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Abstract

In this paper, we investigate the results on Integer Labeling for

union of Triangular graph, double Triangular graph, Quadrilat-

eral graph, Double Quadrilateral graph and few more graphs with

a cyclic graph.
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1 Introduction

The graph we have considered here is a finite undirected, simple

graph with the vertex set V (G) and edge set E(G). Sources
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of all details in this paper are ”The dynamic survey of graph

Labeling by “by Gallian and Harray’s ”Graph Theory“and V.L.

Stella Arputha Mary and N. Nandhini’s ”Integer root Labeling“.

In this paper, We investigate the results on Integer Labeling for

union of Triangular graph, Double Triangular graph, Quadilateral

graph, Double Quadrilateral graph and few more graph with a

cycle graph.

Definition 1.1

A walk in which v1, v2, . . . , vn are distinct is called a Path. A

path on n vertices is denoted by Pn.

Definition 1.2

A closed path is called a cycle.

Definition 1.3 A Triangular Snake Tn is obtained from a path

u1, u2, . . . , un by joining ui and ui+1 to a new vertex vi for

1 ≤ i ≤ n − 1. That is every edge of a path is replaced by

a Triangle C3.

Definition 1.4 A Quatrilateral Snake Qn is obtained from a

path u1, u2, . . . , un by joining ui and ui+1 to a new vertex vi and

wi respectively and It is found joining vi and wi. That is every

edge of a path is replaced by a cycle C4.
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Definition 1.5 A Double Triangular Snake D(Tn) consists of

Two Triangular Snakes that have a common path.

Definition 1.6 A Double Quadrilateral Snake D(Qn) consists

of two Quadrilateral snakes that have common path.

Definition 1.7 A graph that is not connected is disconnected.

A graph G is said to be disconnected if there exist two nodes in

G such that no path in G has those nodes as endpoints. A graph

with just one vertex is connected. An edgeless graph with two

(or) more vertices is disconnected.

2 Main results

Definition 2.1

A graph G = (V, E) with p vertices and q edges is called an

Integer graph if there exists a function g : V → {1, 2, . . . , q + 1}

which is possible to label all vertices v ∈ V with distinct elements

from the range such that it induces an edge Labeling

g∗ : E → {1, 2, . . . , q}

defined as

g∗(uv) =

⌈
√

(f(u))2 + (f(v))2 + f(u)f(v)

3

⌉

3
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Or
⌈
√

(f(u))2 + (f(v))2 + f(u)f(v)

3

⌉

is distinct for all uv ∈ E.

Theorem 2.2

Pm ∪ Pn is an Integer graph.

Proof. Let Pm and Pn be two paths u1, u2, . . . , um and

v1, v2, . . . , vn respectively.

Let g be a function such that g : V (Pm∪Pn) → {1, 2, 3, . . . , q+1}

defined by

g(ui) = i; 1 ≤ i ≤ m

g(vi) = m + i; 1 ≤ i ≤ n

We find the edges to be labeled with

g∗(uiui+1) = i; 1 ≤ i ≤ m

g∗(vivi+1) = m + i; 1 ≤ i ≤ n

and are all distinct. Thus Pm∪Pn is an Integer graph as it admits

Integer Labeling 2

Example 2.3

4
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Figure 1: P5 ∪ P4

Theorem 2.4 Cm∪Pn is an Integer graph for m ≥ 3 and n > 1.

Proof. Let Cm be the cycle u1, u2, . . . , um, u1 and Pn be a path

v1, v2, . . . , vn where m ≥ 3 and n > 1.

Let g be a function such that g : V (Cm∪Pn) → {1, 2, 3, . . . , q+1}

be defined by

g(ui) = i; 1 ≤ i ≤ m

g(vi) = m + i; 1 ≤ i ≤ n

Then we find the edges to be Labeled with

g∗(uiui+1) = i for i = 1, 2

g∗(uiui+1) = i + 1 for 1 ≤ i ≤ m; i = 3, 4, . . . , m − 1

g∗(umu1) = 3

Edges of Pn are labeled by {m + 1, m + 2, . . . , 4m + n − 1}.

Hence Cm ∪ Pn is an Integer graph if m ≥ 3 and n > 1 2

5
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Figure 2: C5 ∪ P4

Theorem 2.6 Cm ∪ (Pn ⊙ K1) is an Integer graph for m ≥ 3

and n > 1

Proof. Let Cm be the cycle u1, u2, . . . , um, u1.

Let Pn ⊙ K1 be a graph obtained from a path v1, v2, . . . , vn by

joining the vertices vi to pendent vertices wi respectively

Define a function g : V (Cm ∪ (Pn ⊙ K1)) → {1, 2, 3, . . . , q + 1}

by

g(ui) = i; 1 ≤ i ≤ m

g(vj) = m + 2j − 1; 1 ≤ j ≤ n

g(wj) = m + 2j; 1 ≤ j ≤ n

We get distinct edge labels for Cm.

Edges of Pn⊙K1 are Labeled by {m+1, m+2, . . . , m+2n−1}.

6
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Hence Cm ∪ (Pn ⊙ K1) is an Integer graph as it satisfies Integer

Labeling. 2

Example 2.7
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Figure 3: C4 ∪ (P5 ⊙ K1)

Theorem 2.8 Cm∪Ln is an Integer graph for m ≥ 3 and n > 1

Proof. Let Cm be the cycle u1, u2, . . . , um, u1.

Let Ln be a ladder formed by connecting two paths v1, v2, . . . , vn

and w1, w2, . . . , wn

Define a function g : V (Cm ∪ Ln) → {1, 2, 3, . . . , q + 1} by

g(ui) = i; 1 ≤ i ≤ m

g(vj) = m + (3j − 2); 1 ≤ j ≤ n

g(wj) = m + (3j − 1); 1 ≤ i ≤ n

7
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We get distinct edge labels for Cn and edges of Ln are labeled by

{m + 1, m + 2, . . . , m + 3, n − 2}.

Hence Cm∪Ln admits Integer labeling and it is an Integer graph

if m ≥ 3 and n > 1

g∗(wiwi+1) = m + 3i − 1; 1 ≤ i ≤ n − 1

g∗(viwi+1) = m + 3i; 1 ≤ i ≤ n − 1

g∗(wivi) = m + 3i − 2; 1 ≤ i ≤ n − 1

We find all edge label to be distinct. Hence Cm∪Ln is an Integer

graph. 2

Example 2.9
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Figure 4: C4 ∪ L5

Theorem 2.10

Cm ∪ Tn is an Integer graph

8

ssrg 3
Text Box
15

ssrg 3
Text Box
                                                                             S.Kavitha & Dr.V.L.Stella Arputha Mary / IJMTT, 67(5), 8-26, 2021



Proof.

Let G = Cm ∪ Tn be a graph.

Let Cm = u1, u2, . . . , um, u1 be a cycle .

Let w1, w2, . . . , wm be the path Pn

Let Tn be the triangular snake obtained from the path Pn by

joining wi and w(i + 1) to a new vertex vi; 1 ≤ i ≤ n − 1

A function g : V (G) → {1, 2, 3, . . . , q + 1} is defined by

g(ui) = i; 1 ≤ i ≤ m

g(w(i)) = m + 3i − 2; 1 ≤ i ≤ n

g(vi) = m + 3i − 1; 1 ≤ i ≤ n − 1

Edges are labeled using Integer labeling as

g∗(wiwi+1) = m + 3i − 1; 1 ≤ i ≤ n − 1

g∗(viwi+1) = m + 3i; 1 ≤ i ≤ n − 1

g∗(wivi) = m + 3i − 2; 1 ≤ i ≤ n − 1

We find all edges labels to be distinct.

Hence Cm ∪ Tn is an Integer graph

2

Example 2.11
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Figure 5: C5 ∪ P5

Theorem 2.12 Cm ∪ Qn is an Integer graph.

Proof. Let Cm ∪ Qn be a graph G.

Cm = u1, u2, . . . , um, u1 be a cycle .

Let Pn = v1, v2, . . . , vn be a path

A Quadrilateral snack Qn is obtained by joining vi and vi+1 to

new vertices Si and ti; 1 ≤ i ≤ n − 1 respectively and also by

joining Si andti.

A function g : V (G) → {1, 2, 3, . . . , q + 1} is defined by

g(ui) = i; 1 ≤ i ≤ m

g(v(i)) = m + 4i − 3; 1 ≤ i ≤ n

g(si) = m + 4i − 2; 1 ≤ i ≤ n − 1

g(ti) = m + 4i − 1; 1 ≤ i ≤ n − 1

Using the Integer Labeling the edges are Labeled as

g∗(uiui+1) = i; 1 ≤ i ≤ m − 1

10
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g∗(umu1) = 3

g∗(v(i)vi+1) = m + 4i − 1; 1 ≤ i ≤ n − 1

g∗(tivi+1) = m + 4i; 1 ≤ i ≤ n − 1

g∗(visi) = m + 4i − 3; 1 ≤ i ≤ n − 1

g∗(siti) = m + 4i − 2; 1 ≤ i ≤ n − 1

Edge labels are found to be distinct.

Thus Cm ∪ Qn is an Integer graph 2

Example 2.13
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Figure 6: C5 ∪ Q4

Theorem 2.14 Cm ⊙ D(Tn) is an Integer graph.

Proof.

Let G = Cm⊙D(Tn) be a graph with the cycle u1, u2, . . . , um, u1

and Double Triangular snack D(Tn) is obtained from the path

11
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Pn = v1, v2, . . . , vn by joing vi and vi+1 to new vertexs Si and

ti; 1 ≤ i ≤ n

Let the function g : V (G) → {1, 2, 3, . . . , q + 1} be defined by

g(ui) = i; 1 ≤ i ≤ m

g(vi) = m + 5i − 4; 1 ≤ i ≤ n

g(si) = m + 5i − 3; 1 ≤ i ≤ n

g(ti) = m + 5i − 1; 1 ≤ i ≤ n

Edges are Labeled using Integer labeling as,

g∗(uiui+1) = i; 1 ≤ i ≤ m − 1

g∗(visi) = m + 5i − 4; 1 ≤ i ≤ n

g∗(umu1) = 3

g∗(sivi+1) = m + 5i − 1; 1 ≤ i ≤ n − 1

g∗(vivi+1) = m + 5i − 2; 1 ≤ i ≤ n − 1

g∗(visi) = m + 5i − 4; 1 ≤ i ≤ n − 1

g∗(viti) = m + 5i − 3; 1 ≤ i ≤ n − 1

g∗(vi+1ti) = m + 5i; 1 ≤ i ≤ n − 1

Edge label are all distinct.

Hence Cm ⊙ D(Tn) is an Integer graph. 2

Example 2.15
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Figure 7: C5 ⊙ D(T4)

Theorem 2.16 Cm ⊙ D(Qn) is an Integer graph

Proof. Let G = Cm⊙D(Qn) be a graph where Cm is the cycle

u1, u2, . . . , um, u1 and Let vi, wi, ri, si, ti be the vertices of D(Qn)

Let g : V (G) → {1, 2, 3, . . . , q + 1} be defined by

g(ui) = i; 1 ≤ i ≤ m

g(vi) = m + 7i − 6; 1 ≤ i ≤ n

g(wi) = m + 7i − 5; 1 ≤ i ≤ n − 1

g(ri) = m + 7i − 2; 1 ≤ i ≤ n − 1

g(si) = m + 7i − 4; 1 ≤ i ≤ n − 1

g(ti) = m + 7i; 1 ≤ i ≤ n − 1

Now the edge labels are given by

g∗(uiui+1) = i; 1 ≤ i ≤ m − 1

13
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g∗(umu1) = 3

g∗(sivi+1) = m + 7i − 2; 1 ≤ i ≤ n − 1

g∗(vi+1vi) = m + 7i − 3; 1 ≤ i ≤ n − 1

g∗(wivi) = m + 7i − 6; 1 ≤ i ≤ n − 1

g∗(viri) = m + 7i; 1 ≤ i ≤ n − 1

g∗(vi+1ti) = m + 7i; 1 ≤ i ≤ n − 1

g∗(wisi) = m + 7i − 5; 1 ≤ i ≤ n − 1

g∗(tixi) = m + 7i − 1; 1 ≤ i ≤ n − 1

Edge labels are all distinct.

Hence Cm ⊙ D(Qn) is an Integer graph 2

Example 2.17
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Theorem 2.18 Cm ∪ (Tn ⊙ K1) is an Integer graph

Proof. Let Cm ∪ (Tn ⊙ K1) be a graph G, where Cm is the

Cycle u1, u2, . . . , um, u1.

Let v1, v2, . . . , vn be a path. Let ri, 1 ≤ i ≤ n − 1 be the new

vertex joining vi and vi+1.

Let Si be the vertex joined to vi; 1 ≤ i ≤ n

Let ti be the vertex joined to vi; 1 ≤ i ≤ n − 1

Define a function g : V (G) → {1, 2, 3, . . . , q + 1} by

g(vi) = i; 1 ≤ i ≤ m

g(vi) = m + 5i − 3; 1 ≤ i ≤ n

g(ri) = m + 5i − 2; 1 ≤ i ≤ n − 1

g(si) = m + 5i − 4; 1 ≤ i ≤ n

f(ti) = m + 5i − 1; 1 ≤ i ≤ n − 1

Now the edge labels are

g∗(uiui+1) = i; 1 ≤ i ≤ m − 1

g∗(umu1) = 3

g∗(vivi+1) = m + 5i − 1; 1 ≤ i ≤ n − 1

g∗(vivi+1) = m + 5i − 1; 1 ≤ i ≤ n − 1

15
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g∗(visi) = m + 5i − 4; 1 ≤ i ≤ n

g∗(viri) = m + 5i − 3; 1 ≤ i ≤ n − 1

g∗(riti) = m + 5i − 2; 1 ≤ i ≤ n − 1

Each edge label distinct. Hence Cm ∪ (Tn ⊙ K1) is an Integer

graph . 2

Example 2.19
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Figure 9: C5 ∪ (T4 ⊙ K1)

Theorem 2.20 Cm ∪ (Qn ⊙ K1) is an Integer graph .

Proof. Let G = Cm ∪ (Qn ⊙ K1)

Let Cm be the cycle u1, u2, . . . , um, u1

Let v1, v2, . . . , vn be a path .

Let wi and si be two vertices joined to vi and vi+1 respectively

16
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Let xi be the vertex joined to vi; 1 ≤ i ≤ n

Let yi be the new vertex joined to wi; 1 ≤ i ≤ n − 1

Let ti be the new vertex joined to si; 1 ≤ i ≤ n − 1

Define a function g∗ : V (G) → {1, 2, 3, . . . , q + 1} by

g(ui) = i; 1 ≤ i ≤ m

g(vi) = m + 7i − 6; 1 ≤ i ≤ n

g(xi) = m + 7i − 5; 1 ≤ i ≤ n

g(yi) = m + 7i − 3; 1 ≤ i ≤ n − 1

g(vi) = m + 7i − 6; 1 ≤ i ≤ n

g(wi) = m + 7i − 4; 1 ≤ i ≤ n − 1

g(ti) = m + 7i − 1; 1 ≤ i ≤ n − 1

g(si) = m + 7i; 1 ≤ i ≤ n − 1

Now the edge labels are given by

g∗(uiui+1) = i; 1 ≤ i ≤ n − 1

g∗(umui) = 3

g∗(wivi) = m + 7i − 5; 1 ≤ i ≤ n − 1

g∗(vivi+1) = m + 7i − 3; 1 ≤ i ≤ n − 1

g∗(vi+1si) = m + 7i; 1 ≤ i ≤ n − 1
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g∗(wisi) = m + 7i − 2; 1 ≤ i ≤ n − 1

g∗(vixi) = m + 7i − 6; 1 ≤ i ≤ n − 1

g∗(wiyi) = m + 7i − 4; 1 ≤ i ≤ n − 1

g∗(siti) = m + 7i − 1; 1 ≤ i ≤ n − 1

All edges are Labeled distinctly. Hence Cm ∪ (Qn ⊙ K1) is an

Integer graph. 2

Example 2.21
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