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Abstract - Let X be a non —empty set. In this paper is given a new space called the quasi weak — partial cone b - metric space
X. There are defined right (left) open balls, right (left) closed balls, right topology, left topology, right Cauchy sequences, left
Cauchy sequences and right (left) convergent sequences in it. Furthermore, there is proved the existence and uniqueness of a
fixed point related to a nonlinear contraction using a comparison function in X. Some results are obtain as corollaries. These
results generalize some well — known theorems in quasi weak — partial cone metric space. In addition, as illustrations are
given some examples.
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I. INTRODUCTION

Fixed point theory plays an important role in many fields of Mathematics as Functional Analysis, Economy,
Informatics, etc. The study of this theory has developed during the years. Its evolution is focused on two directions,
ones the generalization of metric spaces and the other the improvement of contractive conditions.

The authors in [1] expanded the metric space to cone metric space by replacing set of real numbers by a Banach
space. The authors had studied fixed points in these spaces which complete Banach contractions and some other
contractions. Many authors have worked on these spaces such as [2], [3], [4], [5], [6].

In 1994, Mathew [7] defined a new space which was called partial metric space. Later, in 1999 R.Heckmann [8], in
his paper generalized partial metric spaces into weak- partial metric space. Many authors have worked related to
fixed point in these spaces. ([9], [10], [11], [12], [13], [14])

Brakat et al [15] have given an interesting new space, generalizing weak partial metric space in weak quasi —
partial metric space.

In this paper is defined weak quasi — partial cone b - metric space and are shown some topologic aspects of it.
Furthermore, are shown some fixed point theorems and corollaries in this space. As applications of this theory,
some results are illustrated by examples. Our obtained results are generalizations of some known results in metric
space, cone metric space and partial metric space.

1. PRELIMINARIES

Definition 2.1 [1] Let P be a nonempty subset of E, where E is an ordered Banach space. The set P is called cone if it satisfies
the following conditions:

1. P=+#{0}

2. Foreverya,b € R,ax + by € P,foreachx,y € P

3. Foreveryx € Pthen —x € P.
The cone P is called normal [1] if for every x,y € P such that x «< y then ||x|| < K|lyll, where K > 0. K is called the
normality constant of P.
The authors in [1] have defined a partial ordering relation in cone P as follows:
Foreachx,y e P,x <yonlyify—xePand x<yif,x <yandx #y. Foreveryx,y € P,x LK yonly ify —x € intP.

Definition 2.2. [1] Let P be a cone and X a non — empty set. The map d: X X X — P is called a cone metric if it satisfies the
following conditions:
1. d(x,y)=0ifandonlyif x =y, foreveryx,y € X,
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2. Foreveryx,y €X,d(x,y) =d(y,x),
3. Foreachx,y,z€X,d(x,z) <d(x,y) +d(y,z).
The ordered couple (X, d) is called a cone metric space.

Definition 2.3. [15] Let M be a non — empty set. The map p: M x M — R* is called weak partial metric space if it accomplishes
the following conditions:

1. p(s,s) =p(s,t)ifandonlyifs = t, for every s,t € M,

2. p(s,s) < p(s,t), for each (s, t) € M?,

3. p(s,t) = p(t,s), for each (s, t) € M?,

4. p(s,t) < p(s,z)+ p(zt), forevery s, t,z € M.
(M, p) is called weak partial metric space.

Definition 2.4. Let X be a non — empty set and P a cone. The function q,,: X X X — P is called quasi — weak partial cone b -
metric if it satisfies the following conditions:

1. q,(xx)=q,(y)=q,@ y)ifandonlyif x = y, forevery x,y € X,

2. q,(xx) < q,(xy), foreach (x,y) € X?,

3. q,y(y) <s(qy(x,2) +q,(z ), foreveryx,y,z€ Mands > 1.
The ordered couple (X, q,,) is called quasi weak partial cone b - metric space.

Example 2.5. Let E = R%2, X =Rand P = {(x,y) € E,x,y = 0} be a cone.
Define the map q,,: X X X — P such that:

(max{x, y},% — % + max{x,y}), (x,y) # (0,0)
(0,0) (x,y) = (0,0)

qw(x,y) =

The map q,, is a quasi —weak partial cone b - metric and (X, q,,) is quasi —weak partial cone metric space with s > 1.

Below there is defined the topology and there are given some properties of quasi — weak partial cone metric space using the
same methods as in Sila E., 2015 [2] for p — quasi cone metric space.

Definition 2.6. Let (X, q,,) be a quasi — weak partial cone b - metric space.
The set

BL(x,c0) ={y € X,q,,(v,x) < c + q,,(x,x)}

is called left open ball centered in x with radius ¢ > 0.
The set

Bh(x,c) ={y e X, q,(x,y) Lc+q,(xx)}
is called right open ball centered in x with radius ¢ > 0.

Definition 2.7. Let (X, q,,) be a quasi — weak partial cone b - metric space.
The set

B, (x,c) = {y € X,q,(y,x) < c + q,(x, 1)}
is called left closed ball centered in x with radius ¢ > 0.
The set

By (x,c) ={y €X,q,(,x) < c+q,(xx)}

is called right closed ball centered in x with radius ¢ > 0.

Let (X, q,,) be a quasi —weak partial cone b - metric space.
Theorem 2.8 The family 77, = {¢, X, G c X| for each x € G, there exists B, (x, c) c G} is a right topology of q,,.
The topology 7, is called right topology obtained by q,,,.

Theorem 2.9 The family 7}, = {¢, X, G c X| for each x € G, there exists B, (x, ¢) c G} is a left topology of q,,,.
The topology 7, is called right topology obtained by the quasi weak partial cone metric gq,,,.
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The following propositions are proved for the right topology z;, in (X, q,,).
Definition 2.10 The set A X is called right open if A € 7],.

Definition 2.11 The set V c X is called open neighborhood of point a € X if there exists a right open ball B}, (a, c) such that
Bl (a,c) cV.

Theorem 2.12 The topology 77, in (X, q,,) accomplishes the first axiom of countability.
Definition 2.13. Let (X, q,,) be a quasi — weak partial cone b - metric space and {x,, },,ey @ Sequence in it.

1. The sequence {x, },ey is called right convergent to x € X, if for each ¢ > 0, there exists n, € N, such that for every
n > ny ityields g, (x,, x) < ¢ + q(x, x). This is denoted lim q,4(x,,,x) = q(x,x)
n—oo
2. The sequence {x,},cn iS called left convergent to x € X, if for each ¢ > 0, there exists n, € N, such that for every
n > ny ityields g4 (x, x,) < ¢ + q(x, x). This is denoted lim q,(x, x,) = q(x, x).
n—oo
3. The sequence {x, },ey is called convergent to x € X, if it is right and left convergentto x € X.
4. The sequence {x,, },en iS called left Cauchy, if for every n < m there exists lim q,4(x,, x,,) and itis finite.
n,m-— oo

. The sequence {x, },cy is called right Cauchy, if for every n < m there exists
lim qq4(x,,x,) anditis finite.
n,m-oo

6. The sequence {x, },ey is called Cauchy, if it is right and left Cauchy.
Definition 2.14. The space (X, q,,) is called complete if every Cauchy sequence converges.

Definition 2.15. [16] The map ¢: P — P, where P is a cone in a Banach space E, is called a comparison function if it satisfies:
l.forallte P, ¢(t) <t,
2. forallt,,t, € P, t; <t,ityields ¢(t;) < @(t,)
3. rllmllwn(t)ll =0, foreacht € P.

I11. Main results

Theorem 3.1. Let (X, q,,) be a Hausdorff complete quasi — weak partial cone b - metric space with constant of normality
K > 1and T: X — X a continuous map which satisfies the following nonlinear contraction:

9w (Tx, Ty) < @(max{q,, (x,x), 4y, v, ¥), 4w (%, ¥), 4w (¥, %), 4y (T, ), 41, (Ty, ¥), 1, (x, TY)})
where ¢: X — P is a comparison function. Then the function T has a unique fixed point.

Proof. Let x, € X and {x,, },,ey € X such that x,, = Tx,,_;.
If x, = x,_4 = -+ = x; = x,, then the theorem is true.
Suppose that there existsi € N, x; # x,.
Gw Ony1,%0) = quy (T, T 1)
< p(max{q,, (X, Xn), qu -1, Xn-1), Quw Xns Xn-1), Qu -1, %), Guw i1, X )y Qo (X, X —1),
Gw (X, x0)} = @(max{q,, (X, %), G n—1, Xn—1), G Oy Xn—1), Qo (1, X)) Qv (K1, X1)3)

Case 1.
max{q,, (xn: xn): qw (xn—1: xn—l): Aw (xni xn—l)' qw (xn—l' xn)' qw (xn+1' xn)} =qw (xnr xn)

So the following inequality holds
G K1, %) < (G Ks X)) < 92 (G Ctno1, Xn=1)) < -+ < @™ (G (X0, X))
Case 2.
max{qy, (X, Xn), G (Cn-1, Xn-1), Guw (tn Xn—1), Guw O, %), Gy (g1, X0} = Gy (g, X —1)
As a results
Gw i1, %) < 9(qu (X1, Xn—1)) < @2 (qw(xn—l'xn—l)) < - < 0" (g (X0, %))

Case 3.
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A rr_1ax{qw (xn' xn)' qw (xn—ll xn—l)' qw (xn' xn—l)' qw (xn—lt xn)' qw (xn+1' xn)} =qw (xnt xn—l)
Consequently, it yields

qw(x_n+1'xn) < ¢(qw(xn'xn_—1)) A
In this case there are two options either

QW(xn+1'xn) < q)(qw(xnlxn—l) << q)n(qw(xl'xo)) or qw(xn+1'xn) < (p(qw(xn'xn—l) <= (pn(qw(xOJxO))

Case 4.

max{qw (xn' xn)' qw (xn—li xn—l)' qw (xn' xn—l)' qw (xn—l' xn)' qw (xn+1' xn)} = qw (xn+1t xn)
As aresults q,, (X411, %) < @(q,, (xn41,X%,)). This case cannot happen because ¢ (t) < t, for each t € P.

Consequently for each case the inequality q,, (x,.+1, %) < @™(c), where ¢ € P andn € N, holds.
Since the cone P is normal with constant of normality K, it yields:

lgu, Censa, )11 < Kll@™ (.
Taking limit in this inequality, it results

1im g, Gonss, )1l < K lim [lgp" (@)l = 0.
Consequently, nl—i>r-+l:loo qw (Xpi1, %) = 0.
Forn,k e N
Gw ppior Xn) < S(qw(xn+k'xn+1) + qw(xn+1'xn)) < 52qy Ot Xna2) + 52Qw (tnaz) X)) + 5Gu (ngr, %) < -
< 5%y Qtpaser Xpa—1) + 5571y ko1 Xnak—z) + -+ + 3Gy, (4, X5,)
< sk™K(C) + sK1pmMR=1(c) + - + 5™ 1(c)

1 5™ (1= (s9(©)") 9™ ()

1
< [Sn+k¢n+k(c) + Sn+k—1¢n+k—1(c) + o+ Sn+1(pn+1(c) ] S_n < —

"o s 1—sp(c)
sp™(c
T 1-s¢p()
so™(c)
) <K||[————=
”qw (xn+k xn)” ”1 _ S(p(C)
. .. . . . s@™(c) _
Taking limit of both S|desn',l€1_>rrlm||qd Cepprr )l < Knl_lmo ool =

Consequently, the sequence {x,, },cniS left Cauchy.
Using the same technique it can be shown that the sequence {x,},ey iS right Cauchy. As a result the sequence {x,},en iS
Cauchy. Since the space (X, q,) is complete then the sequence {x,},ey COnvergestou € X, so lirp Tx, = u.

n—-+oo

The next step is to show thar u is a fixed point of T, Tu = u.
Sincenl_iﬂnoo qw (Tx,,u) = q,,(u,u) and the map T is continuousnng qw (T (Tx,_1),u) = q,,(Tu,u). Due to the fact that the
space is Hausdorff, it yields q,, (Tu, w) = q,, (u,u). As aresult Tu = u and u is a fixed point of T.
Below is shown the uniqueness of the fixed point wu.
Let v € X, v # u, another fixed pointof map T, so Tv = v.
qw wv) = qw (Tu,Tv) < ¢(maX{QW (w,w), Aw w,v), qw (u,v), Aw (v, w), qw (w, u), qw w,v), qw v, W)}
= p(max{q,, (w, w), 9, ¥, v), q, (W, v), q,, (v, W})
Case 1. max{qw (w,w), qw (w,v), qw (u,v), qw wvw)}= Aw (u, u)
0w, v) < 9(q, @ W) < g, (u,u)
This case cannot happen and u = v.

Case 2. max{q,, (u,u), 4, (v, V), 4, (u, V), q,, (v, W)} = q,, (v, V)
0w @) < ¢(q, (v, ) < g, (¥, V)
This case cannot happen and u = v.

Case 3. max{q,, (u,u), q,,(v,v),q, (W, v),q, v, W} = q, W, v)

0w W v) < 9(q,, W) < q,, (W, v)
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Case 4. max{q,, (u, ), q, (v, v), q (W, v), q,, (¥, W)} = q,, (v, W)

Itis true that q,, (v, v) < q, (v,u).

Furthermore q,, (v, ) < q,, (v, v). Consequently q,, (v, u) = q,, (1, v) and it happens only when u = v.
As a result, u is a unique fixed point of T.

The following example illustrates Theorem 3.1.

Example 3.2. Let P = {(x,y) € R?,x,y > 0} be a cone with K = 1 and X = [0,1].
Define the map q,,: X X X — P such that:

o1 11 1 00
q., (6, y) = (max{x, y}, min {; — ;,; - ;} + max{x,v}), (x,v) # (0,0
(0'0); xX=y= 0

q. (x,¥) is a quasi — weak partial cone metric and (X, q,,) is quasi — weak partial cone metric space.
LetT:X — X, Tx = E be a continuous map and ¢: X — X x X a comparison function such that ¢ (x) = (g,g).

Below is shown that the map T completes the nonlinear contraction condition of Theorem 3.1.
For this are taken the following cases:
Casel.x<y

1) = g (5.2) = (max 5.2 min{2 - 2.5~ &4 man 2.2)) = (g“_y” + g) <)
o (max{q,, (x,x), 4, @, ¥), 4w (5, ), ¢ ¥, X), 4w (Tx, ), 4, (TY, ¥), qu, (x, TY)})
=¢ (maX{(x,x), 0, y), (y, (xj;y) + y);(y, (xx_yy) + y>,<x._75 + x>.<y._75 + y>.<yé - g + y) or (ys— % + y)})
3’3

Consequenlty,
q4(Tx, Ty) < @(max{q,, (x,x),q, ., ¥), qw(x¥), 4w (¥, X), 0, (Tx, x), 4, (Ty, y), q,, (x, Ty)})

Case2.y<x
(6 66 6 6(y — x)
1) = 0 (5.2) = (max(E 2 min{S - 2.2~ S maxfZ 7)) = (g,_yxy x +g) <3

<p(maX({qw (x,) x), 4w (¥, y)(, Qw (x), ¥), qw (v, x),sqw (Tx,x), qvg (Ty,y), qw gx, T 63/)}) ¢
= y—X y—X - _ -_- ~_Z
=¢ (max{(x, x), v, y), (x, o + x) , (x, o + x> , (x, p + x) , (y, y + y) , (x, 7y + x) or(x, 7% +x) })

_ X X
=G3

As a result,
qw(Tx, Ty) < @(max{q,, (x,x), g, v, ¥), 4 (%, ¥), qw (¥, X), q,, (Tx, x), q, (TY, ¥), q,, (x, TY)})

Case3.x=y+#0
@6 TY) =g, (2,5) = (£,%) < (5.%) = pmax(g, (6 9, 0w 33D, 6 (6. Y, 0w 32, 60 (T%,2), 44y (T, ), 6 (. TY))

6’6 6’6 3’3
Cased. x=y=0
This is a trivial case.
Since the map T accomplishes the condition of Theorem 3.1, it has a unique fixed point x = 0.

Corollary 3.3 Let (X, q,,) be a Hausdorff complete quasi — weak partial cone b - metric space with constant of normality K >
land T: X — X a continuous map which satisfies the following nonlinear contraction:
Qw(T(x),TO)) < ¢(qw(x,¥))
where ¢: P — P is a comparison function, then the map T has a unique fixed point.
Proof.
0w (TG, TM) < ¢(aw (x,¥)) < p(max{q, (%, %), 4 B, ¥), 4w (6, ¥, 4w 1, %), 4w (Tx,%), 4y (TY, ¥), 4 (%, TYI})
This accomplishes the conditions of Theorem 3.1, consequently the map T has a unique fixed point.
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Corollary 3.4. Let (X, q,,) be a Hausdorff complete quasi — weak partial cone b - metric space with constant of normality K >
land T:X — X a continuous map which satisfies the following nonlinear contraction:

qw(Tx, Ty) < hmax{q,, (x, x), 4w ,¥), @ (%, ), @ ¥, %), 4y (Tx, X), 4., (Ty, ¥), 4w, (x, TY)}
where x,y € X and 0 < h < 1, then the map T has a unique fixed point.

Proof. Taking ¢(t) = ht, in Theorem 3.1, it yields that the map T has a unique fixed point.
Remark 3.5. Corollary 3.4 generalizes the results of Ciric Lj. B. (1974)[17] in quasi — weak partial cone b - metric space.

Corollary 3.6. Let (X, q,,) be a Hausdorff complete quasi — weak partial cone b - metric space with constant of normality K >
land T: X — X a continuous map which satisfies the following nonlinear contraction:

qw(Tx,Ty) < 21 4 (,%) + 2, 4 (7, ¥) + A3 4 (%, ¥) + A4 G (v, %) + A5 4 (Tx, %) + A6 4 (Ty, ) + 27 4, (x, Ty)
wherex,y e Xand0 <A, + 4, + A3+ A4, + A + 4, + 1, < % then the map T has a unique fixed point.

Proof. From the contraction condition, it yields
qW(Tx, Ty) S Al qw(x' .X') + AZ qw(yﬂy) + A3 qw(x' y) + A4— qw(y'x) + AS qW(Tx,x) + Aﬁ qw(Tyty) + /17 CIW(X, Ty)
S +A+ A4+ + A+ A+ ) (qn (%) +q, v y) + ¢, (0 v) + 0, (0, x) + q,, (Tx, x)
+quw(Ty,y) + q,,(x, Ty))
ST+ A4+ 25+, + A5 + g + A,)max{q,, (x, x), q,, (v, y),
qw (%), 4w 7, %), 4, (Tx, %), 4, (Ty, ¥), 4., (x, TY)}

Denoting 7(A; + A, + 13 + A, + A + A+ 1;) = h,0 < h < 1, it completes the contraction condition of Corollary 3.4. As a
result, the map T has a unique fixed point.

Remark 3.7. Corollary 3.6 is a generalization of theorem Hardy-Rogers (1973) [18] in quasi — weak partial cone b - metric
space.

Corollary 3.8. Let (X, q,,) be a Hausdorff complete quasi — weak partial cone b - metric space with constant of normality K >
land T: X — X a continuous map which satisfies the following nonlinear contraction:

9w (Tx, Ty) < hmax{ q,, (T, x),q,,(Ty,y)}
where x,y € X and 0 < h < 1, then the map T has a unique fixed point.

Remark 3.9. Corollary 3.8 generalizes theorem of Bianchini R. M. T. (1972) [19] quasi — weak partial cone b - metric space.

Corollary 3.10. Let (X, q,,) be a Hausdorff complete quasi — weak partial cone b - metric space with constant of normality K >
land T: X — X a continuous map which satisfies the following nonlinear contraction:
qw(Tx,Ty) < hq,(x,y)
where x,y € X and 0 < h < 1, then the map T has a fixed point.
Proof.
qw(Tx,Ty) < hq,,(x,y) < hmax{q, (x,x),q, ¥, ¥), 9w (%, ¥), 4, (v, %), 4, (TX, %), 4, (Ty,¥), 4, (x, TY)}-
It completes the contraction of Corollary 3.4 so the map T has a unique fixed point.

Remark 3.11. Corollary 3.10 generalizes Theorem of Banach (Huang L.G., Zhang X. 2007) [1] in quasi — weak partial cone b -
metric space.

IV. CONCLUSIONS

This paper is a contribution in Fixed Point Theory. It gives a new space called quasi — weak partial cone b - metric space
which is a generalization of cone metric space. There are defined right and left topologies and Cauchy convergences in this
space. Furthermore, there is proved an important result which emphasizes the existance and uniqueness of a fixed point for a
nonlinear contraction functions. In addition, there are obtained some corollaries which generalize some well — known results.
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