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Abstract — Graph polynomial is one of the algebraic representation for a  graph which relates various graph parameters 

through algebraic operations. In this paper, we initiate the study of one more algebraic representation of a graph called  the 

perfect domination polynomial. The perfect domination polynomial of a graph G of order n is the polynomial 𝐷𝑝(𝐺, 𝑥) having 

the coefficient of 𝑥𝑖 to be 𝑑𝑝(𝐺, 𝑖) which denotes the number of perfect dominating sets of 𝐺 of cardinality 𝑖 and 𝛾𝑝(𝐺) denotes 

the perfect domination number of 𝐺. We obtain some properties of 𝐷𝑝(𝐺, 𝑥) and its coefficients, compute the perfect 

domination polynomial of some families of standard graphs. Further, we obtain some characterization for some specific 

graphs. 
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I. INTRODUCTION 

 Let 𝐺 = (𝑉,𝐸) be a graph of order 𝑛. The concept of perfect domination was first studied by Weichel [4] and Yen 
and Lee, Cockayne, Hedetnemi and Laskar. Also, the concept of domination polynomial of a graph was introduced and 

studied by Seid Alikhani and Y. H. Peng[1]. Later, many graph polynomials were introduced and studied by many 

researchers for the domination parameters like total, connected, independent domination and so on. In this paper, we 

introduce the perfect domination polynomial and determine the same for some standard graphs. For any graph theoretic 

definitions and notations not defined here refer to [2]. Throughout this article, by a graph, we mean a finite, undirected graph 

without loops and multiple edges. 

For each vertex 𝑣 ∈ 𝑉, the open neighborhood of 𝑣 is the set 𝑁(𝑣) containing all the vertices 𝑢 adjacent to 𝑣 and the 

closed neighborhood of 𝑣 is the set 𝑁[𝑣] containing 𝑣 and all the vertices 𝑢 adjacent to 𝑣, 𝑖. 𝑒., 𝑁[𝑣] = 𝑁(𝑣) ∪ {𝑣}. Let 𝑆 be 

any subset of vertes set 𝑉(𝐺), then the open neighborhood of 𝑆 is given by 𝑁(𝑆) = ∪𝑣∈𝑆 𝑁(𝑣) and the closed neighborhood 

of 𝑆 is 𝑁[𝑆] = 𝑁(𝑆) ∪ 𝑆. 

A set 𝑆 ⊆ 𝑉(𝐺) of vertices is said to be a dominating set of 𝐺 if 𝑁[𝑆] = 𝑉, or equivalently, every vertex in 𝑉 − 𝑆 is 

adjacent to at least one vertex in 𝑆. The cardinality of the minimum dominating set is called the domination number, denoted 

by 𝛾(𝐺). A dominating set 𝑆 of a graph 𝐺 is said to be perfect dominating set if every vertex not in 𝑆 is adjacent to exactly 

one vertex in 𝑆. Any perfect dominating set with minimum cardinality is called a minimum perfect dominating set. The 

cardinality of the minimum perfect dominating is called the perfect domination number of 𝐺, denoted by 𝛾𝑝(𝐺). A perfect 

dominating set with cardinality 𝛾𝑝(𝐺) is referred as 𝛾𝑝 −set. 

The corona of two graphs 𝐺1  and 𝐺2 , as defined by Frucht and Harary [3]  is the graph 𝐺 = 𝐺1 ∘ 𝐺2  formed from one 

copy of 𝐺1  and |𝑉(𝐺1)| copies of 𝐺2 , where the 𝑖𝑡ℎ vertex of 𝐺1  is adjacent to every vertex in the 𝑖𝑡ℎ copy of 𝐺2 . The 𝑗𝑜𝑖𝑛 of 

two graphs 𝐺1  and 𝐺2 , denoted by 𝐺1 ∨ 𝐺2 , is a graph with vertex set 𝑉(𝐺1) ∪ 𝑉(𝐺2) and the edge set given by 𝐸(𝐺1) +
𝐸(𝐺2) ∪ { 𝑢𝑣 | 𝑢 ∈ 𝑉(𝐺1) 𝑎𝑛𝑑 𝑣 ∈ 𝑉(𝐺2)}.  A graph 𝐺 is called a bi-star if it can be constructed from 𝐾2 by touching 𝑚 

edges in one vertex and 𝑛 in the another vertex, denoted by 𝐵(𝑚,𝑛). 

Suppose 𝑑(𝐺, 𝑖) denotes the number of dominating sets of 𝐺 of cardinality 𝑖, then the domination polynomial of a 

graph 𝐺 is denoted by 𝐷(𝐺, 𝑥) and is defined by  

𝐷(𝐺, 𝑥) = ∑𝑖=𝛾(𝐺)
|𝑉(𝐺)|

 𝑑(𝐺, 𝑖)𝑥𝑖 

where 𝛾(𝐺) denotes the domination number of 𝐺. 

https://www.ijmttjournal.org/archive/ijmtt-v67i4p515
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II. PERFECT DOMINATION POLYNOMIAL 

 Suppose 𝐷𝑝(𝐺, 𝑖) denotes the family of perfect dominating sets of a graph 𝐺 with cardinality 𝑖 and let 𝑑𝑝(𝐺, 𝑖) =

|𝐷𝑝(𝐺, 𝑖)|. Then the perfect domination polynomial 𝐷𝑝(𝐺, 𝑥) of 𝐺 is defined as: 

𝐷𝑝(𝐺, 𝑥) = ∑𝑖=𝛾𝑝(𝐺)
|𝑉(𝐺)|

 𝑑𝑝(𝐺, 𝑖)𝑥
𝑖
. 

where 𝛾𝑝(𝐺) denotes the perfect domination number of 𝐺. The set of all roots of the perfect domination polynomial of 𝐺 is 

denoted by 𝑍 (𝐷𝑝(𝐺, 𝑥)). 

Observations: Let 𝐺 be any graph connected graph of order 𝑛, then 

1. 𝑑𝑝(𝐺, 𝑖) = {
0        𝑖𝑓  𝑖 < 𝛾𝑝(𝐺) or  𝑛 < 𝑖

 1         𝑖𝑓   𝑖 = 𝑛                          
 

2. 𝐷𝑝(𝐺, 𝑥) is monotonically increasing function.  

3. Zero is always a root of 𝐷𝑝(𝐺, 𝑥) of multiplicity 𝛾𝑝(𝐺). Further 𝑍 (𝐷𝑝(𝐺, 𝑥)) = {0} if 𝐺 is totally disconnected. 

4. For any graph 𝐺, we have  0 < |𝑍 (𝐷𝑝(𝐺, 𝑥))| < 𝑛. Second equality holds if all the roots 𝐷𝑝(𝐺, 𝑥) are distinct. 

 

Figure 1: Graph on 6 vertices 

 

Example: Let 𝐺 be a graph as shown in the Figure 1. Then 𝐺 has 2 perfect dominating sets of size 2. 𝑖. 𝑒., 𝑑𝑝(𝐺, 2) = 2. But 

there exists no perfect dominating set of size 3. Also there exists 1, 2 perfect dominating sets of size 4, 5 respectively. It Is 

trivial that 𝑑𝑝(𝐺, 6) = 1. Therefore, the perfect domination polynomial of 𝐺 is then 𝐷𝑝(𝐺, 𝑥) = 2𝑥
2 + 𝑥4 + 2𝑥5 + 𝑥6. 

 

Proposition:  For any path 𝑃𝑛, we have 

𝛾𝑝(𝑃𝑛) =

{
 
 

 
       

𝑛

2
              𝑖𝑓 𝑛 ≡ 1 (𝑚𝑜𝑑 3);

   
𝑛 + 2

2
          𝑖𝑓 𝑛 ≡ 2 (𝑚𝑜𝑑 3);

    
𝑛 + 1

2
          𝑖𝑓 𝑛 ≡ 3 (𝑚𝑜𝑑 3)

 

 

Proposition: Let 𝐺 be any graph of order 𝑛. Then 𝐷𝑝(𝐺, 𝑥) = 𝑛𝑥 + 𝑥
𝑛 if and only if 𝐺 is a complete graph. 

Proof: Let 𝐺 be any graph of order 𝑛. Assume that 𝐷𝑝(𝐺, 𝑥) = 𝑛𝑥 + 𝑥
𝑛. Then 𝐺 has 𝑛 dominating sets of cardinality one 

implying that each vertex in 𝐺 constitutes a perfect dominating set and hence 𝐺 must be connected and each vertex is 

adjacent to every vertex in 𝐺. Therefore, 𝐺 will be a complete graph of order 𝑛. Converse is obvious. 

 

Proposition: Let 𝐺 ≅ 𝐾1,𝑛−1 be a star graph of order 𝑛. Then 𝐷𝑝(𝐺, 𝑥) = 𝑥(1 + 𝑥)
𝑛−1. 

Proof: Let 𝐺 ≅ 𝐾1,𝑛−1 be a star and let the vertex set be 𝑉(𝐾1,𝑛−1) = {𝑣1, 𝑣2,… 𝑣𝑛}, where 𝑣𝑛 is the support vertex of 𝐺. 
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Then, 𝑆 = {𝑣𝑛} is a unique perfect dominating set in 𝐺 and so 𝑑𝑝(𝐺, 1) = 1. Next, to obtain the perfect dominating set of 

cardinality 𝑖 , ( 2 ≤  𝑖 ≤ 𝑛), we proceed as follows. Fix the vertex 𝑣𝑛 and the select 𝑖 − 1 vertices from 𝑛 − 1 pendant 

vertices. Then {𝑣𝑛 , 𝑣1, 𝑣2, … , 𝑣𝑖} will be the perfect dominating set of size 𝑖. Clearly, number of perfect dominating sets of 

size 𝑖 will be (𝑛−1
𝑖−1
). Therefore, 𝐷𝑝(𝐺, 𝑥) = ∑ (𝑛−1

𝑖−1
)𝑛−1

𝑖=1 𝑥𝑖 = 𝑥(1 + 𝑥)𝑛−1. 

 

Proposition: Let 𝐺 ≅ 𝐾𝑚(𝑎1, 𝑎2, … , 𝑎𝑚) be a multi-star graph of order 𝑁. Then 𝐷𝑝(𝐺, 𝑥) = 𝑥
𝑚(1 + 𝑥)𝑁−𝑚. 

Proof: Let 𝐺 ≅ 𝐾𝑚(𝑎1, 𝑎2, … , 𝑎𝑚) be a multi-star graph of order 𝑁. Clearly 𝑁 = 𝑎1 + 𝑎2 +⋯+ 𝑎𝑛 +𝑚. The set of all 

support vertices of the stars forms a perfect dominating set of minimum cardinality and so 𝛾𝑝(𝐺) = 𝑚. Since, there is only 

one such set, it follows that 𝑑𝑝(𝐺, 𝑚) = 1. The 𝛾𝑝 −set in 𝐺 can be extended to perfect dominating set of cardinality 𝑚+ 𝑘, 

where 1 ≤ 𝑘 ≤ 𝑁 −𝑚 by choosing 𝑘 vertices among the 𝑁 −𝑚 pendant vertices. Hence, the co-efficient of 𝑥𝑘  will be 

(𝑁−𝑚
𝑘
) and so 𝐷𝑝(𝐺, 𝑥) = 𝑥

𝑚(1 + 𝑥)𝑁−𝑚. 

 

Corollary: Let 𝐺 ≅ 𝐵(𝑚, 𝑛) be a bi-star graph with 𝑚+ 𝑛 + 2 vertices. Then 𝐷𝑝(𝐺, 𝑥) = 𝑥
2(1 + 𝑥)𝑚+𝑛 . 

Proposition: Let 𝐺 ≅ 𝐾𝑚,𝑛 be a complete bipartite graph with 𝑚 ≤ 𝑛. Then 𝐷𝑝(𝐺, 𝑥) = {
   2𝑥 + 𝑥2                 𝑖𝑓   𝑚 = 𝑛 = 1

𝑚𝑥2 + 𝑥𝑚+𝑛        𝑖𝑓   𝑚, 𝑛 ≥ 2
. 

Proof: Let 𝐺 = (𝑉1, 𝑉2, 𝐸) be a complete bipartite graph with |𝑉1| = 𝑚 and |𝑉2| = 𝑛 and assume that 2 ≤ 𝑚 ≤ 𝑛. Any pair 
(𝑢, 𝑣) of vertices taken from each of 𝑉1 and 𝑉2 respectively, constitutes a perfect dominating set of size 2. As the pair of 

vertices taken from the same set will not be a dominating set, there are exactly 𝑚 dominating sets of cardinality two. 

𝑖. 𝑒. , 𝑑𝑝(𝐺, 2) = 2 and it is trivial that 𝑑𝑝(𝐺,𝑚 + 𝑛) = 1. Further, 𝐺 contains no perfect dominating set of cardinality 𝑖, 3 ≤

𝑖 ≤ 𝑚 + 𝑛 − 1, since any dominating set having at least two vertices from 𝑉1 or 𝑉2 fails to be a perfect dominating set. 

Therefore, 𝐷𝑝(𝐺, 𝑥) = 𝑚𝑥
2 + 𝑥𝑚+𝑛 . 

 

Proposition: Let 𝐺 ≅ 𝐾𝑚1 ,𝑚2,…,𝑚𝑟
 be a complete multipartite graph with 𝑚1 ≤ 𝑚2 ≤ ⋯ ≤ 𝑚𝑟 and 𝑟 ≥ 3. Then 𝐷𝑝(𝐺, 𝑥) =

 𝑘𝑥 + 𝑥𝑚1+𝑚2+⋯+ 𝑚𝑟 , where 𝑘 is the smallest integer such that 𝑚𝑘+1 ≥ 2. 

Proof: Let 𝐺 ≅ 𝐾𝑚1,𝑚2,…,𝑚𝑟
 be a complete multipartite graph with 𝑚1 ≤ 𝑚2 ≤ ⋯ ≤ 𝑚𝑟 and let {𝑉𝑚1

, 𝑉𝑚2
, … , 𝑉𝑚𝑟

} be the 

partition of the vertex set of 𝐺. Suppose 𝑘 is the smallest integer such that 𝑚𝑘+1 ≥ 2. Then, for 1 ≤ 𝑖 ≤ 𝑘, the partite set 

𝑉𝑚𝑖
= {𝑣𝑚𝑖

} itself a perfect dominating set of 𝐺. Therefore 𝐺 contains 𝑘 number of perfect dominating sets each of 

cardinality one and so 𝑑𝑝(𝐺, 1) = 𝑘. Further, let {𝑢, 𝑣} be any arbitrary pair of vertices in 𝐺. If 𝑢, 𝑣 are taken from same set 

𝑉𝑖, then for any vertex 𝑤 ∈ 𝑉𝑗  with 𝑖 ≠ 𝑗, 𝑤 will be adjacent to both 𝑢 and 𝑣. Thus 𝑢, 𝑣 ∉ 𝑉𝑖 for any 𝑖. Next, suppose 𝑖 ≠ 𝑗 

and assume 𝑢 ∈ 𝑉𝑖 and 𝑣 ∈ 𝑉𝑗  respectively. Since 𝑟 ≥ 3, as in the previous case, we may find a vertex 𝑤 adjacent to both 

𝑢, 𝑣. This argument shows that 𝐺 cannot have any perfect dominating set of size 𝑖 where 2 ≤ 𝑖 ≤ 𝑚1 +𝑚2 +⋯+ 𝑚𝑟 − 1. 

Therefore, 𝐷𝑝(𝐺, 𝑥) = 𝑘𝑥 + 𝑥
𝑚1+𝑚2+⋯+𝑚𝑟 , where 𝑘 is the smallest integer such that 𝑚𝑘+1 ≥ 2. 

 

Corollary: Let 𝐺 ≅ 𝐾𝑚1,𝑚2,…,𝑚𝑟
 be a complete multipartite graph with 2 ≤ 𝑚1 ≤ 𝑚2 ≤ ⋯ ≤ 𝑚𝑟. Then 𝐷𝑝(𝐺, 𝑥) =

𝑥𝑚1+𝑚2+⋯+𝑚𝑟. 

Corollary: Let 𝐺 be any graph of order 𝑛. Then 𝐷𝑝(𝐺, 𝑥) = 𝑥
𝑛  if and only if 𝐺 is either totally disconnected or complete 

𝑟 −partite graph with 𝑟 ≥ 3. 

 

Theorem: Let 𝐺 be a disconnected graph with components 𝐺1, 𝐺2, … , 𝐺𝑚. Then 𝐷𝑝(𝐺, 𝑥) = ∏𝑖=1
𝑚 𝐷𝑝(𝐺𝑖 , 𝑥). 

Proof: We prove this by using mathematical induction on 𝑚. The result is trivial if 𝑚 = 1. Suppose 𝑚 = 2 and 𝐺 = 𝐺1 ∪ 𝐺2 . 

For any integer 𝑟 > 𝛾𝑝(𝐺), a perfect dominating set of size 𝑟 arises by choosing a perfect dominating set of size 𝑠 in 𝐺1  and a 

perfect dominating set of size 𝑟 − 𝑠 in 𝐺2 . Then, the co-efficient of 𝑥𝑟  in 𝐷𝑝(𝐺1, 𝑥)𝐷𝑝(𝐺2, 𝑥) will be precisely the number of 

ways of choosing perfect dominating of size 𝑠 which varies from 𝛾𝑝(𝐺1) to |𝑉(𝐺1)|. Thus, both side of the equation have 

same co-efficient, which proves that the polynomials are identical.  

Finally, Suppose the result is true for 𝑚− 1. Then by induction hypothesis and the case 𝑚 = 2, the result follows for 𝑚. 

 

Corollary: Let 𝐺1  and 𝐺2  be any two graphs. Then 𝐷𝑝(𝐺1 ∪ 𝐺2 , 𝑥) = 𝐷𝑝(𝐺1, 𝑥)𝐷𝑝(𝐺2, 𝑥). 
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Lemma: Let 𝐺1  and 𝐺2  be any two graphs. Then 𝛾𝑝(𝐺1 ∨ 𝐺2) < 𝑛 if and only if 𝐺1  and 𝐺2  are either totally disconnected or 

𝛾(𝐺𝑖) = 1 for some 𝑖. 

 

Proposition: Let 𝐺1  and 𝐺2  be any two connected graphs of order 𝑛1, 𝑛2 respectively. Then  

𝛾𝑝(𝐺1 ∨ 𝐺2) =  {

         𝑥 + 𝑥𝑛1+𝑛2               𝑖𝑓  𝛾𝑝(𝐺1) = 1 𝑜𝑟 𝛾𝑝(𝐺2) = 1

2𝑥 + 𝑥𝑛1+𝑛2             𝑖𝑓   𝛾𝑝(𝐺1) = 𝛾𝑝(𝐺2) = 1

        𝑥𝑛1+𝑛2                    𝑖𝑓   𝛾𝑝(𝐺1), 𝛾𝑝(𝐺2) ≥ 2

 

Proof: Let 𝐺1  and 𝐺2  be any two connected graphs of order 𝑛1, 𝑛2 respectively. First, suppose 𝛾𝑝(𝐺1) = 1 or 𝛾𝑝(𝐺2) = 1. 

For definiteness, assume 𝛾𝑝(𝐺1) = 1. Then 𝛾𝑝 −set of 𝐺1 is also 𝛾𝑝 −set of 𝐺1 ∨ 𝐺2. Hence, 𝑑𝑝(𝐺1 ∨ 𝐺2 , 1) = 1. Let (𝑢, 𝑣) 

be any pair of vertices in 𝐺1 ∨ 𝐺2. As the graphs 𝐺1  and 𝐺2  are connected, there is at least one vertex 𝑤 adjacent to both 𝑢 

and 𝑣. Thus, 𝐺1 ∨ 𝐺2 contains no perfect dominating set of size 𝑖, 2 ≤ 𝑖 ≤ 𝑛 − 1. Hence 𝑑𝑝(𝐺1 ∨ 𝐺2 , 𝑖) = 0 for 𝑖 =

2, 3, … , 𝑛 − 1. Therefore 𝐷𝑝(𝐺1 ∨ 𝐺2 , 𝑥) = 𝑥 + 𝑥
𝑛1+𝑛2. Similarly, if 𝛾𝑝(𝐺1) = 𝛾𝑝(𝐺2) = 1, then 𝐺1 ∨ 𝐺2  contains two perfect 

dominating sets of size one. Therefore, 𝐷𝑝(𝐺1 ∨ 𝐺2 , 𝑥) = 2𝑥 + 𝑥
𝑛1+𝑛2. Finally, suppose 𝛾𝑝(𝐺1), 𝛾𝑝(𝐺2) ≥ 2. Then 𝐺1 ∨ 𝐺2 

contains no perfect dominating sets of size less than 𝑛. 𝑖. 𝑒, 𝑑𝑝(𝐺, 𝑖) = 0 for 1 ≤ 𝑖 ≤ 𝑛 − 1. Hence, 𝐷𝑝(𝐺1 ∨ 𝐺2) = 𝑥
𝑛1+𝑛2 . 

 

Corollary: Let 𝐺 ≅ 𝑊1,𝑛 be a wheel graph with 𝑛 ≥ 4 vertices. Then 𝐷𝑝(𝐺, 𝑥) = 𝑥 + 𝑥
𝑛. 

Proof: Let 𝐺 ≅ 𝑊1,𝑛 be a wheel graph. Then 𝐺 ≅ 𝐾1 + 𝐶𝑛−1. Since 𝛾𝑝(𝐾1) = 1, from the above theorem, it follows that 

𝐷𝑝(𝐺, 𝑥) = 𝑥 + 𝑥
𝑛. 

Graphs with 𝒁(𝑫𝒑(𝑮, 𝒙)) = {𝟎}.  

In this section, we the consider the class of graphs having unique root. Since, zero is always a root of 𝐷𝑝(𝐺, 𝑥) of 

multiplicity 𝛾𝑝, we study the graphs without non-zero roots. Clearly, if 𝐺 is totally disconnected, then 𝑍 (𝐷𝑝(𝐺, 𝑥)) = {0}. It 

is obvious that 𝑍 (𝐷𝑝(𝐺, 𝑥)) = {0} if only if 𝐺 contains no dominating sets of different cardinalities.  

Proposoition: Suppose 𝐺 ≅ 𝑃𝑛 ∘ 𝐾1, then 𝑍 (𝐷𝑝(𝐺, 𝑥)) = {0}. 

Proof: Suppose 𝐺 ≅ 𝑃𝑛 ∘ 𝐾1. Then 𝑉(𝑃𝑛) and its complement are the only perfect dominating sets of 𝐺, each of cardinality 𝑛. 

Thus, 𝐷𝑝(𝐺, 𝑥) = 2𝑥
𝑛. 

 

Proposition:  

1. Let 𝐺 be a complete graph of order 𝑛. Then 𝐷𝑝(𝐺,−1) =  {
    1 − 𝑛,         𝑖𝑓  𝑛   𝑒𝑣𝑒𝑛;
−1 − 𝑛,       𝑖𝑓   𝑛   𝑜𝑑𝑑

  

2.  If 𝐺 is either a star or a bi-star, then 𝐷𝑝(𝐺, −1) = 0. In fact 𝐷𝑝(𝐺, −1) = 0 for any multi-star graph. 
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