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Abstract. In this paper we present a brief history and the basic

ideas of the generalized Weinstein operator 4α,d,nW which general-

izes the Weinstein operator 4α,dW . In n=0 we regain the Weinstein
operator has several applications in pure and applied mathemat-
ics especially in fluid mechanics. We study the Sobolev spaces of
exponential type H s

α,n

(
Rd+1

+

)
associated with the generalized We-

instein and investigate their properties, Sobolev spaces are named
after the Russian mathematician Sergei Sobolev. Using the theory
of reproducing kernels (which was written in 1942-1943), we intro-
duce a class of symbols of exponential type and their associated
pseudodifferential operators related to the generalized Weinstein

operator 4α,d,nW and finally, we give some applications to these
spaces.

Keywords: Sobolev Spaces, Generalized Weinstein operator, Generalized Weinstein

transform, Weinstein, Kernel Reproducing Theory, pseudodifferential operator.

1. INTRODUCTION

The generalized Weinstein operator ∆α,d,n
W studied by various authors defined

on Rd+1
+ = Rd × ]0, +∞[ , by :

(1.1) ∆α,d,n
W =

d+1∑
i=1

∂2

∂x2i
+

2α+ 1

xd+1

∂

∂xd+1
− 4n (α+ n)

x2d+1

where n ∈ N and α > − 1
2 .

The expression above can also be written in the form ∆α,d,n
W = ∆d + Lα,n where

∆d is the Laplacian for the d first variables and Lα,n is the second- order singular
differentiel operator on the half line given by :

Lα,n =
∂2

∂x2d+1

+
2α+ 1

xd+1

∂

∂xd+1
− 4n (α+ n)

x2d+1

.
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In n=0 we regain the Weinstein operator ∆α,d
W = ∆α,d,0

W , mostly referred to as
the Laplace-Bessel differential operator is now known as an important operator
in analysis. The relevant harmonic analysis associated with the Bessel differential
operator Lα = Lα,0 goes back to S. Bochner, J. Delsarte, B.M. Levitan and has been
studied by many other authors such as J. Löfström and J. peetre [11], K.Stempak
[14], K. Trimèche [15], I.A. Aliev and B. Rubin [8]. (See [2], [3], [4], [5], [6] & [16] )
The generalized Weinstein kernel Λα,d,n is the function given by :

∀x, y∈ Cd+1, Λα,d,n (x, y) = x2nd+1e
−i〈x′,y′〉jα+2n(xd+1yd+1),

where x = (x′, xd+1), x′ = (x1, x2, ..., xd) and jα is the normalized Bessel function
of index α defined by :

(1.2) ∀ξ∈ C, jα(ξ) = Γ(α+ 1)

∞∑
n=0

(−1)n

n!Γ(n+ α+ 1)
(
ξ

2
)2n.

Using the Weinstein kernel Λα,d,n, we define the Weinstein transform Fα,d,n
W by :

∀λ ∈ Rd+1
+ , Fα,d,n

W (f)(λ) =

∫
Rd+1

+

f(x)Λα,d,n(x, λ)dµα,d(x), f ∈ L1(Rd+1
+ , µα,d(x))

where µα,d is the measure on Rd+1
+ given by :

(1.3) dµα,d(x) = x2α+1
d+1 dx.

The Weinstein transform, referred to as the Fourier-Bessel transform, has been in-
vestigated by I.A. Aliev [7] and others. (See [2], [3], [4], [5], [9] and [16] ).
We denote by Gn,∗(Rd+1) the space, which is constituted of functions ϕ ∈ En,∗(Rd+1)
such that

∀h, k > 0, Nh,k(ϕ) = sup
x ∈ Rd+1

µ ∈ Nd+1

[
ek‖x‖|∂µM−1

n ϕ(x)|
h|µ|µ!

]
<∞.

where Mn, is the map defined by :

∀x ∈ Rd+1
+ , Mn (f) (x) = x2nd+1f (x) .

For s ∈ R, we define the generalized Sobolev-Weinstein space of exponential type
of order s, that will be denoted H s

α,n(Rd+1
+ ), as the set of all u ∈ G ′n,∗ ( the dual of

Gn,∗) such that Fα,d,n
W (u) is a function and

‖u‖H s
α,n

=

[∫
Rd+1

+

e2s‖λ‖
∣∣∣Fα,d,n

W (u) (λ)
∣∣∣2 dµα+2n,d (λ)

] 1
2

<∞.

The space H s
α,n(Rd+1

+ ) provided with the norm ‖.‖H s
α,n

is a Banach space.
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The contents of this paper is as follows :
In the second section, we recapitulate some results related to the harmonic anal-

ysis associated with the generalized Weinstein operator ∆α,d,n
W .

In the section 3, we study the Sobolev spaces of exponential type H s
α,n

(
Rd+1

+

)
associated with the operator ∆α,d,n

W and investigate their properties.
In the last section, using the theory of reproducing kernels, some applications are

given for the spaces H s
α,n

(
Rd+1

+

)
. Moreover, we introduce certain classes of symbols

of exponential type and study their associated pseudodifferential operators related

to the operator 4α,d,nW .

2. Preliminaries

In this section, we shall collect some results and definitions from the theory of

the harmonic analysis associated with the generalized Weinstein operator ∆α,d,n
W

given by (1.1).
In what follows, we need the following notations :

• C∗(Rd+1), the space of continuous functions on Rd+1, even with respect to the
last variable.
• E∗(Rd+1), the space of C∞-functions on Rd+1, even with respect to the last
variable.
• S∗(Rd+1), the Schwartz space of rapidly decreasing functions on Rd+1, even with
respect to the last variable.
• D∗(Rd+1), the space of C∞-functions on Rd+1 which are of compact support,
even with respect to the last variable.
• H∗(Cd+1), the space of entire functions on Cd+1, even with respect to the last
variable, rapidly decreasing and of exponential type.
•Mn, the map defined by :

∀x ∈ Rd+1
+ , Mn (f) (x) = x2nd+1f (x) .

where x = (x′, xd+1) and x′ = (x1, x2, ..., xd)

• Lpα,n(Rd+1
+ ), 1 ≤ p ≤ +∞, the space of measurable functions on Rd+1

+ such that

‖f‖α,n,p =
[∫

Rd+1
+
|M−1

n f(x)|pdµα+2n,d(x)
] 1
p

< +∞, if 1 ≤ p < +∞,
‖f‖α,n,∞ = ess sup

x∈Rd+1
+

∣∣M−1
n f(x)

∣∣ < +∞,

where µα,d is the measure given by the relation (1.3).

• Lpα(Rd+1
+ ) := Lpα,0(Rd+1

+ ) and ‖f‖α,p := ‖f‖α,0,p, 1 ≤ p ≤ +∞.
• En,∗(Rd+1), Dn,∗(Rd+1) and Sn,∗(Rd+1) repespectively stand for the subspace of
E∗(Rd+1), D∗(Rd+1) and S∗(Rd+1) consisting of functions f such that

∀k ∈ {1, ..., 2n− 1} , ∂kf

∂xkd+1

(x′, 0) = f(x′, 0) = 0.

For all f ∈ L1
α,n(Rd+1

+ ), we define the Weinstein transform Fα,d,n
W by :

∀λ ∈ Rd+1
+ , Fα,d,n

W (f) (λ) =

∫
Rd+1

+

f(x)Λα,d,n(x, λ)dµα,d(x)
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where Λα,d,n is the generalized Weinstein kernel given by :

∀x, y∈ Cd+1, Λα,d,n (x, y) = x2nd+1e
−i〈x′,y′〉jα+2n(xd+1yd+1),

x = (x′, xd+1), x′ = (x1, x2, ..., xd) and jα is the normalized Bessel function of
index α defined by the relation (1.2).
Let us begin by the following definition and result.

Lemma 1. ( see [1] )
i) The map Mn is an isomorphism from E∗(Rd+1)

(
resp. S∗(Rd+1)

)
onto En,∗(Rd+1)(

resp. Sn,∗(Rd+1)
)
.

ii) For all f ∈ E∗(Rd+1), we have

(2.1) Lα,n ◦Mn (f) = Mn ◦ Lα+2n (f) .

iii) For all f ∈ E∗(Rd+1), we have

(2.2) ∆α,d,n
W ◦Mn (f) = Mn ◦∆α+2n

W (f) .

iv) For all f ∈ E∗(Rd+1) and g ∈ Dn,∗(Rd+1), we have

(2.3)

∫
Rd+1

+

∆α,d,n
W (f) (x) g (x) dµα,d(x) =

∫
Rd+1

+

f (x) ∆α,d,n
W g (x) dµα,d(x).

Definition 1. The generalized Weinstein kernel Λα,d,n is the function given by :

(2.4) ∀x, y∈ Cd+1, Λα,d,n (x, y) = x2nd+1e
−i〈x′,y′〉jα+2n(xd+1yd+1),

where x = (x′, xd+1), x′ = (x1, x2, ..., xd) and jα is the normalized Bessel function
of index α defined by the relation (1.2).

It is easy to see that the generalized Weinstein kernel Λα,d,n has a unique exten-
tion to Cd+1 × Cd+1 and satisifies the following properties.

Proposition 1. i) The function x 7→ Λα,d,n(x, y) satisifies the differentiel equation

(2.5) 4α,d,nW (Λα,d,n(., y)) (x) = −‖y‖2 Λα,d,n(x, y).

ii) For all x, y ∈ Cd+1, we have

(2.6) Λα,d,d (x, y) = aα+2ne
−i〈x′,y′〉x2nd+1

∫ 1

0

(
1− t2

)α+2n− 1
2 cos(txd+1yd+1)dt

where aα is the constant given by :

(2.7) aα =
2Γ (α+ 1)
√
πΓ
(
α+ 1

2

) .
iii) For all β ∈ Nd+1, x ∈ Rd+1

+ and z ∈ Cd+1, we have

(2.8) |Dβ
zΛα,d,n(x, z)| ≤ x2nd+1‖x‖|β| exp(‖x‖ ‖ Im z‖),

where

Dβ
z =

∂β

∂zβ1

1 ...∂z
βd+1

d+1

and |β| = β1 + ...+ βd+1.

In particular, we have

(2.9) ∀x, y ∈ Rd+1
+ , |Λα,d,n(x, y)| ≤ x2nd+1.
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GENERALIZED WEINSTEIN AND SOBOLEV SPACES 5

Definition 2. The generalized Weinstein transform Fα,d,n
W is given for f ∈ L1

α,n(Rd+1
+ )

by :

(2.10) ∀λ ∈ Rd+1
+ , Fα,d,n

W (f)(λ) =

∫
Rd+1

+

f(x)Λα,d,n(x, λ)dµα,d(x).

Remark 1. The generalized Weinstein transform Fα,d,n
W can be written in the form

:

(2.11) Fα,d,n
W = Fα+2n,d

W ◦M−1
n

where Fα,d
W = Fα,d,0

W is the classical Weinstein transform.

Some basic properties of the transform Fα,d,n
W are summarized in the following

results. For the proofs, we refer to [1].

Proposition 2. ( see [1] )

i) Let m ∈ N and f ∈ Sn,∗(Rd+1), for all x ∈ Rd+1
+ , we have

(2.12) Fα,d,n
W

[(
4α,d,nW

)m
f
]

(x) = (−1)
m ‖x‖2mFα,d,n

W (f)(x).

ii) Let f ∈ Sn,∗(Rd+1) and m ∈ N. For all λ ∈ Rd+1
+ ,we have

(2.13)
(
4α,d,nW

)m [
MnF

α,d,n
W (f)

]
(λ) = MnF

α,d,n
W (Pmf)(λ)

where Pm(x) = (−1)
m ‖x‖2m .
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Theorem 1. (see [1] )

i) Let f ∈ L1
α,n(Rd+1

+ ). If Fα,d,n
W (f) ∈ L1

α+2n(Rd+1
+ ), then we have

(2.14)

f(x) = C2
α+2n,d

∫
Rd+1

+

Fα,d,n
W (f) (y) Λα,d,n(−x, y)dµα+2n,d(y), a.e x ∈ Rd+1

+

where Cα,d is the constant given by :

(2.15) Cα,d =
1

(2π)
d
2 2αΓ(α+ 1)

.

ii) The Weinstein transform Fα,d,n
W is a topological isomorphism from Sn,∗(Rd+1)

onto S∗(Rd+1) and from Dn,∗(Rd+1) onto H∗(Cd+1).

Theorem 2. ( see [1] ).

i) For all f, g ∈ Sn,∗(Rd+1), we have the following Parseval formula
(2.16)∫

Rd+1
+

f(x)g(x)dµα,d(x) = C2
α+2n,d

∫
Rd+1

+

Fα,d,n
W (f)(λ)Fα,d,n

W (g)(λ)dµα+2n,d(λ)

where Cα,d is the constant given by the relation (2.15).
ii) ( Plancherel formula ).
For all f ∈ Sn,∗(Rd+1), we have :

(2.17)

∫
Rd+1

+

|f(x)|2 dµα,d(x) = C2
α+2n,d

∫
Rd+1

+

∣∣∣Fα,d,n
W (f)(λ)

∣∣∣2 dµα+2n,d(λ).

iii) ( Plancherel Theorem ) :

The transform Fα,d,n
W extends uniquely to an isometric isomorphism from L2(Rd+1

+ , dµα,d(x))

onto L2(Rd+1
+ , C2

α+2n,ddµα+2n,d(x)).

Definition 3. The translation operator Tα,d,nx , x ∈ Rd+1
+ , associated with the

operator ∆α,d,n
W is defined on En,∗(Rd+1

+ ) by :

(2.18) ∀y ∈ Rd+1
+ , Tα,d,nx f (y) = x2nd+1MnT

α+2n,d
x M−1

n f (y)

where
(2.19)

Tα,dx f (y) =
aα
2

∫ π

0

f
(
x′ + y′,

√
x2d+1 + y2d+1 + 2xd+1yd+1 cos θ

)
(sin θ)

2α
dθ

x′ + y′ = (x1 + y1, ..., xd + yd) and aα is the constant given by (2.7).

The following proposition summarizes some properties of the generalized Wein-
stein translation operator.

Proposition 3. ( see [1] )

i) Let f ∈ Lpα,n(Rd+1
+ ), 1 ≤ p ≤ +∞ and x ∈ Rd+1

+ . Then Tα,d,nx f belongs to

Lpα,n(Rd+1
+ ) and we have

(2.20) ‖Tα,d,nx f‖α,n,p ≤ x2nd+1‖f‖α,n,p.

ii) The function t 7→ Λα,d,n (t, λ) , λ ∈ Cd+1, satisfies on Rd+1
+ the following product

formula:

(2.21) ∀x, y ∈ Rd+1
+ , Λα,d,n (x, λ) Λα,d,n (y, λ) = Tα,d,nx [Λα,d,n (., λ)] (y) .
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GENERALIZED WEINSTEIN AND SOBOLEV SPACES 7

iii) Let f ∈ Sn,∗(Rd+1) and x ∈ Rd+1
+ , we have

(2.22) ∀λ ∈ Rd+1
+ , Fα,d,n

W

(
Tα,d,nx f

)
(λ) = Λα,d,n (−x, λ) Fα,d,n

W (f) (λ) .

iv) Let f ∈ Sn,∗
(
Rd+1

)
, for all x, y ∈ Rd+1

+ , we have
(2.23)

Tα,d,nx f (y) = C2
α+2n,d

∫
Rd+1

+

Λα,d,n (−x, λ) Λα,d,n (−y, λ) Fα,d,n
W (f) (λ) dµα+2n,d(λ).

Definition 4. The generalized Weinstein convolution product of
f, g ∈ L1

α,n(Rd+1
+ ) is given by :

(2.24) ∀x ∈ Rd+1
+ , f ∗α,n g (x) =

∫
Rd+1

+

Tα,d,nx f (−y) g (y) dµα,d(y).

Proposition 4. ( see [1] )

i) Let p, q, r ∈ [1, +∞] such that 1
p + 1

q −
1
r = 1. Then for all f ∈ Lpα,n(Rd+1

+ )

and g ∈ Lqα,n(Rd+1
+ ), the function f ∗α,n g ∈ Lrα,n(Rd+1

+ ) and we have

(2.25) ‖f ∗α,n g‖α,n,r ≤ ‖f‖α,n,p‖g‖α,n,q.

ii) For all f, g ∈ L1
α,n(Rd+1

+ ), f ∗α,n g ∈ L1
α,n(Rd+1

+ ) and we have

(2.26) Fα,d,n
W (f ∗α,n g) = Fα,d,n

W (f)Fα,d,n
W (g).

Notation. We denoted by S ′∗,
(
resp. S ′n,∗

)
the strong dual of the space S∗(Rd+1),

(
resp. Sn,∗(Rd+1)

)
.

Definition 5. The generalized Fourier-Weinstein transform of a distribution u ∈
S ′∗ is defined by :

(2.27) ∀φ ∈ Sn,∗(Rd+1), 〈Fα,d,n
W (u), φ〉 = 〈u,Fα,d,n

W (φ)〉.

The following proposition is as an immediate consequence of Theorem 1.

Proposition 5. The transform Fα,d,n
W is a topological isomorphism from S ′∗ onto

S ′n,∗.

Remark 2. Let m ∈ N and u ∈ S ′n,∗, we have

(2.28) Fα,d,n
W

[
Mn(∆α,d,n

W )mu
]

= (−1)
m ‖x‖2mFα,d,n

W (Mnu)

where

(2.29) ∀φ ∈ Sn,∗
(
Rd+1

)
, 〈∆α,d,n

W u, φ〉 = 〈u, ∆α,d,n
W φ〉.

3. The generalized Weinstein-Sobolev spaces of exponential type

In this section, we introduce and study the Sobolev spaces of exponential type

associated with the generalized Weinstein operator ∆α,d,n
W .

Notation. We denote by :
Gn,∗(Rd+1) the set of all functions ϕ ∈ En,∗(Rd+1) such that

∀h, k > 0, Nh,k(ϕ) = sup
x ∈ Rd+1

µ ∈ Nd+1

[
ek‖x‖|∂µM−1

n ϕ(x)|
h|µ|µ!

]
< +∞.

The topology of Gn,∗(Rd+1) is defined by the above seminorms.
We have the following useful result.
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Theorem 3. The transform Fα,d,n
W is a topological isomorphism from Gn,∗(Rd+1) onto

G∗(Rd+1) := G0,∗(Rd+1).

Proof. The result follows from the relations (2.11) and the fact thatFα+2n,d
W is an

isomorphism from G∗(Rd+1) onto itself. �

Notation. We denote by G ′n,∗ the strong dual of the space Gn,∗(Rd+1).

Definition 6. The Weinstein transform of a distribution S ∈ G ′∗ is defined by :

(3.1) ∀φ ∈ Gn,∗(Rd+1), 〈Fα,d,n
W (S), φ〉 = 〈S, Fα,d,n

W (φ)〉.

Proposition 6. Let m ∈ N and T ∈ G ′∗, we have

Fα,d,n
W

[
(∆α,d,n

W )mT
]

= (−1)
m ‖ξ‖2mFα,d,n

W (T ) .

Proof. The result is a direct consequence of the relations (2.12) and (3.1). �

Definition 7. For s ∈ R and 1 ≤ p < +∞, we define the space W s,p
α,n(Rd+1

+ ) as the

set of all u ∈ G ′∗ such that Fα,d,n
W (u) is a function and

(3.2) ‖u‖W s,p
α,n

=

[
C2
α+2n,d

∫
Rd+1

+

eps‖λ‖
∣∣∣Fα,d,n

W (u) (λ)
∣∣∣p dµα+2n,d (λ)

] 1
p

< +∞.

The norm on W s,p
α,n(Rd+1

+ ) is given by ‖u‖H s
α,n

.

For p = 2, we provide the space H s
α,n(Rd+1

+ ) := W s,2
α,n(Rd+1

+ ) with the scalar product

(3.3) 〈u, v〉s,α,n = C2
α+2n,d

∫
Rd+1

+

e2s‖ξ‖Fα,d,n
W (u)(ξ)Fα,d,n

W (v)(ξ)dµα+2n,d(ξ)

and the norm

‖u‖H s
α,n

= 〈u, u〉
1
2
s,α,n.

H s
α,n(Rd+1

+ ) is the generalized Sobolev-Weinstein space of exponential type of order

s. For n = 0, we regain the classical Sobolev-Weinstein space H s,α
G∗

(Rd+1
+ ) given in

[3] and Fα,d
W = Fα,d,0

W is the classical Weinstein transform.( See [2], [3], [10], [12]
and [13] ).

Proposition 7. Let s ∈ R and 1 ≤ p < +∞. The space W s,p
α,n(Rd+1

+ ) provided with
the norm ‖.‖W s,p

α,n
is a Banach space.

Proof. It is clear that the space Lp(Rd+1
+ , eps||λ||dµα+2n,d (x)) is complete. On

the other hand Fα,d,n
W is a topological isomorphism from G ′∗ onto itself G ′n,∗. This

achieves the proof. �

We proceed as [3], we obtain the following results.

Proposition 8. i) For all s ∈ R, we have

Gn,∗(Rd+1) ⊂H s
α,n(Rd+1

+ ).

ii) We have

H 0
α,n(Rd+1

+ ) = L2
α+2n(Rd+1

+ ).

iii) For all s, t ∈ R, t > s, the space W t,p
α,n(Rd+1

+ ) is continuously contained in

W s,p
α,n(Rd+1

+ ).
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GENERALIZED WEINSTEIN AND SOBOLEV SPACES 9

iv) Let P be a linear partial differential operator with constant coefficients, s ∈ R,

u ∈H s
α,n(Rd+1

+ ) and t < s.

Then P (u) ∈H t
α,n(Rd+1

+ ) and the map v 7→ P (v) is continuous on H s
α,n(Rd+1

+ ).

v) Let Q (D) =
∑
m∈N

amD
m be a differential operator of infinite order such that

there exist constants C > 0 and r > 0 satisfying :

(3.4) ∀m ∈ N, |am| ≤ C
rm

m!
.

If u ∈H s
α,n(Rd+1

+ ), then Q (u) ∈H s−r
α,n (Rd+1

+ ) and the map :

Q : H s
α,n(Rd+1

+ )→H s−r
α,n (Rd+1

+ ) is continuous.

Proposition 9. Let t ∈ R. The operator ∇t : H s
α,n(Rd+1

+ )→H s−t
α,n (Rd+1

+ ) defined

for all x ∈ Rd+1
+ by :

(3.5) ∇tu (x) = C2
α+2n,d

∫
Rd+1

+

et
√

1+‖ξ‖2Λα,d,n(−x, ξ)Fα,d,n
W (u) (ξ) dµα+2n,d(ξ)

is an isomorphism.

Proof. Let u ∈H s
α,n(Rd+1

+ ). Then, the function ξ 7→ e(s−t)‖ξ‖et
√

1+‖ξ‖2Fα,d,n
W (u) (ξ)

belongs to L2
α+2n(Rd+1

+ ) and we have

∀ξ ∈ Rd+1
+ , Fα,d,n

W (∇tu) (ξ) = et
√

1+‖ξ‖2Fα,d,n
W (u) (ξ) .

Thus∫
Rd+1

+

e2(s−t)‖λ‖
∣∣∣Fα,d,n

W (∇u) (λ)
∣∣∣2 dµα+2n,d (λ)

=

∫
Rd+1

+

e2(s−t)‖λ‖+2t
√

1+‖λ‖2
∣∣∣Fα,d,n

W (u) (λ)
∣∣∣2 dµα+2n,d (λ)

≤ kt
∫
Rd+1

+

e2s‖λ‖
∣∣∣Fα,d,n

W (u) (λ)
∣∣∣2 dµα+2n,d (λ) ,

with kt = sup
λ∈Rd+1

+

[
e
2t

(√
1+‖λ‖2−‖λ‖

)]
≤ e2|t|.

Thenwe deduce that ∇tu ∈H s−t
α,n (Rd+1

+ ) and we have

‖∇tu‖H s−t
α,n
≤ e|t| ‖u‖H s

α,n
.

On the other hand, let v ∈H s−t
α,n (Rd+1

+ ) and put

u =
[
Fα,d,n
W

]−1 (
e−t
√

1+‖λ‖2Fα,d,n
W (v)

)
.

From the definition of the operator ∇t, we have ∇tu = v and we get∫
Rd+1

+

e2s‖λ‖
∣∣∣Fα,d,n

W (u) (λ)
∣∣∣2 dµα+2n,d (λ) =

∫
Rd+1

+

e
2
(
s‖λ‖−t

√
1+‖λ‖2

) ∣∣∣Fα,d,n
W (v) (λ)

∣∣∣2 dµα+2n,d (λ)

≤ sup
λ∈Rd+1

+

[
e
2t

(
‖λ‖−
√

1+‖λ‖2
)]
×
∫
Rd+1

+

e2(s−t)‖λ‖
∣∣∣Fα,d,n

W (v) (λ)
∣∣∣2 dµα+2n,d (λ) <∞.
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Then, u ∈H s
α,n(Rd+1

+ ) and we obtain

‖u‖H s
α,n
≤ e|t| ‖∇tu‖H s−t

α,n
.

Hence the operator ∇t is an isomorphism. �

The following theorem deals with the dual
(
H s
α,n(Rd+1

+ )
)′

of H s
α,n(Rd+1

+ ) and

gives a relation between
(
H s
α,n(Rd+1

+ )
)′

and H −s
α,n(Rd+1

+ ).

Theorem 4. The dual of H s
α,n(Rd+1

+ ) can be identified with H −s
α,n(Rd+1

+ ). The
relation of the identification is as follows :

(3.6) 〈u, v〉0,α,n = C2
α+2n,d

∫
Rd+1

+

Fα,d,n
W (u)(ξ)Fα,d,n

W (v)(ξ)dµα+2n,d(ξ),

with u ∈H s
α,n(Rd+1

+ ) and v ∈H −s
α,n(Rd+1

+ ).

Proof. Using the same technique as in Theorem 3.10 of [3], we obtain the result. �

Proposition 10. Let s1, s, s2 ∈ R, satisfying s1 < s < s2. Then, for all ε > 0,
there exists a nonnegative constant Cε such that for all u ∈ W s,p

α,n(Rd+1
+ ), we have

(3.7) ‖u‖W s,p
α,n
≤ Cε ‖u‖W s1,p

α,n
+ ε ‖u‖W s2,p

α,n
.

Proof. Let s1, s2 ∈ R, s1 < s2 and s ∈ ]s1, s2[ . Then there exists t ∈ ]0, 1[ such
that s = (1− t) s1 + ts2.
Using the Hölder’s inequlity, we get

‖u‖W s,p
α,n
≤ ‖u‖1−tW

s1,p
α,n
× ‖u‖tW s2,p

α,n

≤
(
ε
−t
1−t ‖u‖W s1,p

α,n

)1−t
×
(
ε ‖u‖W s2,p

α,n

)t
≤ Cε ‖u‖W s1,p

α,n
+ ε ‖u‖W s2,p

α,n

where Cε = ε
−t
1−t . �

Proposition 11. Let s ∈ R, m ∈ N and ε > 0. If Mnu ∈ H s
α,n(Rd+1

+ ) then

Mn

(
∆α,d,n
W

)m
u ∈H s−ε

α,n (Rd+1
+ ) and we have

‖Mn

(
∆α,d,n
W

)m
(u) ‖H s−ε

α,n
≤
(

2m

εe

)2m

‖Mnu‖H s
α,n
.

Proof. Let ε > 0, m ∈ N, s ∈ R and u ∈H s
α,n(Rd+1

+ ).
From (2.28), we obtain∫

Rd+1
+

e2(s−ε)‖λ‖
∣∣∣Fα,d,n

W

[
Mn

(
∆α,d,n
W

)m
u
]

(λ)
∣∣∣2 dµα+2n,d (λ)

=

∫
Rd+1

+

‖λ‖4m e2(s−ε)‖λ‖
∣∣∣Fα,d,n

W (Mnu) (λ)
∣∣∣2 dµα+2n,d (λ)

≤
(

2m

εe

)4m ∫
Rd+1

+

e2s‖λ‖
∣∣∣Fα,d,n

W (Mnu) (λ)
∣∣∣2 dµα+2n,d (λ) < +∞.
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Then Mn

(
∆α,d,n
W

)m
(u) ∈H s−ε

α,n (Rd+1
+ ) and we have

‖Mn

(
∆α,d,n
W

)m
(u) ‖H s−ε

α,n
≤
(

2m

εe

)2m

‖Mnu‖H s
α,n
.

�

Definition 8. Let u ∈ Sn,∗
(
Rd+1

)
,we define the operator (−∆α,d,n

W )
1
2 by :

(3.8)

∀x ∈ Rd+1
+ , (−∆α,d,n

W )
1
2u(x) = C2

α+2n,d

∫
Rd+1

+

‖ξ‖Λα,d,n(−x, ξ)Fα,d,n
W (u)(ξ)dµα+2n,d(ξ).

Proposition 12. Let P ((−∆α,d,n
W )

1
2 ) =

∑
m∈N

am

[
(−∆α,d,n

W )
1
2

]m
be a fractional We-

instein Laplace operators of infinite order satisfying : there exist positive constants
C and r such that

(3.9) ∀m ∈ N, |am| ≤ C
rm

m!
.

If u ∈ W s,p
α,n(Rd+1

+ ), then P ((−∆α,d,n
W )

1
2 )u ∈ W s−r,p

α,n (Rd+1
+ ) and we have

‖P ((−∆α,d,n
W )

1
2 )u‖W s−r,p

α,n
≤ C‖u‖W s,p

α,n
.

Proof. As an immediate consequence of the the condition (3.9), we have

∀ξ ∈ Rd+1
+ , |P (‖ξ‖)| ≤ Cer‖ξ‖.

Thus we deduce the desired result. �

Proposition 13. Let t, s ∈ R. The operator exp(t(−∆α,d,n
W )

1
2 ) defined by :

∀x ∈ Rd+1
+ , exp(t(−∆α,d,n

W )
1
2 )u(x) = C2

α+2n,d

∫
Rd+1

+

et‖ξ‖Fα,d,n
W (u)(ξ)Λα,d,n(−x, ξ)dµα+2n,d(ξ)

is an isomorphism from W s,p
α,n(Rd+1

+ ) onto W s−t,p
α,n (Rd+1

+ ).

Proof. Let t, s ∈ R and u ∈ W s,p
α,n(Rd+1

+ ). It is easy to see that

‖ exp(t(−∆α,d,n
W )

1
2 )u‖W s−t,p

α,n
= ‖u‖W s,p

α,n
.

Thus the proof is immediate. �

Proposition 14. Let s > 0. Then each u ∈H −s
α,n(Rd+1

+ ) can be represented as an
infinite sum of fractional Weinstein Laplace operators of square integrable function
v, in other words,

u =
∑
m∈N

sm

m!

[
(−∆α,d,n

W )
1
2

]m
v.

Proof. Let u ∈ H −s
α,n(Rd+1

+ ), s > 0. Then, the function ξ 7→ e−s‖ξ‖Fα,d,n
W (u) (ξ)

belongs to L2
α(Rd+1

+ ).

So, from the Plancheral theorem, there exists v ∈ L2
α+2n(Rd+1

+ ), such that

∀ξ ∈ Rd+1
+ , Fα,d,n

W (v) (ξ) =
Fα,d,n
W (u) (ξ)∑

m∈N

sm

m!
‖ξ‖m

.
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Then

Fα,d,n
W (u) (ξ) =

∑
m∈N

sm

m!
‖ξ‖m Fα,d,n

W (v) (ξ)

=
∑
m∈N

sm

m!
Fα,d,n
W

[(
(−∆α,d

W )
1
2

)m
v
]

(ξ) ,

which achieves the proof. �

4. Applications

4.1. The reproducing kernels.

Proposition 15. For s > 0, the Hilbert space H s
α,n(Rd+1

+ ) admits the reproducing
kernel :
(4.1)

∀x, y ∈ Rd+1
+ ,Θα,d,n

s (x, y) = C2
α+2n,d

∫
Rd+1

+

e−2s||λ||Λα,d,n(−x, λ))Λα,d,n(−y, λ)dµα+2n,d(λ).

That is :
i) For every y ∈ Rd+1

+ , the distribution given by the function x 7→ Θα,d,n
s (x, y)

belongs to H s
α,n(Rd+1

+ ).

ii) For every f ∈H s
α,n(Rd+1

+ ), we have

∀y ∈ Rd+1
+ , 〈f, Θα,d,n

s (., y)〉s,α = f(y).

Proof. i) Let y ∈ Rd+1
+ and s > 0, the function λ 7→ e−2s||λ||Λα,d,n(y, λ) belongs

to L1
α,n(Rd+1

+ ) ∩ L2
α,n(Rd+1

+ ). Then, from the relation (2.17), the function x 7→
Θα,d,n
s (x, y) belongs to L2

α,n(Rd+1
+ ) and we have

(4.2) ∀λ ∈ Rd+1
+ , Fα,d,n

W

[
Θα,d,n
s (., y)

]
(λ) = e−2s||λ||Λα,d,n(−y, λ).

Then Θα,d,n
s (., y) ∈H s

α,n(Rd+1
+ ).

ii) Let f ∈H s
α,n(Rd+1

+ ) and y ∈ Rd+1
+ . Using the relations (3.3), (4.2) and ( 2.14),

we obtain

〈f,Θα,d,n
s (., y)〉s,α,n = C2

α+2n,d

∫
Rd+1

+

Fα,d,n
W (f) (λ) Λα,d,n(−y, λ)dµα+2n,d (λ)

= f(y).

�

Definition 9. The generalized heat kernel Gα,n,d is given by :
(4.3)

∀t > 0,∀x, y ∈ Rd+1, Gα,n,d(t, x, y) = C2
α+2n,d

∫
Rd+1

+

e−t‖ξ‖
2

Λα,d,n(x, ξ)Λα,d,n(−y, ξ)dµα+2n,d(ξ).

The following Lemma will be useful later

Lemma 2. Let t > 0, we define the function φα,d,nt by :

(4.4) ∀x ∈ Rd+1, φα,d,nt (x) =
Cα+2n,d

(2t)
α+2n+ d

2+1
x2nd+1e

− ‖x‖
2

4t .
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i) We have

(4.5) ∀λ ∈ Rd+1
+ , Fα,d,n

W (φα,d,nt ) (λ) = e−t‖λ‖
2

.

ii) We have
(4.6)

∀x, y ∈ Rd+1, Tα,d,nx

(
φα,d,nt

)
(y) =

Cα+2n,d

(2t)
α+2n+ d

2+1
y2nd+1e

− ‖x‖
2+‖y‖2
4t Λα,d,n(x,− iy

2t
).

Proof. i) To see the result, we have to show that

∀t > 0, ∀x ∈ R,
∫ +∞

0

jα (xξ) e−tξ
2

ξ2α+1dξ =
Γ(α+ 1)

2tα+1
e−

x2

4t .

ii) We obtain the result using the following relation :

∀λ ∈ R,
Γ (α+ 1)
√
πΓ
(
α+ 1

2

) ∫ π

0

eλ cos θ sin2α (θ) dθ = jα (iλ) .

�

The following properties of the generalized heat kernel Gα,n,d can be easily es-
tablished using the Lemma 2.

Proposition 16. i) We have

(4.7) ∀x, y ∈ Rd+1, Gα,n,d(t, x, y) = Tα,d,nx

(
φα,d,nt

)
(−y)

where φα,d,nt , t > 0, be the function defined by the relation (4.4).
ii) For all t > 0 and x, y ∈ Rd+1, we have

(4.8) Gα,n,d(t, x, y) =
Cα+2n,d

(2t)
α+2n+ d

2+1
y2nd+1e

− ‖x‖
2+‖y‖2
4t Λα,d,n(x,

iy

2t
).

iii) We have

(4.9) ∀t > 0, ∀y ∈ Rd+1
+ ,

∫
Rd+1

+

Gα,n,d(t, x, y)dµα+2n,d(x) = y2nd+1.

iv) For a fixed y ∈ Rd+1
+ , the function u : (x, t) 7→ Gα,n,d(t, x, y) solves on

Rd+1
+ ×]0,+∞[ the generalized heat equation :

∆α,d
W u(x, t) =

∂

∂t
u(x, t).

Definition 10. The generalized heat semigroup H α,d,n
t , t > 0, is the integral op-

erator given for f in L2
α(Rd+1

+ ) by :

∀x ∈ Rd+1
+ , H α,d,n

t f (x) :=

{ ∫
Rd+1

+
Gα,n,d(t, x, y)f(y)dµα,d(y), if t > 0

f(x), if t = 0.

Proposition 17. i) Let t > 0. We have

(4.10) ∀x ∈ Rd+1
+ , H α,d,n

t f(x) = f ∗α,n φα,d,nt (x) .

where φα,d,nt is the function given by the relation (4.4).

ii) Let f ∈H s
α,n(Rd+1

+ ). We have

(4.11) ∀λ ∈ Rd+1
+ , Fα,d,n

W

[
H α,d,n
t f

]
(λ) = e−t‖λ‖

2

Fα,d,n
W (f) (λ).
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Proof. i) It is an immediate consequence of the relation (4.7).

ii) Let f ∈H s
α,n(Rd+1

+ ). Using the relations (4.5), (4.10) and (2.26), we obtain the
result. �

Proposition 18. i) Let f ∈ Gn,∗. Then u(x, t) = H α,d,n
t f (x) solves on Rd+1

+ ×]0,+∞[,
the following system : {

(∆α,d,n
W − ∂

∂t )u(x, t) = 0
u(x, 0) = f (x) .

ii) Let s ∈ R. The integral transform H α,d,n
t , t > 0, is a bounded linear operator

from H s
α,n(Rd+1

+ ) into L2
α(Rd+1

+ ) and we have :

(4.12) ‖H α,d,n
t f‖α,n,2 ≤ e

s2

4t ‖f‖H s
α,n
, f ∈H s

α,n(Rd+1
+ ).

Proof. i) The assertion follows from Proposition 16 iv).

ii) Let f ∈H s
α,n(Rd+1

+ ). Using the relations (2.17) and (4.11), we have

‖H α,d,n
t f‖2α,0,2 = C2

α+2n,d‖F
α,d,n
W

(
H α,d,n
t f

)
‖2α+2n,0,2

= C2
α+2n,d

∫
Rd+1

+

e−2t‖λ‖
2
∣∣∣Fα,d,n

W (f) (λ)
∣∣∣2 dµα+2n,d (λ)

≤ sup
λ∈Rd+1

+

[
e−2s‖λ‖−2t‖λ‖

2
]
‖f‖2H s

α,n
= e

s2

2t ‖f‖2H s
α,n
.

Thus the proof is finished. �

4.2. Pseudo-differential associated with the Generalized Weinstein oper-
ator. Notations. We need the following notations :
• For r ≥ 0, we designate by S r, the space of C∞−function a : Rd+1 ×Rd+1 → C
such that for each compact set K ⊂ Rd+1 and each β, γ ∈ N, there exists a constant
C = C (K,β, γ) satisfying :

(4.13) ∀ (x, ξ) ∈ K × Rd+1,
∣∣∣Dβ

ξD
γ
xa (x, ξ)

∣∣∣ ≤ Cer‖ξ‖.
• For r, l ∈ R with l > 0, we denote by S r,l, the space consits of all C∞−function
a : Rd+1 ×Rd+1 → C such that for each L > 0 and β, γ ∈ N, there exist a positive
constant C = C (r, l, γ) satisfying the relation :

(4.14) ∀ (x, ξ) ∈ Rd+1 × Rd+1,
∣∣∣Dβ

ξD
γ
xa (x, ξ)

∣∣∣ ≤ CL|β| |β|!er‖ξ‖e−l‖x‖.
Definition 11. The pseudo-differential operator A

(
a,∆α,d,n

W

)
associated with a (x, ξ) ∈

S r is defined for u ∈ Gn,∗(Rd+1) by :
(4.15)[
A
(
a,∆α,d,n

W

)
u
]

(x) = C2
α+2n,d

∫
Rd+1

+

Λα,d,n(−x, ξ)a (x, ξ) Fα,d,n
W (u) (ξ) dµα+2n,d (ξ) .

Theorem 5. If a (x, ξ) ∈ S r, then its associated pseudo-differential operator

A
(
a, ∆α,d

W

)
is a well-defined mapping from Gn,∗(Rd+1) into C∞

(
Rd+1

)
.

ssrg 5
Text Box
41

ssrg 5
Text Box
HASSEN BEN MOHAMED, MOHAMED MOKTAR CHAFFAR / IJMTT, 67(3), 28-44, 2021



GENERALIZED WEINSTEIN AND SOBOLEV SPACES 15

Proof. Let a (x, ξ) ∈ S r. From the relation (4.13), for any compact set K ⊂ Rd+1

and any γ ∈ N, we have

(4.16) ∀ (x, ξ) ∈ K × Rd+1, |Dγ
xa (x, ξ)| ≤ Cer‖ξ‖.

Let u ∈ Gn,∗(Rd+1) and x ∈ K, using the relations (4.16), (2.9) and the Cauchy-
Schwartz inequality, we obtain∫

Rd+1
+

∣∣∣a (x, ξ) Λα,d,n(−x, ξ)Fα,d,n
W (u) (ξ)

∣∣∣ dµα+2n,d (ξ)

≤ Cx2nd+1

∫
Rd+1

+

er‖ξ‖
∣∣∣Fα,d,n

W (u) (ξ)
∣∣∣ dµα+2n,d (ξ)

≤ C

Cα+2n,d
x2nd+1

(∫
Rd+1

+

e2(r−s)‖ξ‖dµα+2n,d (ξ)

) 1
2

‖u‖H s
α,n

< +∞

where s > r.

This relation proves that A
(
a, ∆α,d

W

)
(u) is well-defined and continuous on Rd+1

+ .

Consequently, in vertue of Leibniz formula, we obtain the result. �

The next lemma plays an important role in this section.

Lemma 3. Let a (x, ξ) ∈ S r,l. For L > 0 there exist C > 0 and

0 < t <
1

Ld
such that :

(4.17)
∣∣∣Fα,d,n

W (Mna (., y)) (ξ)
∣∣∣ ≤ Cer‖y‖e−t‖ξ‖,

where C is a constant depending on r, t, α, d, n and l.

Proof. The result can be obtained by a simple calculation by using the same tech-
nique as in Theorem 3.4 of [10]. �

The following theorem gives an alternative form of A
(
a, ∆α,d

W

)
which will be

useful in the sequel.

Theorem 6. Let a (x, λ) ∈ S r,l. Then, the pseudo-differential operator A
(
a, ∆α,d

W

)
admits the following representation :

(4.18)
[
A
(
a,∆α,d

W

)
u
]

(x) = C2
α+2n,d

∫
Rd+1

+

Λα,d,n(−x, z)×

[∫
Rd+1

+

M−1
n,zT

α,d,n
y MnF

α,d,n
W (Mna (., y)) (z) Fα,d,n

W (u) (y) y2nd+1dµα,d (y)

]
dµα+2n,d (z)

for all u ∈ Gn,∗(Rd+1) where all involved integrals are absolutely convergent.

Proof. From the relation (4.17), for all y, z ∈ Rd+1
+ , we obtain :

(4.19)
∣∣∣M−1

n,zT
α,d,n
y MnF

α,d,n
W (Mna(., y)) (z)

∣∣∣ ≤ C1e
r‖y‖y2nd+1T

α+2n,d
y

(
e−t‖ξ‖

)
(z)

where C1 is a constant depending on r, t, α, d, n and l.
On the other hand since u ∈ Gn,∗(Rd+1), we have

(4.20) ∀y ∈ Rd+1
+ ,

∣∣∣Fα,d,n
W (u) (y)

∣∣∣ ≤ C2e
−k‖y‖, k > 0.
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Now using the relations (4.19) and (4.20), we get :∣∣∣M−1
n,zT

α,d,n
y MnF

α,d,n
W (Mna(., y)) (z) Fα,d,n

W (u) (y)
∣∣∣ ≤ C3e

(r−k)‖y‖y2nd+1T
α+2n,d
y

(
e−t‖ξ‖

)
(z) .

Then for k > r and t > 0, we have∫
Rd+1

+

∣∣∣M−1
n,zT

α,d,n
y MnF

α,d,n
W (Mna (., y)) (z) Fα,d,n

W (u) (y)
∣∣∣ y2nd+1dµα,d (y)

≤ C3

∫
Rd+1

+

e(r−k)‖y‖Tα+2n,d
y

(
e−t‖ξ‖

)
(z) dµα+2n,d (y)

≤ C3ϕ ∗α+2n,0 ψ (z)

where

∀x ∈ Rd+1
+ , ϕ (x) = e(r−k)‖x‖ and g (x) = e−t‖x‖.

Therefore the function :

z 7→
∫
Rd+1

+

∣∣∣M−1
n,zT

α,d,n
y MnF

α,d,n
W (Mna (., y)) (z) Fα,d,n

W (u) (y)
∣∣∣ y2nd+1dµα,d (y)

belongs to L1
α+2n(Rd+1

+ ). So, the result follows by applying the inverse theorem. �

Now, we are in a situation to establish the fundamental result of this section
given by the following result.

Theorem 7. Let s > 0, a (x, λ) ∈ S r,l and A
(
x, ∆α,d,n

W

)
be the associated

pseudo-differential operator. Then A
(
a, ∆α,d,n

W

)
maps continuously from H s+r

α,n (Rd+1
+ )

to H s
α,n(Rd+1

+ ). Moreover, for all u ∈ Gn,∗(Rd+1), we have

(4.21)
∥∥∥A(a, ∆α,d,n

W

)
u
∥∥∥

H s
α,n

≤ ks ‖u‖H s+r
α,n

.

Proof. Let s > 0. We consider the function ϕs given by :

ϕs (z) = es||z||
∫
Rd+1

+

M−1
n,zMn,yT

α,d,n
y MnF

α,d,n
W (Mna (., y)) (z) Fα,d,n

W (u) (y) dµα,d (y) .

Using the relation (2.18), we obtain

ϕs (z) = es||z||
∫
Rd+1

+

Tα+2n,d
y

(
Fα,d,n
W (Mna (., y))

)
(z) Fα,d,n

W (u) (y) dµα+2n,d (y)

Now, from the relations (2.19) and (4.17), we have

|ϕs (z)| ≤ Ces||z||
∫
Rd+1

+

er‖y‖Tα+2n,d
y

(
e−t‖ξ‖

)
(z)
∣∣∣Fα,d,n

W (u) (y)
∣∣∣ dµα+2n,d (y)

≤ C
∫
Rd+1

+

e(r+s)||y||
∣∣∣Fα,d,n

W (u) (y)
∣∣∣Tα+2n,d

y

(
e(s−t)‖ξ‖

)
(z) dµα+2n,d (y)

≤ Cf ∗α+2n,0 g (z)

where for all x ∈ Rd+1
+

f (x) = e(s−t)||x|| and g (x) = e(r+s)||x||
∣∣∣Fα,d,n

W (u) (x)
∣∣∣ .
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It is clear that g ∈ L2
α+2n

(
Rd+1

+

)
and for t > s, f ∈ L1

α+2n

(
Rd+1

+

)
. Then from the

relation (2.25), we deduce that f ∗α+2n,0 g ∈ L2
α+2n

(
Rd+1

+

)
and we have

‖f ∗α+2n,0 g‖α+2n,2 ≤ ‖f‖α+2n,1‖g‖α+2n,2.

So, we get∥∥∥A(a, ∆α,d,n
W

)
u
∥∥∥

H s
α,n

= Cα+2n,d‖ϕs‖α+2n,2 ≤ CCα+2n,d‖f∗α,ng‖α+2n,2 ≤ ks ‖u‖H s+r
α,n

where

ks = C‖f‖α+2n,1 = C

∫
Rd+1

+

e(s−t)||y||dµα+2n,d (y) .

Which achieves the proof. �
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