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I Introduction and Preliminaries

In past and recent years Bessel transform is used in engineering, mechanics, Physics, Computa-
tional Mathematics etc.

Inspired by Hamma & Daher[3], we obtain generalization of Titchmarsh’s theorem for the Bessel
type transform. In this paper Titchmarsh[7, Theorem 85] characterized the set of functions in
L?(R) satisfying the Cauchy Lipshitz condition by means of an asymptotic estimate growth of
the norm of their Fourier transforms. We have

Theorem1.1: Let o € (0,1) and assume that f € L?(R). Then the following are equiva-
lent.

(i) £t +h) — F(O)ll @ = O(h) as h — 0

(i) f x> lg(\)[2d\ = O(r=2%) as r — oo,

where g stands for the Fourier transform of f. Our main objective in this paper is to obtain a
generalization of Theorem 1.1 for the Bessel type operator. Let B, = D%, + anbe, D, = %,
be the Bessel type differential operator.

Now, for (a — b) > 0, we introduce the Bessel type normalized function of the first kind j azpo1

defined by

. a—b+1 & —1)” T o
']a%b_l - F( 2+ )7;) n|1—\((2n+3,2b+1)(2) (11)

Where I'(x) is the Gamma function (see[5])
From (1.1), it is easily deduced that

x—0 x
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by consequence, there exist ¢ > 0 and 1 > 0 satisfying
2 <= lacss (@) — 1] > claf? (1.2)
The function y = j azbo1 (g satisfies the differential equation

Ba,b(y) +y=0

with the initial conditions that y(0) = 1 and y'(0) = 0, j azb1 (x) is function infinitely differen-
tiable, even and moreover entire analytic.

Lemmal.l: The following inequalities are valid for the Bessel type function j azpott

(i)|j%H ()| < C, for all x € R, where C is positive constant.

()1 = jazpa (2) = O(2?),0<z<1

Proof. Proof is clear from [1]
Let Ly 4 5(RT), (a,b) > 0 be the Hilbert space of measurable functions f(x)on R* with the finite
norm

1l = ( / | () 22t dz) /2

. The generalized Bessel type translation T}, defined by

Thf(t) = Ca7b/ F(V/t2 4+ h2 —2thcos p)sin® "Ly de.
0

where
g

Cayp = (/ sin® "ty dp) Tt = ——2
0 Vval(452)

The Bessel type transform is defined by (see[4,5,6])

fo = /O b F()jazsr A Pdt, A € R

The inverse Bessel type transform is given by the formula

abt1 _a—b+1
P - =

70 = @) [ i 0ex

a—b+41

that is the direct and inverse Bessel type transform differ by the factor(2 = I'(2=5+L))=2
The connection between the Bessel type generalized translation and the Bessel type transform
in [2] is given by

Thf(A) = jazms (M) FN). (1.3)

IT Main result

In this section we prove the main result of this paper. First we need to define ¢)— Bessel type
Lipschitz class.
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Definition 2.1: A function f € Ly, ;(RT) is said to be in the 1)— Bessel type Lipschitz class,
denoted by Lip(¢, a, b, 2), if

[T f () = f(2)

Where 1(t) is a continuous increasing function on [0, 00), ¥(0) = 0 and ) (ts) = ¢¥(t)y(s) for all
t,s € [0,00)and this function verify fol/h s(s2)ds = O(55¢(h?)) as h — 0

Theorem 2.1: Let f € Ly, ,(R") then the following are equivalents:

(i)f € Lip(y,a,b,2)

(i) [ | F ) PA*1 dA = O(y(r—2)) as r — oc.

|2,a,b = O(w(h))vas h — 0,

Proof. (1)=-(ii): Suppose that f € Lip(¢,a,b,2). Then we obtain

[Thf () = f(B)ll2,0.0 = O(¥(h)), ash = 0

By using (1.3) and Parseval’s identity, we obtain

1 o0 , . .
Hihj(t)f(ﬂlzgﬂl,(QQSIF(ab+1)yzj€ 1= s (W) 2O A
2
From (1.2), we have
g . 2|7 2ya—b 02774 R 2ya—b
[ = ey onPFoRA ey = ST [T IF)RA b
2h 2h

We can deduce that

L/h|1—jiﬂ;uxhﬂﬂfcnﬁxmwdxst/ 11— o (AR F(N)[2A0 2N
. 2 0 2

2h

There exists a positive Cs such that

n

/WWW%HMS@MM

2h
Now we obtain

2r
/|ﬂwwmws&wrwf%

Now there exists a positive constant K such that

2r
/ |FOVPA AN < Kp(r™2), for all r >0

Thus
> 2r 4r 8r R
/ [fOPAP A =[] + +/ ]I FOVPAbdA
" T 2r 4r
=0(W(r ) +2 7% ) +--1)
=0 ) + () +---)
= O0(¢(r=2))
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This proves that
o0
/ IFO2AdA == O((r~2)), as 1 — co.
T

now we prove (ii)=(i)
pet [ IFOORNA = O, a5 7 0

we write

/ 11— amos VBRI F VAN = I} + I,
0 2

1/h )
= [ = e WP P,
0 2

and

I :/ 11— jacos (AR)P[F(N)PAYPdA.
1/h 2

Estimate the summands /; and I
Firstly we have from (1.1)in Lemma 1.2

<+ 0? [ FO)ENT A= 0w(i)
1/h
Now set o
o) = [ IFOIPAan
From Lemma 1.2 we have that
1= Jazp=s (AR)] < CiN2h2for A h < 1.

Then I; < —C1h? fol/h 22¢' (z)dz
Integration by parts gives

1/h
L < —Clhg/ 229 (x)dx
0
< Ci¢ (h) + QC’th/ xo(x)dx
0

1/h
< C’3h2/ xw(x_Q)dx
0

1
< CghQEdJ(hQ)
< Cs1p(h?)
where C5 is a positive constant and thus proof is completed

Remarks:(i)If we take a = p + %, b=—p-— % throughout this paper, we obtain the results
studied in [3].
(ii)Author claims that the results studied in this paper are general than that of [3].
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