2) =G, (2) + Mg 2G, (2), (12)

(My +0) Gy (2) = &G, (2) + Mgy 2G4 (2), (13)

For Egs. (9) and (10), multiplying both sides by z"*! and summing overall n for state i, note that A should be replaced by Ag;
for state i, then

(A\q; +2E+ ) G5 (2) = g G3 (2) + Mq3 2G5 (2) + 0G, (2) + W(1- i)P(O,?)) (14)

133



Preeti Gautami Dubey & Dr. R. K. Shrivastava/ IJMTT, 67(2), 130-139, 2021

1 (G, (2)—p (0,2)) + 1 (Gs (z) —p (0, 3)) =Aq3 2 G5 (2) + Mg, Z G, (2) + Aqq 2G (2) + Mg 26y (2). (15)

Clearly, G; (1) =m; X5 op(n,i) ,i=0,1,23.

By differentiating (12) — (15) and substituting z = 1, we find

0Gg(1) =08G;(1) +AqeT, ,

6G1(1) =$G5(1) + Mgy,

28G5(1) = 6Gy(1) - umrs + Agsms+ PUP(0,3) ,

p(Gz(1) + G3(1)) = Aqomo + Aq1 01 + AqaT, + Aq3Tr3 + Aq0Go(1) + Aq,G{(1) + Aq, G, (1) +Aq5G5(1)
It immediately follows that

QE+2u)Aqme88+(2E+21)Aq1 180 +2Aq 2808 +(2E—2u)Aq3 308+’ m308+24%q3° 308 -212q1 o106
Gl(1) = ~22%q0q170 0§ ~24%q0q3mo 08 +(Aq3—1 ) 86P(0,3) (16)
0 0(3108—21q0E6—2Aq1E0—21q206—1q308)

E-Aqomo08+(2E+2p)Aq 180 +2Aqo T2 E08+(2E—21)Aq3m308 +u’m308-22%2q1q2 105 +2A%q3% M3 08
Gl(1) = +22%q8moE8+12qoq3me08+(Aq3— 1 )1 8P (0,3) (17)
1 5 (3106 —22q0E6—21q1E0—2Aq206—Aq365)

2E-wAqome08+(2E—1)Aq 1 50+2Aq2m2E08+(28—21)Aq3m3 08 +u?m308+22q1q3m108+2A%q0q,m1 SE+
212q32m308+2A2q¢noE8+222q3 n1E0+A%q0q3mo08+(Aqz3—1 ) 86P(0,3) (18)
£(3u06—2AqoE—21q1E0—21q205—Aq308)

G:(1) =

E+21)AqomeO8+(2E+21)Aq1 1 50+2Aq 22808 +(2E+21)Aq3m308 —2u%T306+1%q3° 308 -217q1 Q27106
—22%q0q1m00§ —24%q0q370 860 ~24%qoq3m3E 6 ~247 q1 33§60~ 227 423306 +2A0qom3ES+2Apuq T3 EO+2A1qo 308
Gi(1) = +{(4q3—11)56+28}1P(0,3) (19)
26(3u06—22q0ES—21q1E0—21q205—Aq308)

The quantity G; (1) can be considered as the contribution of state i to the mean queue length. Intuitively, since all the three
states are communicating, the accumulation of customers in one state will influence all the three states.

By using PASTA property, the probability that there are n customers in the system given that the server is found at state i is

P(fi) = =20 = 2®D 150 =0, 1,2 3.

T p(ui) T

Then the mean number of customers in the system found by an arriving customer under the condition that the server is found at
state i is given by

IRzonp(Mll) _6/()
T i

E(L|I=i)=X2onpnl|i) = , i=0,1,2.3.

With known G; (1) and ; , we have

2(28+2u)AqoE082 +2(2E+21)Aq1E80% +41q2E0% 5% +(2E—-2p)Aq302% 8% +12 0282 +21%q32 0% 62 -41%q1q,£ 625
E(L|1=0)= —422qoq, £250—422qoqs €082 +(Aqs— 1 )1 5OP(0,3)(2E5+2£0+305) (20)
28605(31106—24q0E06—2Aq1E0—21q205—Aq305)

2(28-u)AqoE08%+2(2E+2p)Aq, E0%85+4AqoE0% 8% +(2E-2u)Aq302% 82+ 1?0282 +21%q32 0262 -41%q,1q,£6%5
+422q2 €262 +222 o q3E 520+ (Aqs—1 )| SOP(0,3)(2E5+2E0+368)

EL[I=1)= 2£05(3u05—-21qoES—21q1E0—2Aq206—1q308)

(1)

22— u)AqoE082 +2(2E—1)Aq1E 02 5+4Aq2E02 52 +(26—2)Aq302 8% +1202 82 +242q3202 52 +412q0q,£260
E(L|1=2)= +422qo2E262 +402q,2E20% 4212 qoq3E06% +2A2q1 q3E60% +(Aqz3—1 )| SOP(0,3)(266+2£0+368) 22)
2£05(3188—21q0ES—2Aq1E0—21q206—1q308)

2(28+3u)AqoE082 +2(2E+3)Aq1E80%+2(2E+u)Aq20% 8% +(28-21)Aq30% 8% —21u% 02682 +212q320% 6% -412q1q,£60%68
E(L|1=3)= —422q0q18260-61%q0q38062-212q1q38602-21%q5q302% 8%+ +{(Aq3—11 )80+2E}uP(0,3)(286+280+365) (23)
2805 (3ub5—21q0E6—21q150—21q,08—-Aq308)
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The equilibrium balking strategy in the fully observable case has been studied in [8]. Consider a customer who finds the system
at state (n, i) upon arrival, we can get the expected mean sojourn time of such a customer that decides to enter the system from

[8]:

T(M3)=T(M2)=(n+1) (1+%+%)%

= LI A S
T(n,l)—(n+1)(1+5+6)#+9+5,

= §,8&\1 1
TMO=(M+1)@+5+), +5

If a customer decides to join the system given that the server is found at state i, then his expected net benefit will be

530, @1 02,5 )=R-CIE(LI1=3)+1)(1+5+52], (24)
$:@0, 01 192,95 )=R-CIE(L]1=2+ 1) A+5+H 1], (25)
10,0 92,0 )=R-CIELI1=)+ 1) A+5+5 24247, (26)
500+ @1 42,5 )=R-CIE(L]1=0)+ 1) A+5+5H -+, (27)

Theorem 1. In the almost unobservable M / M /1 queue with redundant server breakdowns and delayed repairs under the
stability condition u(360)> A (366+ 2E0+ 2£5), there exists a mixed strategy(q.(0), e (1), qc (2), g (3))and the strategy has
the form ‘while arriving at time t, observe | (t), enter with probability q.(l (t))’. In addition, the vector (q.(0), qc (1), ge (2), qe
(3)) is specified by:

80+ 50+ 55

Case A: If %< [(6% + w86 — uP(0,3) (366 + 286 + 285)] ( oo

) then (q¢(0), de (1), de (). g (3)) = (0,0, 0, 0);

Case B: If % S ((6§+u)69—uP(0,3)(359+ 280+ 255)) (86+ £0+ €5

o EE) 45+ then (@(0), qc (1), g (. q. (3)) = (0,0, 1.0);

Case C: |f% >( (68+1)80+4255—P(0,3) (360 + 2850+ zzs)) (59+ £0+E8

11
[(Bu—A)0—2AF] 285%6 ) + 0 + 5’ then
(9e(0), e (1), 9e (2), g (3)) = (1, 0, 1, 0);

uO8(68+1) +4AE(Sp+u06—01) (0+8)—uP(0,3) (380+ 280+ 226)) (89+ 0+ &8
50(3u—2A)—2AE(5+6) 2808

. gR 101
Case D: IfE>( )"‘5"‘3 , then

(0e(0). e (1), ge (2). e (3)) = (1, 1, 1, 0);

Proof. The proof is fairly delicate and lengthy. It is intuitively clear that, g, (1) <, q. (0) <, q. (2) because customers are
willing to enter the system when the server is in working state than in breakdown state. We tag a customer at his arrival instant,
the customer prefers to balk if S; (g0 .41 ,92.95 ) <0.ifS; (qo .91 . 92,93 ) =0, he is indifferent between joining and
balking. Otherwise, he joins the queue. We will show that there are seven cases;

W) then S, (0, 0, 0, 0) <0 and S, (0, 0,0, 0) = S, (0, 0, 0, 0) -

g - % and S, (0,0,0,0)=5, (0,0,0,0) - g . if S5 (0, 0, 0, 0) <0 therefore, if all other customers use (0, 0, 0, 0) as their

strategy, the tagged customer suffers a negative reward. Hence, the tagged customer’s best choice would be to balk if he
observes the server at state 3.

Case A: If %< [(6% + n)56 — uP(0,3) (360 + 286 + 2£5)] (

Furthermore S, (0, 0, 0, 0) <0, if all other customers use (0, 0, 0, 0) as their strategy, the net reward is negative. Thus, the best
choice is balking if he finds the server at state 2.

135



Preeti Gautami Dubey & Dr. R. K. Shrivastava/ IJMTT, 67(2), 130-139, 2021

Similarly, S; (0,0,0,0)<0and S, (0, 0, 0, 0) < 0 so that, g, (1) =0, g, (0)=0.

Inaword, If £< [(65+ 1080 - P(0,3) (360 + 260 + 268)] Tzt then (.(0), g (1), g (2), 4. (3)) = (0,0,0,0).

. R (68+1)66—P(0,3) (386+ 280+ 286) [ 50+ EO+ &8 1,1
CaseB: If o> ( Y )( Yoy ) + 5 + 5 ,then S, (0,0, 1, 0) > 0 If all other customers use (0, 0, 0

,1) as their strategy, the tagged customer receives a positive reward. Therefore, the tagged customer enters the system with
probability 1 if the server is found at state 1.

5,(0,01,0) =5,(0,0,1,0) -g >0then S, (0,0,1,0)> O.Ifall other customers use (0, 0, 1, 0) as their strategy, then the
net benefit for the tagged customer is positive and we have g.(0) = 0. Finally, S, (0,0, 1, 0) >0 and g, (2) = 1.

. A, (660+ &0+ &6 R . .
For the Case B, |f§ > ((653;“_):4 ) ( J;;; £ ) + % +% then the equilibrium mixed strategy is (¢.(0), ¢, (1), . (2), q. (3)) =
(0,0,1,0)

i R (68+11)80+42E85—uP(0,3) (350+ 280+ 286) [ 80+ EO+ ES
Case C: If C >( [(Bu—A)0—2AF] ) ( 286%0
(1,0, 1,0) as their strategy, the tagged customer receives a positive reward. Therefore, the tagged customer enters the system
with probability 1 if the server is found at state 1.

) + % +% ,then S; (1, 0,0, 1) >0 If all other customers use

5,(1,0,1,0)0 =5,(1,0,1,0) -% -% >0then S, (1,0,1,0)> 0. Ifall other customers use (1, 0, 1, 0) as their strategy, then

the net benefit for the tagged customer is positive and we have g, (0) = 1. Finally, S, (1,0,1,0)>0and g, (2) =1 .asaresult
the best response as the tagged customer who finds the server at state 0 and 2 or 3 upon arrival is to enter the system

To sum up, we have (g.(0), q. (1), q. (2), q. (3)) = (1, 0, 1, 0) in this case.

. R u08(6&+u) +4AE(Su+u0—021)(0+&)—uP(0,3)(360+ 280+ 288) [ 850+ E0+ &S 1,1 o
Case D: If >( 50— 20)ZAEG10) )( T ) +5+5 thenS; (1,1, 1,0)> 0. Substitution of

qv=9:=q, =1lintoitfollowsthats, (1,1,1,0)>S, (1,1,1,0)>S; (1,1, 1,0)>0. Evidently, S; (1, 1, 1,0) > 0. That is, if
all other customers use (1,1 ,1, 0) as their strategy, the best response of the tagged customer is entering if he finds the server at
state 1. And we have q,(1) = 1.

Moreover, Sy(1, 1, 1,0) > 0, if all other customers use (1, 1, 1, 0) as their strategy, the tagged customer receives a positive
reward. Thus, he joins the system with probability 1 if he finds the server at state 0. We have g, (0) =1

Similarly, S, (1,1, 1,0)>0and g, (2) = 1. In aword, we have (g.(0), q. (1), q. (2), q. (3)) = (1, 1, 1, 0) in this case.

V. THE FULLY UNOBSERVABLE QUEUE

Now we focus our attention on the fully unobservable queue with redundant server where arriving customers do not observe
the number of customers in the system or the state of the server. The fully unobservable case in real-life situation can be
illustrated by the decision making of customers in the call centers and data center, the servers may not provide the information
with respect to the number of customers just waiting in the system prior to the customer’s arrival. And there is one extra server
is available the customer has to evaluate the net benefits of his decisions. In the fully unobservable case, a mixed strategy has
the form ‘while arriving at time t, do not observe (L (t), I (t)), enter with probability q’. Clearly, the new queue is equivalent to
the original queue except that the arrival intensity A should be replaced by Aq. The formulas for the fully unobservable case are
special cases of the formulas for the almost unobservable case. By taking q,= q;= q,= q3= q, we can get the expressions of
G; (1) in a way similar to that exhibited in Section IV, Then

&+2u)Aqmy08+(2E+2u)Aqm, 80 +21qm,E08+(2E—2u)Aqm3 08 +u?m308+21%q° 305 -21%q* w108
—222¢%no0 (£+8)+(Aq—)ud6P (0,3
Gi(1) = q°m8(§+8)+(Ag—w)psoP(0,3) (28)
0 (3106—22qE6—21qgEO—31q05)

E-u)AqmyO8+(2E+2u)Aqm, 80 +22qm 6085 +(2E—2u)Aqm308 +u’m308-212q%* 1105 +21%q* 308
, _ +22q%my5(2E+0)+(Aq—u)us6P(0,3)
Gi(1) = EPyprrarTpr (29)
5(3105—-22qE6—21qEO—31q05)
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2E-Aqme05+(28 —u)Aqm, 560 +2Aqm, 05+ (28 —2u)Aqm3 08+ w3085 +1%q% 1 (80 +280+288)
G,(l) — +22q%my (286+66)+21%q% 1305 +(Aq—w) uS6P(0,3) (30)
2 E(3uB8—21qE6—21qEO—31q05)

QE+21)Aqme88+(2&E+2u)Aqm, 560+2Aqm2E05+2Aqm3E05—2u% 30612 q* 305 -24% %106
Gi(1) = —222q%mo (88 +86)—2A%q° 3 E(0+8) +2Auqms (BE+E5+280)+{(Aq—u) 56 +2&}1P(0,3) (31)
3 28(3u05—21qE5—21qEO—3AqH5)

Clearly G/(1) = X3 onp(n,i) 1=0,1,23.
thus, the mean queue length is given by
E(L)=6Go(1) +Gi(D) +G,(1) +G3(1) =
22q¢[mo(2E6+2u8+280+306—21u0)+ m1 (2E5+2uS+2u0+280+308) +15(2E5+280+368) +13(285+280+308)|+2u%m3E(5+6)

+22q%m308(285+280+308)+{(Aq—p)(285+2E0+368) +2£860}uP(0,3)
2&(3ub8—-21q586—-21q56—-31q08)

_ 22q€[mo2ud-mo2ub+ w1 2u(5+0)+2E8+2E0+3058]+2u’m3E(5+6)+A%q? 0282 +{(Aq—u) 2E5+2£0+308) +2£50} 1P (0,3)

28 (3108 —-21qE5-2AqE0—31q08) (32)
Therefore, the mean sojourn time of a customer who joins the system can be derived by using Little’s law, then
—ED)
EW) =2
28[mo2puS—mo2pu0+ 12 (8 +60) +2E85+280+308]+1q02852 +uP(0,3)(2E5+2£60+306) + Zﬂz"3%’(5+9>+{2€95—§‘(12€5+2€9+395)}up(o.3) )

28 (3u05-21q55—21qE0—31q08)

Clearly, E (W) is strictly increasing for g, q € [0, 1]. This property is crucial for our analysis. A general balking strategy in the
fully unobservable case is specified by a single joining probability g. The case q = 0 corresponds to the pure strategy ‘to balk’
whereas the case q = 1 corresponds to the pure strategy ‘to join’. Any value of g € (0, 1) corresponds to a mixed strategy ‘to
join with probability q’. We can describe the equilibrium behavior of the customers in the following theorem. The equilibrium
strategies depend on the value of the ratio R /C. Customers have a greater incentive to enter the system if the value of R/ C is

higher.

Theorem 2. In the fully unobservable M / M /1 queue with redundant server with breakdowns and delayed repairs, there exists

a unique equilibrium strategy ‘enter with probability q, ’, where q.is specified

R
(o , 2 <EW)lgm0
* R
e = {qe  E(W)lgmo < & < EOW) s
R
! vz > E(W)|g=y
[mo2u(6-0)+ m12u(5+0)+(2665+2860+3608)(1+uP(0,3)]
>
E(W)lg=0 36
28[mo2uS—mo2ub+ 1 2p(8+6)+2E8+280+308)+10%8% +uP(0,3)(2E5+2E0+305)
24?3 E(5+6)+H{2805—pu(2£6+280+368)}uP(0,3)
E(W)|q=1 = A

28 (3108 -2AE65-2AE0—3106)

[6RUEOS—CuP(0,3)(2E5+2£0+308)—CE{mo2u(8—0)+ m1 2u(5+6)+2£5+280+306}]+

{6RUEOS—CuP(0,3)(266+2860+308)—CEfmo2u(6-6)+ 7'[12/1(5+9)+2§5+2§9+395}}2
o N —AC[2u?m3E(6+0)+{2806-u(286+280+306)}uP(0,3)]{CH252 +4RE25+4RE20+6REO5}
e 2M{CO262+4RE25+4RE20+6REO5}
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Proof. Based on the reward-cost structure, if a tagged customer decides to enter the system at his arrival instant, his expected
net reward is

S (@) =R-CE(W)

28[mo2ud—mo2u0+ 11 21u(5+6)+285+280+308]+1q0% 5% +uP(0,3)(285+280+365)
2% m3E(8+6)+{2806-1(2E5+2E60+308)}uP(0,3)

—R._ Aq
=R-C 28 (3106 —-21qE5—2AqEO—31q08) (34)

Clearly, S (q) is strictly decreasing for g, g € [0, 1]. In addition,

28[mo2ud—mo2u0+ 11 21u(5+6)+285+280+308]+Aq02% 5% +uP(0,3)(285+280+365)
2p2m3E(5+60)+{2808-p(2§6+2£0+308)}uP(0,3)

_ Aq
E(W) = 28(3u08—-21qE6—-21qEO—31qH5)

28[mo2u(6—0)+ m1 2u(5+60)+285+280+3605]+1q0% 8% +uP(0,3)(2E5+2860+3605)

> 2&(3ub6-21q58—-21q56—-31q08)
[mo2u(6-0)+ m12u(54+60)+(286+2860+3608)(1+uP(0,3)]
EW)lg=o > = R (35)

28[mo2ud—mo210 + 11 21 (5+6)+2E5+2E0+368]+10252+uP(0,3)(285+280+3605)
) zuzng{(6+9)+{2{96—u(2§’6+2§’9+396)]uP(0,3)

— A
EW)lg=1 = 28(3u08—-21E8—20E0—3108) (36)

Now,from eq(34)

S(0)<R-C [mo2u(6—0)+ m12u(5+6)+(2£5+286+308)(1+uP(0,3)]
3ubs

28[mo2u8—mo210+ 12U (5+6)+285+280+308]+10262%+uP(0,3)(2§5+280+3605)
) zuzngE(6+6)+{2§’66—u(2§’6+2§’9+366)}uP(0,3)
! A

S(1)=R—C

28 (3u05—21E5—2AE0—3108)

Wheng < EMW)l4=0, S (g) is negative for every g. Therefore, the tagged customer’s best choice would be to balk. If g >
E(W)|4=1 , then S (q) =S (1) > 0, the expected net benefit of the tagged customer is positive, thus he joins the system with
probability 1.

When E(W)|g=0 < g < E(W)|4=1 , there exists a unique root g; of the equation S (q) = 0 in the interval [0, 1].

[6RuEOS—CuP(0,3)(2664280+308)—CE{mo2u(6-0)+ w1 2u(5+6)+285+2860+306}]+

{6RUEOS—CLP(0,3)(266+280+308)—CEfmo2u(5-6)+ nlzu(6+9)+2§5+2§6+365}}2
e\ —4C[2p2 38 (5+0)+{2806 -1 (286+280+3606)3uP(0,3)]{CO256% +4RE25+4RE?O+6REOS}
e 22{CO262+4RE25+4RE20+6REO5}

The goal of a social planer is to maximize overall social welfare, that is, the sum of customer utility and the payoff of server.
The expected net social benefit per time unit, given that the customers follow a mixed strategy with joining probability q is
given by

2Aq¢|mo2ubd—mo2ub+ m 2u(5+6)+265+286+3 +2u“ms3 +0)+A%q +{(Aq—u)(2¢§6+2860+3 +2 upP(0,3
Aq&[ S5 o (5+0)+285+280+306] 2n3E(5+0)+12q% 0252 +{(A )(2¢68 0+3606) 56

SB (@) =4qR-C 28 (3u06—21qES—21qEO—31q05)

then

28(3u08-21q€6—-21q50—-31q08) [26A{mo2p (86— 0)+ w121 (8+6) +2E5+280+305}+A22q02% 52+ Aup(0,3)(266+2£0+366)]
—[22q&{mo21(6-0)+ m12u(5+0)+285+280+306}+4%q2 0262 +21% 3 (8+0)+{(Aq—p) (2§6+280+308)+2E503uP(0,3)]
(—42E28-42E20-61£08)

SB'(@)=4R -C 4£2(3u085-21qE6—2AqEO—3Aq05) 2

Let g denote the root of equation SB’(q)= 0 and the optimal entrance probability for the system is denoted by g*,then
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9u25202{2RE(2£0+286+360)+C5262}
—20& (280+2885+3680)[9RE1E202—C(0+8)[2un3E(5+0)+p(0,3){2605 -1 (285+286+36068)})
3ué6 1 —3C60{mo2u(6—0)+ 11 2u(5+60)+285+2E0+305+um3(5+6)+50p(0,3)}]

TA(2E60+285+380) — A(2E0+285+358) {2RE(280+285+3580)+C5262%)

Based on the stability condition, we can conclude that SB"(g)< 0 for any probability g € [0, 1]. Thus, the social welfare
function SB (q) is strictly concave, and it attains a unique maximum at the point q = ¢ 1f 0 < g < 1, then the optimal entrance
probability for the system is g*=g . If §> 1, then g*= 1. In a word, we have

g =min {7, 1}.

VI. CONCLUSION

Inspired by Wang and Zhang [8], we study the equilibrium strategies for the almost unobservable and fully unobservable
single-server queues with redundant server with breakdowns and delayed repairs. In practical customer faces a big problem
before enter the system he has to decide whether balk the system or enter the system in our model the balking capacity of
customers is less and customer most probably enter the system. By the redundant server the system provides a reliable working
facility to the customer the repair time is not memoryless since the repair time has two stages. This work can be generalized in
the different directions. the case of general interarrival times is the simplest generalization of this paper . In addition, A multi-
state queueing model is a direct extension to this study. In practice, a system is frequently subjected to breakdowns with
different difficulties. we can also study the social benefit for different information levels.
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