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Abstract: In this paper, closed forms of the sum formulas Zk:O kW, and Zk:l KW, for generalized Hexanacci numbers are
presented. As special cases, we give summation formulas of Hexanacci, Hexanacci-Lucas, and other sixth-order recurrence
sequences.
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1. Introduction

The generalized Hexanacci sequence {H"n(‘-i"o, Wi, Wa W3, Wy, Wi:r 8. t,u,v, y)}n:-io {or shortly {Iri'n}n-_-_-,o')

15 defined as follows:
Wy = tWh_1+sWh_o+tW,_s3+uW,_a+9W,_s+ yWh_s, {1.1)
”“'0 = Cyp, I'Vl =a, ”".r_) =Cs, ”'73 =cCg3, ”',4 = C4, ”"5 =Cj, N = 6

where Wy, Wy, Ws, W3, Wy, W5 are arbitrary real or complex numbers and r, s, ¢, u, v,y are real numbers.

The sequence {W,}»>0 can be extended to negative subscripts by defining

) v u__ (I s . o 1 .
W_n=—-"W_n41 ——W_pn490——W_p13— _‘1"—n+4 = _”'—n+5 7 _”'—n-i-G
Yy y y Yy y y

forn=1,23,... when y # 0. Therefore, recurrence (1.1) holds for all integer n.Hexanacci sequence has been

studied by many authors, see for example [8,10,25] and references therein.
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Table 1 A few special case of generalized Hexanacci sequences.

No Sequences (Numbers) Notation References
1 Generalized Hexanacei {V,} ={W . (Wy, Wy, W, Wa W, W;;1,1,1,1,1,1)} 26]
2 Generalized Sixth order Pell {V, .} ={W, (W, W, W, W W, W;;2,1,1,1,1,1}} 27
3  Generalized Sixth order Jacobsthal  {V } = {W (W, W, W, W, W, W;;1,1,1,1.1,2)} 28]
4 Generslized 6-primes (V. }={W, (Wy, W, W, Wy W, W2 35 7,11,13)} 2]

For some specific values of Wy, Wy, W, W5, Wy, W; and r, 5, £, w, v,y it 15 worth presenting these special
Hexanacci numbers in a table as a specific name. In literature, for example, the following names and notations
(see Table 2) are used for the special cases of r. s, ¢ u, v, ¥ and initial values.

Table 2 A few members of generalized Hexanacci sequences.

Sequences (Numbera} Netation OEIS [11]  Ref
Hexanacei {H,}={W_(0,1,1,2,4,8;1,1,1,1,1,1)} A001592  [26]
Hexanacci-Lucas {E .} ={W(6,1,3.7,15,31;1,1,1,1,1,1)} A074584  [26)

sixth order Pell {P©} ={w_(0,1,2,5,13,34:2,1,1,1,1,1)} [27)

sixih order Pell-Lucas {fo)} ={W_(6,2,6,17,46,122;2,1,1,1,1,1)} (27)
modified sixth order Pell {E®} = {W_(0,1,1,3,8,21:2,1,1,1,1,1)} (27)
sixth order Jacohsthal {J',:f)} ={W_(0,1,1,1,1,1;1,1,1,1,1,2)} [28.2]
sixth order Jacobsthal-Lucas {jff)} ={W_(2,1,5,10,20,40;1,1,1,1,1,2)} [28.2]
modified sixth order Jacobsthal {Kff)} ={W_(3.1,3,10,20,40;1,1,1,1,1,2)} (28]
gixth-order Jacohsthal Perrin {fo)} ={W_(3,0,2,8,16,32;1,1,1,1,1,2)} (28]
adjusted sixth-order Jacobsthal {$®} = {W_(0,1,1,2,4,8;1,1,1,1,1,2)} (28]
modified sixth-order Jacobsthal-Lucas {R'®} = {W _(6,1,3,7,15,31;1,1,1,1,1,2)} [28)
§-primes {G,}={W_(0,0,0,0,1,2;2,3,5,7,11,13)} [29]

Lucas 6-primes {H, }={W_(6,2,10,41,150,542;2,3,5,7,11,13)} [29]
modified 6-primes {E,}={W.(0,0,0,0,1,1;2,3,5,7,11,13)} [29)

For easy writing, from now on, we drop the superscripts from the sequences, for example we write P,

(6}
for P, ’.

We present some works on summing formulas of the numbers in the following Table 3.

Table 3. A few special study of sum formulas.

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [1,4,30],(6,7]
Generalized Fibonacci [5,12,13,14,15,16,18]
Generalized Tribonacci [3.9.17]
Generalized Tetranacci [19.24,31]
Generalized Pentanacci [20.21]
Generalized Hexanacci [22,23]
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The following theorem presents some summing formulas of generalized Hexanacci numbers with positive

subscripts.

THEOREM 1.1. Forn = 0 we have the following formulas:Ifr+s+t+u+v+y—1+0 then

n
. O,
ZH,-", = + 1
= r+s+tt+ut+vty—
where

O =Wose+(1-r)Wops +(1—r—s)Woia+(1—r—s—t)Woss+(1—-r—s—t—u)Wpsa+(1—-r—s—2—

u—vIWo —Wi+(r—1)Wy+(r+s—1)Ws+(r+s+t—1)Wa+(r+s+t+u—1)Wi+(r+s+t+ut+v—1)Wy.

Proof. It is given in Soykan [23, Theorem 2.1]. O
The following theorem presents some summing formulas of generalized Hexanacci numbers with negative

subscripts.

THEOREM 1.2. Forn = 1 we have the following formulas:If r+s+t+u+v+y—1+F0, then

n i 62
] r+s+t+ut+v+y—1
where
Oy =W s+ (r—1)W_ s +(r+s—1)W_ i3+ (r+s+t—1)W_ 2+ (r+s+t+u—1)W_, g +(
r+s+t+rutv—1W_,+W;+(1—rWy+(1—r—s)W3+(1—r—s—t)Wy+(1—r—s—t—u)W; +

(1l—-r—s—t—u—v)W,.

Proof. It is given in Soykan [23, Theorem 3.1].

In this work, we investigate linear summation formulas of generalized Hexanacci numbers.

2. Sum Formulas of Generalized Hexanacci Numbers with Positive Subscripts

The following theorem presents some summing formulas of generalized Hexanacci numbers with positive

subscripts.

THEOREM 2.1. Forn = 0 we have the following formulas:Ifr+s+t+u+v+y—1+#0 then

- ¥,

gkwk 5 (r+s+t+ut+v+y—1)°
where

U, =(—n+dr+3+A+u—y+nr+ns+nt+nut+tnv+ny—5)Wois—(n—8r—2s—-t+v+
Qy+nri—2nr—ns—nt—nu—nv+3rs+2rt —ny +ru—ry+4r? - nrs +nrt +nru+nrv +nry + 4)
Wyhes — (n—6r — 65 +u—+2v+3y+nr’ +ns’ — 2nr — 2ns —nt — nu—nv + 6rs +rt —ny + 25t —rv + su —
2ry — sy +3r? +35% + 2nrs +nrt + nru+net + nrv+nsu+nsv+nry+nsy+3)Wog — (n—dr —ds — 4t +
Qu+3u+dy+nri+ns’ +nt? —2nr — s —mt—nu—nv+drs+drt —ny —ru+4st — 2rv — sy +tu—3ry —
sy —ty + 2r? + 252 + 22 + Inrs + Inrt + nru+ 2nst + nre + nsu + nev + ntu + ntv + nry + nsy +nty + 2)
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Wiea — (n — 2r — 28 — 2t — 2u + 4v + 5y = nr? + ns® + nt’* + nu® — 2nr — 2ns — 2nt — 2nu — nv +
2rs + 2t —ny + ru+ 26t — 3rv + 2ou — 260 + u—tv —dry — Jsy — Uy —uy + > + 57 + 87+’ +
2nrs + 2nrt + 2nru + 2nst + nrv + 2nsu + nsv + 2ntu + ntv + nry + nuv + ney + nty + nuy + 1)W1 +
y(—n+5r+4s+3t+2u+v+nr+ns+nt+nutnv+ny—6)W, —(dr+3s+2+u—y—3 )Wy +(—8r—2s—t+v+
2y+3rs+2rt+ru—ry+dri +4) W+ (—6r—6s+u+2u+3y+6ra+ri+2st —rv+su—2ry—sy+3ri+357 +3)
Wi+ (—4r—ds—4t+2u+3v+4dy+drs+drt —ru+4st — 2rv — sv+tu—3ry — 2oy —ty + 2r° + 257 +2¢% + 2)
Wy +(=2r —25 — 2t — 2u+4dv+ 5y + 2rs + 2rt + 2ru+ 25t — 3rv + 2s5u — 25v + 2tu — tv — dry — 35y — 2ty —
uy+ri+ st + 12wl +1)W; — y(5r +4s + 3t + 2u+ v — 6)1Wp.

Proof. Using the recurrence relation

W = rWo_1 + Wz + tWp_g + uWa_g + vWas + yWas

YWae =W,y —rWy_g — W0 —tW, 3 —ulW,_s — oW, _5
we obtain

yx(—1)xW_y = (=1)xWs—rx(=1)x Wy—sx {=1) x Wa—t x (=1) x W,

—ux (1) x Wy — v x (=1) x Wy

yXx0xWy = 0xWeg—rx0xW;—sx0xWy—tx0xWy—ux0xW,—vx0xW;
yx1xW; = 1xXxWr—rx1xWeg—sx1xWy—tx1xWy—ux1xW;—-vx1lxW;
yx2xW, = 2xWa—rx2xW;,—sx2xWg—1tx2xXW;—-ux2xWy—vx2xW;
yx3IxWy = IxWeg—rx3xWe—sx3xWr—tx3xWeg—ux3xWy;—ux3xW,
ym—3\Wy_z = (n=-3)\W,i3—r(n—3W,1s—s(n—3)W,oy1 —tin—3)W,

—u{n — )W,y —v(n—3)W,_,
ym—2)Wyu2 = (n—2)Worg—r(n—2)Wois —8(n—2)Wpoio —t(n — 2)W,x
—u(n — 2)W, —v(n — 2)W,_;
ym—1)Woy = (n=1)\Wyos—r(n—1) Wy —s(n—1)Wyy3—t(n—1)W,ss
—u(n —1)Wop1 —vin—1)1W,
yxXnxXxW, = nxXWeie—rxnxXxWs—sxnxWog—txnxWeis

—uxXxnXWeia—vxnXx Wy
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If we add the equations side by side, we obtain

y Z EW, = (nWoie+(n—1)W,ops+(n—2)Wors+(n=3)Woia+(n—4)Wosa +(n—5)Wpriy
k=0

—(—1)Ws — (=)W — (—3) Wy — (=)W, — (—=5)W; — (—6)W, + Zn:(k — 6)Wy)
k=0

—r(nWeass + (= 1)Wery + (n = 2)Woia + (n— 3)Woso + (n — 4) W,y

—(—1)Wa — (=2)W5 — (=3)Wy — (—4) W3 — (=5)Wo + Y _(k — 5)W%)
k=0
—8(MWnss + (0 — D)Wisg + (0 — 2)Woia + (n — 3)Wpay — (—1)W5 — (=2)W,

n
—(=3)Wy — (—4) Wy + Y [k — 4)Wi) — t{nWpsg + (n — 1)Wpis
k=0

”
+{n — 2)Wory — (=1)Wo — (=2)W; — (=3)Wp + Z(k - 3We)
k=0
—u(nWata + (0 — 1) Was1 — (—1)W; — (—2)Wo
+ (k= 2)Wi) = v(nWogs = (=1)Wo + ) "(k — 1)Wi)
k=0 k=0
Then using Theorem 1.1. we get the result. O

Taking r=s=t=wu=v=y=1 in Theorem 2.1, we obtain the following Proposition.

PROPOSITION 2.2. I[fr=s=t=u=v=y=1 then forn = 0 we have the following formula:
Y ohep kWi = ?15- (n+4)Wois — 3Woiy — (0 +9)Woys — (100 + 8)Wpss — (150 + 2)Wo iy + (50 +
9V, — 4W; + 50 + 915 + 8W, + 2147 — 9117, ).

From the above Proposition, we have the following Corollary.
For Hexanacci numbers, take W,, = H, with Hy =0,H; =1, H, =1, H; = 2, H; = 4, H; = 8 in the
last Proposition. For Hexanacci-Lucas numbers, take W,, = E,, with E; =6, E1 =1,E, =3, E;3 =T7,E; =

15, E; = 31 in the last Proposition.

COROLLARY 2.3. Forn = 0, we have the following properties:
(a): Z;::o EH, = 513((51?, +4)Hpos —3H s — (n+9)H, 53 — (10n + 8)H,,oy — (15n + 2)H,, 41 +
{(3n+9)H, + 16).
(b): E:=0 kE, = %((571 +4)E,=,5 . 5En+4 - (5n+9)E,=+3 - (10n+8)E,,,.2 = (15’2 + 2)E"+1 + (57! +
9)E, —14).

Taking r=2,s =t =u=v=y=11in Theorem 2.1. we obtain the following Proposition.

PrRoPosITION 24, Ifr=2s=t=u=v=y=1 then forn = 0 we have the following formula:
S heo kWi = .113((311 A Woes — B+ TIWasa —2(3n +4)W,5 —33n+ 2)W 2 — (12n+ )W,y +
(3n + T)W, — 4W; = TWy + 8W; + 61, + W — TW,).

71



Yiksel Soykan / 1IMTT, 67(4), 67-78, 2021

From the last proposition, we have the following corollary.

For sixth-order Pell numbers, take W, = P, with P, =0,Pi =1, P, =2 P =5 P; =13, P, =34 in
the last proposition. For sixth-order Pell-Lucas numbers, take W, = Q,, with Qp =6.Q1 =2,Q:=6.03 =
17, Q4 = 46,Q5 = 122 in the last proposition.

COROLLARY 2.5. Forn = 0, we have the following properties:
(a): Y pmokPe = -115((3n +4)Pis — (3n+T7)Prss—2(3n+4)P, 53 —-3(3n+2)Pen— (12n+ 1} Py +
(3n+T)P, +8).
(b): 7o kQu = & ((3n+4)Qnss — (3n+T)Qnts —2(3n+4)Qrsa—3(8n+2)Qnaa— (120 +1)Quat +
Bn+T)Q, — 34).

Takingr=1,s=1t=1u=1v=1y =2 in Theorem 2.1, we obtain the following Proposition.

ProprosITION 26. I[fr=1s=1t=1u=1,v =2,y = 2 then forn = 0 we have the following
formulas:
P oreo KWy = 11—2((2n + 1 Weiss — 2Wogs — (20 + 3)Wosg — (dn + 2)Woin — (6n — 1)W,g +2(2n +

3)W,, — Wi + 2Wy + 3W5 + 2W, — Wy — 6W).

From the last proposition, we have the following corollary.

For sixth-order Jacobsthal numbers, take W, = J, with Jp =0, /1 =1.Jh =173 =1, Jy =1, J; =1
in the last Proposition. For sixth order Jacobsthal-Lucas numbers, take W, = j,, with jo =2, j1 =1,j2 =
3,3 = 10, j4 = 20, j; = 40. For modified sixth order Jacobsthal numbers, take W, = K, with Ky =3, K; =
1,K; =3, K3 =10, K; = 20, K = 40. For sixth-order Jacobsthal Perrin numbers, take W, = @,, with Qo =
3,01 =0,Q2 =2,Q3 =8, Q4 = 16,@Q;s = 32. For adjusted sixth-order Jacobsthal numbers, take W,, = 5,
with S = 0,51 = 1,8, =1,5; = 2,5, = 4,5; = 8. For modified sixth-order Jacobsthal-Lucas numbers,
take W, = R, with Ry =6,R1 =1, R, =3, R3 =7, Ry =15, R; = 31.

COROLLARY 2.7. Forn = 0, we have the following properties:

(a): Yhog bk = 31-2-((2n+1)Jn,s-2J,,.,.4—(2n+3)J,,,-;.3-(4n+2)J,=+g—(Gn-l)J,,.;-l +2(2n+3)J,. +5).

(b): Yo kjr = -11—2((2n+1)j,l+5-2jﬂ.»4-(2n—:—3)j,,+3-(4n+2‘)j,=.;2—(Gn—1)j,,+1+2(2n+3)j,,+27).

(c): Dpeo kKr = 11—2((2n+ NEpss—2K, o —(m+3) K3 —{(dn+2)Kpya — (6n— 1)K, 43 +2(2n+
K, +17).

(d): ThokQr = 5 ((2n+1)Qnss —2Qu+a — (2n+3)Qnis — (4n+2)Qui2 — (6n —1)Qns1 +2(2n +
3)Q,. +10).

(€): Y pepo Sk = 1’—,_,((2n+1)S,,+5—2S,,+4—(2n+3)Sn+3—(4n+2)$n+2-(6n—1)S,,+1+2(2n+3)S,.+7).

(f): ThoohkRe=5((2n+1)Russ —2Rpss— (2n+3)Rpss — (4n+2)Rpsn — (bn — 1) Rpey + 2(2n+
3R, —11).

Taking r =2,6=3.t=5u=7T,v=11,y = 13 in Theorem 2.1, we obtain the following proposition.
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ProrosITION 2.8. [fr=2s=3t=5u="Tv =11,y = 13 then for n = 0 we have the following
formula:

Yo Wi = ,_,—;0( (n+2)Wess — (n+T)Whis — (20n+8)Ws5 — (450 — 2)Woin — (80— 33) Wy +
13(5n + TIW,, — 2W; + TW, + 8W5 — 331, — 210, — 911W5,).

From the last proposition, we have the following corollary.

For 6-primes numbers. take W, = G, with Go =0,G1 =0,G2 = 0,G3 = 0,G4 = 1, G5 = 2 in the last
proposition. For Lucas 6-primes numbers, take W,, = H,, with Hy =6, H1 = 2, H, = 10,H; = 41 Hy; =
150, H; = 342. For modified 6-primes numbers, take W,, = E, with Ey =0, E; =0,E, =0,E; =0, E; =
1,E; =1.

COROLLARY 2.9. Forn = 0, we have the following properties:
(a): Yo pep kG = JW((Em+2)Gn+5-(5n+7)G,,+4—(20n+8)G,,+3—(45n—2)G,,+2—(80n—33)G,,,1+
13(5n + 7)G,, + 3).
) o Ry = %((5n+2)H,,+5—(5n+7)H,,.,.4—(20n+8)H,,+3—(45n—2)H,.,,.2—(80n—33)H,,.,.1+
13(5n + 7)H, — 338).
(€): Xheo kEx = 555((5n+2)Epys—(5n+T) Enss—(20n+8)Epyg— (45n—2)E, i — (800 —33) E,iq +
13(5n + T)E,, + 5).

3. Sum Formulas of Generalized Hexanacci Numbers with Negative Subscripts

The following Theorem presents some linear summing formulas of generalized Hexanaccl numbers with

negative subscripts.

THEOREM 3.1. Forn = 1 we have the following formula: If r +s+t+u+v+y—15F0, then

= v,
;kwﬂ: (rts+t+tutv+y—1)2

where

Uy =(n+dr+3+A+u—y—nr—ns—nt—nu—nv—ny—5)W_ 5 +(n+8r+2s+t—v—
2y+nr? —2r—ns—nt—nu—nv—3rs—2rt —ny —ru+ry —4r’ - nrs +nrt - nru+nrv +nry — 4)
W_pss+(n+6r+6s—u—2v—3y+nr’+ns’ —2nr — 2ns — nt — nu — nv — 6rs — rt — ny — 25t +
rv — su+ 2ry + sy — 3r? — 3s% + 2nrs + nrt + nru + nst + nrv + nsu + nev + nry — nsy — 3)W_, 5 +
(n+dr+ds+4t—2u—3v—dy+nri+ns® +nt’ —2nr—2ns — nt —nu—nv —drs —drt —ny +~ru—4dst +
2ry + sv — tu + 3ry + 2oy +ty — 2r® — 25 — 287 + 2nrs + 2nrt + nru+ 2nst + nry + nsu + nsv + ntu + ntv +
nry+nsy+nty —20W_, o+ (n+2r + 25+ 2t + 2u — dv — Sy +~nr’ + na’ +nt? + nu’ — 2nr — 2ns — 2nt —
2nu—nv—2rs—2rt —ny— 2ru— 25t + 3rv— 2ou+ 2ev — tu+tv+dry+ sy + 2y +uy —r -7 —tT —ul +
2nrs + 2nrt + 2nru + 2nst + nrv + 2nsu + nsv + 2ntu + ntv + nry + nuv + ney + nty + nuy — HW_,q +
{n— 6y + nr? +ns® + nt? + nu’® + nv? — Inr — 2ns — 2nt — 2nu — 2nv — ny + Sry +4sy + 3ty + 2uy +vy +

2nrs + 2nrt + 2nru + 2nst + 2nrv + 2nsu + 2nsv + 2ntu + 2ntv + nry + 2nuv + nsy + nty + nuy + nuy)
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W, —(dr+3:+2t+u—y—53Ws;+(-8r—25—t+v+2y+3rs+t+ru—ry+4drl +4)W, +
(—6s+u+2u+3y+6ra+rt+=2st—rv+su—2ry—sy+3r’ +3s7 +3—6r)W5+(—dr—ds—dt+2u+3v+
dy+drs+drt—ru+dst —2rv—sv+tu—3Fry — ey —ty = 2r? + 257 = 247 - )Wy + (—2r — 25 — 2t — 2u +
du+5y+2rs+2rt+2ru+2st —3rv+2ou — 2ov + Au—tv —dry — Jsy — Uy —uy +ri + 5T+t w4+ 1)
Wy —y(or + 45 + 3t + 2u+v— 61,

Proof. Using the recurrence relation

B 1 v u t_ 8. ro.
W pn=-W_ 6 ——W_n1——W_ oo ——W_ s ——W_ 1y ——W_,. 15
y ¥ ¥ y

ie.
YW =W e — W s —sW_ g —tW_ g —uW_ g —0W_ g

we obtain

yxnxW_, = xnxW_, e—rXnxW_ys—sxnxW_y—txnxW_,.3
—uxnxW_o—uvxnx W_,
yn—1W_p,1n = (m—1)W_pr—r(n—1)W_, i —6(n—1)W_,o5 —t(n — 1)W_,14
—uln—1)W_p iz —v(n—1)W_, 4

Yn—2DW_psz = (n—2QWeonts —r(n—2)W_psr — 6(n — ) W_nss — t{n — 2)W_pss

—u(n — YWepis — v(n — 2)W_pss

yx4dxW_y = 4xWo—rxdxW;—sx4dxWy—txdx W_,
—uxdx W_,—vxdxW_3

yxXx3IxW_3 = 3IxW—rx3xWy—ax3xW;—tx3xW
—ux3x W_1—vx3xW_,

YXx2xXW_op = 2xWy—rx2xWy—ax2xWy—tx2xW;
—ux2x Wy—vx2x W_4

yXx1xW_4 = 1xW—rx1xW;—ax1xWy—tx1xW,

—ux1xW;—vx1xW.
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If we add the above equations side by side. we get

n
y> KW_y = (—(n+ )W pps— (n+2QW_pis — (n+3)Wopis — (n+ HW_pin — (0 +5)W_pis
k=1

—(n+6)W_p +1x Wy +2Wy + 3Ws + 402 + 5W1 + 6Wo + ) (K +6)W_y)
k=1

(=R D)W psg = (R +2)We sz — (B+3)W_pin — (n+4)W_p sy

”n
—(n+ 5)W_p + 1 x W+ 2W5 +3Wy + 4W5 +5Wo + Y (k+5)W_s)
k=1
—8(—(n+ 1)Wepss — (n+ 2)W_psz — (n+ )Wy — (n + )W_,

+1 % Wy + 20y + 303 +4Wo + 3 _(k+4)W_i) — t{—(n+1)W_ne
k=1

”
—(n+2W_s1 —(n+3)W_, +1 x W2 +2W7 +3W, + Z(k +3W_i)
k=1
—u(—(n+ 1) W_p1 — (n+2)W_,, +1 x W7 +2W,
+) (k+2W_i) —v(=(n+ YW_p +1 x Wo+ D _(k+1)W_s)
k=1 k=1
Then, using Theorem 1.2, we get the result. O

Taking r=s=t=wu=wv=y=1 in Theorem 3.1, we obtain the following Proposition.

PROPOSITION 3.2. Ifr=s=t=u=v=y=1 then forn = 1 we have the following formula:
Yoney KW_ = %(—(Em — W _ s =W g+ (=W, 5+ (10 —8)W_psn +(1n—2)W_,. 11 +

Lak=

(20n + 9)W_,, — AW + 5W + 9W; + 8W, + 2W; — OW,).

From the above Proposition, we have the following Corollary.
For Hexanacci numbers, take W,, = H,, with Hy =0,H; =1, H, =1, H; = 2 Hy =4, H; = 8 in the
last Proposition. For Hexanacci-Lucas numbers, take W,, = E,, with Ey =6, E1 =1, E, =3, E; =T,Ey =

15, E5 = 31 in the last Proposition.

COROLLARY 3.3. Forn = 1, we have the following properties:
(a): o kH = sg(—(5n — 4)H_ o5 — 5H_ s+ (5n — 9)H_ o5 + (10n — §)H_,42 + (150 —
2)H 1 +(20n+ 9)H_, + 16).
(b): Ypo1 kE_x = 55(—(5n —Q)E_n45 — SE_pnsa + (5n — 9)E_p 43 + (10n — 8)E_,.42 + (150 —
2E_no1+(20n+9)E_,, — 14).

Taking r =2,s =t =wu=v =y =1 in Theorem 3.1. we obtain the following Proposition.

PrROPOSITION 3.4. I[fr=2s=t=u=v=y=1 then forn = 1 we have the following formula:
Y ohey KW_p = 1%(—(377, — A W_pss + (Bn — T)W_ g + (6n — 3)W_, a5 + (I — 6)W_, 40 + (121 —
DW_pt1 + (15n + T)W_,, — 4W; + TW + 8W5 + 6W, + Wy — TWY).
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From the last proposition, we have the following corollary.

For sixth-order Pell numbers, take W, = P, with B, =0,P  =1,P, =2, P =5,P; =13, F; =34 in
the last proposition. For sixth-order Pell-Lucas numbers, take W, = Q, withQp =6,Q:1 =2,Q: =6,Q3 =
17, Q4 = 46,Q5 = 122 in the last proposition.

COROLLARY 3.5. Forn = 1, we have the following properties:
(a): Y op=y kP-—i = 1’—8(—(37; — 4P s+ (n—T)P_ s+ (6n—8)P_, i3+ (M —6)P_,0+ (12n —
VP o1+ (150 +T)P_, +8).
(b): E;::l kQ-x = 11_3(_(373 X 4)Q—n+5 +(3n— T)Q—n‘)-d +(6n— S)Q—ﬂ+3 T (gn = G)Q—ﬁ-.‘-'l +(12n—
I)Q—n-H. + (15n 95 T)Q—n =0 34)

Takingr=1,s=1,t=1,u=1v=1,y=2 in Theorem 3.1, we obtain the following Proposition.

ProrosITION 36. [fr=1s8=1t=1u=1v =2y =2 then forn = 1 we have the following
formulas:
S BW_g = 5 (—(2n = )Wopss = 2Wopss + (20— 3)Wosa + (41— )W_piz + (6n + D)W_pis +

(8n + 6)W_,, — Wy + 2W, + 3W5 + 2W, — Wy — 6Wp).

From the last proposition, we have the following corollary.

For sixth-order Jacobsthal numbers, take W, = J, with Jp =0, /1 =1, Ja =1, 3 =13 =1,J; =1
in the last Proposition. For sixth order Jacobsthal-Lucas numbers, take W, = j,, with jo =2,j1 =1,j2 =
3,3 = 10, )3 = 20, j; = 40. For modified sixth order Jacobsthal numbers, take W, = K, with Ky =3, K; =
1. K, =3, K3 =10, K¢ = 20, K = 40. For sixth-order Jacobsthal Perrin numbers, take W, = Q,, with Qo =
3.1 =0,Q,=2,Q3 =8,Q4 = 16,Q; = 32. For adjusted sixth-order Jacobsthal numbers, take W,, = 5,
with S = 0,5 = 1,8, =1,5; = 2,5, = 4,5; = 8. For modified sixth-order Jacobsthal-Lucas numbers,
take W, = R, with Ry =6,R; =1,R, =3 R; =T7,Rs =15 R; = 31.

COROLLARY 3.7. Forn = 1, we have the following properties:

(a): Ypey ki = 1—1._,- —(2m—1)J s —2J g+ (M =3 T g+ {dn—2)J_pia+{(6n+1)J 1+
(8n+6)J_,+3).

(b): Ypei kj—r = -11—2-(—(271 —1)jenss =2 pes+ (2 =3 jpeg+(dn—2)j_pia+ (6 +1)j_ney +
(8n+6)j_, +27).

(c): Thoi kK k= FH(—(n - 1)K 15 — 2K e+ (2n — 3K _ iz + (4n — 2)K_pin + (6n + 1)
K_pt1+(8n+6)K_, +17).

(d): Thoy K@k = (=21 = 1)Qnts — 2Q—nss + (20 — 3)Q—rnsa + (41 — 2)Qonsa + (6n +1)
Q—n+1 + (Sn+6)Q_, + 10).

(e): Y=y kS = -1%(—(2n —1)5 _e5 =25 g+ (2m—3)5 i+ (dn—2)S_,a+(6n+1)5_,01 +
(8n+6)S_. + 7).
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(f): F_kR_x = 2(—=(2n —1)R_ps5 — 2R 4+ (2n — 3)R_piz + (4n — 2)R_p0 + (6n + 1)

Lak=1 E bR

R_,+1+(8n+6)R_, —11).
Taking r =2, =3t =5 u="T,v=11,y = 13 in Theorem 3.1, we obtain the following proposition.

ProrosITION 38. I[fr=2s =3t =5,u=T,v =11,y = 13 then forn = 1 we have the following
formula:
Y g BWy = 2:'—0(-(571 — )W pss + (O —TIW_pis + (20m — 8)W_, 3 + (450 + 2)W_, 12 + (801 +

33NW_ps1 + (135n + 91)W_,, — 2W; + TWy + 8W; — 21, — 331 — 91W,).

From the last proposition, we have the following corollary.

For 6-primes numbers, take W,, = G,, with Gy =0,G; =0,G> =0,G3 = 0.G4 = 1,G; = 2 in the last
proposition. For Lucas 6-primes numbers, take W, = H,, with Hy =6, Hy =2 H, = 10,H; = 41 H; =
150, Hy = 542. For modified 6-primes numbers, take W,, = E, with E; =0,E1 =0,E, =0,E3; =0, E; =
1,E; =1.

COROLLARY 3.9. Forn = 1, we have the following properties:

(2): Tpo1 Gk = 555(—(5n — 2)G_pis + (57 — T)Gpnsa + (20n — 8)G 25 + (451 + 2)G_psa +
(80n +33)G_ps1 + (135m + 91)G_,, + 3).

(b): YpoykH i = 555(—(3n — 2)H_pss + (5n — T)H_pis + (20n — 8)H_, 45 + (450 + 2)H_ny2 +
(80n +33)H_,.41 + (135n + 91)H_,, — 338).

(C): E:=1 kE..k = %(-(51@ = 2)E—n+5 + (573 = T)E_n.‘.‘ + (201’1 —— S)E_n+3 + (4571 + 2)E_.n,g
(80n + 33)E_p21 + (135n +91)E_,, +5).
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