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Abstract - In this paper, we introduce two new subclasses of meromorphic and bi-univalent functions defined by Al-Oboudi 

differential operator on △= {𝑧 ∈ ℂ: 1 < |𝑧| < ∞}.  Also we obtain bounds of coefficients |𝑏0|  and |𝑏1|  for functions in this 

subclasses.  
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I. INTRODUCTION  

Let Σ be the class of functions 𝑓 of the form  

 𝑓(𝑧) = 𝑧 + ∑∞
𝑙=0

𝑏𝑙

𝑧𝑙  , (1) 

which are meromorphic univalent in the domain △= {𝑧 ∈ ℂ: 1 < |𝑧| < ∞}. Since every function 𝑓 belong to Σ has an inverse 

function 𝑓−1 exist. Inverse function satisfies conditions:  

 𝑓−1(𝑓(𝑧)) = 𝑧, (𝑧 ∈△), 
 and  

 𝑓(𝑓−1(𝑤)) = 𝑤, 𝑤 ∈△    (𝑀 < |𝑤| < ∞, 𝑀 > 0), 
 where  

 𝑓−1(𝑤) = 𝑞(𝑤) = 𝑤 − 𝑏0 −
𝑏1

𝑤
−

𝑏2+𝑏0 𝑏1

𝑤2 −
𝑏3+2𝑏0𝑏2+𝑏0

2𝑏1+𝑏1
2

𝑤3 + ⋯. (2) 

 If 𝑓 and 𝑓−1are meromorphic univalent in △ then 𝑓 ∈ Σ is said to be meromorphic bi-univalent in △. The class of 

meromorphic bi-univalent functions of the form  (1) in △ is denoted by Σ𝑀. 

 Recently, several researcher has been studied various subclasses of meromorphic univalent functions and estimates the bounds 

of coefficients of meromorphic univalent functions and inverse of meromorphic univalent functions in △ ([2], [3], [5], [9], [10], 

[11]). 

Let 𝒜 be the class of functions ℎ of the form  

 ℎ(𝑧) = 𝑧 + ∑∞
𝑙=2 𝑎𝑙𝑧𝑙 (3) 

which are analytic in the open unit disc 𝕌 = {𝑧 ∈ ℂ: |𝑧| < 1}.  

 Now, Al-Oboudi [1] introduced the Al-Oboudi operator 𝐷𝛿
𝑘 : 𝒜 → 𝒜 and defined as  

𝐷𝑘ℎ(𝑧) = 𝐷𝛿
𝑘ℎ(𝑧) = 𝑧 + ∑∞

𝑙=2 [1 + (𝑙 − 1)𝛿]𝑘𝑎𝑙𝑧
𝑙 ,    𝑘 ∈ ℕ0 = ℕ ∪ {0}, 𝛿 ≥ 0, where ℎ ∈ 𝒜 of the form (3). 

Amol Patil et.al. [7] extend the Al-Oboudi operator 𝐷𝛿
𝑘 : Σ → Σ and defined as  

 𝐷𝑘𝑓(𝑧) = 𝐷𝛿
𝑘𝑓(𝑧) = 𝑧 + (1 − 𝛿)𝑘𝑏0 + ∑∞

𝑙=1 [1 − (𝑙 + 1)𝛿]𝑘𝑏𝑙𝑧
−𝑙 ,    𝑘 ∈ ℕ0 = ℕ ∪ {0}, 𝛿 > 1, 

where 𝑓 ∈ Σ of the form (1). 

In 2014, H. Orhan et.al. [6] define the subclass Σ𝑀
∗ (𝜇, 𝜆, 𝛽) consisting of meromorphic functions 𝑓(𝑧) of the form (1) 

satisfies the following conditions:  

 𝑓 ∈ Σ𝑀 , ℜ [(1 − 𝜆) (
𝑓(𝑧)

𝑧
)

𝜇

+ 𝜆𝑓′(𝑧) (
𝑓(𝑧)

𝑧
)

𝜇−1

] > 𝛽    (𝑧 ∈△), 

 and  

 ℜ [(1 − 𝜆) (
𝑞(𝑤)

𝑤
)

𝜇

+ 𝜆𝑞′(𝑤) (
𝑞(𝑤)

𝑤
)

𝜇−1

] > 𝛽    (𝑤 ∈△), 

 where 𝜆 ≥ 1, 𝜆 > 𝜇, 𝜇 ≥ 0 , 0 ≤ 𝛽 < 1 and 𝑞 is function given by (2). 

Also, H. Orhan et.al. [6] define the subclass Σ𝑀
∗ (𝜇, 𝜆, 𝛼) consisting of meromorphic functions 𝑓(𝑧) of the form (1) satisfies the 

following conditions:  
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 𝑓 ∈ Σ𝑀 , |𝑎𝑟𝑔 [(1 − 𝜆) (
𝑓(𝑧)

𝑧
)

𝜇

+ 𝜆𝑓′(𝑧) (
𝑓(𝑧)

𝑧
)

𝜇−1

]| <
𝛼𝜋

2
    (𝑧 ∈△), 

 and  

 |𝑎𝑟𝑔 [(1 − 𝜆) (
𝑞(𝑤)

𝑤
)

𝜇

+ 𝜆𝑞′(𝑤) (
𝑞(𝑤)

𝑤
)

𝜇−1

]| <
𝛼𝜋

2
    (𝑤 ∈△), 

 where 𝜆 ≥ 1, 𝜆 > 𝜇, 𝜇 ≥ 0 , 0 < 𝛼 ≤ 1 and 𝑞 is function given by (2). 
Motivated from above work, we introduced new subclasses of bi-univalent and meromorphic functions by using Al-

Oboudi Differential operator. Also obtain the coefficient bounds |𝑏0| and |𝑏1| for functions in this new subclasses. 

Lemma 1.1. [8] If 𝑝 ∈ 𝒫 then |𝑝𝑛| ≤ 2  (𝑛 ∈ ℕ), where 𝒫 is the family of all analytic functions 𝑝(𝑧) in 𝕌,  for which  

 ℜ(𝑝(𝑧)) > 0    (𝑧 ∈ 𝕌)    and    𝑝(𝑧) = 1 + 𝑝1𝑧 + 𝑝2𝑧2 + 𝑝3𝑧3 + ⋯    (𝑧 ∈ 𝕌). 

II. COEFFICIENT ESTIMATES  

Definition 2.1.  A function 𝑓(𝑧) of the form (1) is said to be in the class Σ𝑀
∗ (𝑘, 𝛿, 𝜇, 𝜆, 𝛽), if  

 𝑓 ∈ Σ𝑀 ,ℜ [(1 − 𝜆) (
𝐷𝛿

𝑘𝑓(𝑧)

𝑧
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑓(𝑧))

′
(

𝐷𝛿
𝑘𝑓(𝑧)

𝑧
)

𝜇−1

] > 𝛽    (𝑧 ∈△), (4) 

 and  

 ℜ [(1 − 𝜆) (
𝐷𝛿

𝑘𝑞(𝑤)

𝑤
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑞(𝑤))

′
(

𝐷𝛿
𝑘𝑞(𝑤)

𝑤
)

𝜇−1

] > 𝛽    (𝑤 ∈△), (5) 

 where 𝑘 ∈ ℕ0 = ℕ ∪ {0}, 𝜆 ≥ 1, 𝜆 > 𝜇, 𝜇 ≥ 0, 𝛿 > 1and 0 ≤ 𝛽 < 1.    

If we put 𝑘 = 0 in the class Σ𝑀
∗ (𝑘, 𝛿, 𝜇, 𝜆, 𝛽), then we get class Σ𝑀

∗ (𝜇, 𝜆, 𝛽), studied by H. Orhan et.al.[6] . 

If we put 𝑘 = 0, 𝜇 = 0, 𝜆 = 1 in the class Σ𝑀
∗ (𝑘, 𝛿, 𝜇, 𝜆, 𝛽), then we get class Σ𝑀

∗ (𝛽), studied byHalim et. al. [4]. 

Definition 2.2. A function 𝑓(𝑧) of the form (1) is said to be in the class Σ𝑀
∗ (𝑘, 𝛿, 𝜇, 𝜆, 𝛼), if  

 𝑓 ∈ Σ𝑀 , |𝑎𝑟𝑔 [(1 − 𝜆) (
𝐷𝛿

𝑘𝑓(𝑧)

𝑧
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑓(𝑧))

′
(

𝐷𝛿
𝑘𝑓(𝑧)

𝑧
)

𝜇−1

]| <
𝛼𝜋

2
    (𝑧 ∈△), (6) 

 and  

 |𝑎𝑟𝑔 [(1 − 𝜆) (
𝐷𝛿

𝑘𝑞(𝑤)

𝑤
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑞(𝑤))

′
(

𝐷𝛿
𝑘𝑞(𝑤)

𝑤
)

𝜇−1

]| <
𝛼𝜋

2
    (𝑤 ∈△), (7) 

 where 𝑘 ∈ ℕ0 = ℕ ∪ {0}, 𝜆 ≥ 1, 𝜆 > 𝜇, 𝜇 ≥ 0, 𝛿 > 1and 0 < 𝛼 ≤ 1 .   

 If we put 𝑘 = 0 in the class Σ𝑀
∗ (𝑘, 𝛿, 𝜇, 𝜆, 𝛼), then we get class Σ𝑀

∗ (𝜇, 𝜆, 𝛼), studied by H. Orhan et.al [6] . 

 If we put 𝑘 = 0, 𝜇 = 0, 𝜆 = 1 in the class Σ𝑀
∗ (𝑘, 𝛿, 𝜇, 𝜆, 𝛼), then we get class Σ𝑀

∗ (𝛼), studied by Halim et. al. [4]   

Theorem 2.3. Let function 𝑓(𝑧) of the form (1) be in the class Σ𝑀
∗ (𝑘, 𝛿, 𝜇, 𝜆, 𝛽).Then  

 |𝑏0| ≤
2(1−𝛽)

(𝜆−𝜇)(𝛿−1)𝑘 (8) 

 and  

 |𝑏1| ≤
2(1−𝛽)

(2𝛿−1)𝑘 √
(1−𝜇)2(1−𝛽)2

(𝜆−𝜇)4 +
1

(2𝜆−𝜇)2. (9) 

   

Proof. From conditions (4) and (5), we have  

 (1 − 𝜆) (
𝐷𝛿

𝑘𝑓(𝑧)

𝑧
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑓(𝑧))

′
(

𝐷𝛿
𝑘𝑓(𝑧)

𝑧
)

𝜇−1

= 𝛽 + (1 − 𝛽)ℎ(𝑧), (𝑧 ∈△) (10) 

 and  

 (1 − 𝜆) (
𝐷𝛿

𝑘𝑞(𝑤)

𝑤
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑞(𝑤))

′
(

𝐷𝛿
𝑘𝑞(𝑤)

𝑤
)

𝜇−1

= 𝛽 + (1 − 𝛽)𝑝(𝑤), (𝑤 ∈△), (11) 

 where ℎ(𝑧) and 𝑝(𝑤) are functions such that it’s real part positive in △ and have forms  

 ℎ(𝑧) = 1 +
ℎ1

𝑧
+

ℎ2

𝑧2 +
ℎ3

𝑧3 + ⋯ (12) 

 and  

 𝑝(𝑤) = 1 +
𝑝1

𝑤
+

𝑝2

𝑤2 +
𝑝3

𝑤3 + ⋯. (13) 

 Implies  

 (1 − 𝜆) (
𝐷𝛿

𝑘𝑓(𝑧)

𝑧
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑓(𝑧))

′
(

𝐷𝛿
𝑘𝑓(𝑧)

𝑧
)

𝜇−1

= 1 +
(1−𝛽)ℎ1

𝑧
+

(1−𝛽)ℎ2

𝑧2 +
(1−𝛽)ℎ3

𝑧3 + ⋯ , (𝑧 ∈△) (14) 

 and  
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 (1 − 𝜆) (
𝐷𝛿

𝑘𝑞(𝑤)

𝑤
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑞(𝑤))

′
(

𝐷𝛿
𝑘𝑞(𝑤)

𝑤
)

𝜇−1

= 1 +
(1−𝛽)𝑝1

𝑤
+

(1−𝛽)𝑝2

𝑤2 +
(1−𝛽)𝑝3

𝑤3 + ⋯ (𝑤 ∈△). (15) 

 Now, equating the coefficients in equation (14) and (15), we obtain  

 (𝜇 − 𝜆)(1 − 𝛿)𝑘𝑏0 = (1 − 𝛽)ℎ1, (16) 

  

 (𝜇 − 2𝜆) [(1 − 2𝛿)𝑘𝑏1 + (
𝜇−1

2
) (1 − 𝛿)2𝑘𝑏0

2] = (1 − 𝛽)ℎ2, (17) 

  

 −(𝜇 − 𝜆)(1 − 𝛿)𝑘𝑏0 = (1 − 𝛽)𝑝1 (18) 

 and  

 (𝜇 − 2𝜆) [−(1 − 2𝛿)𝑘𝑏1 + (
𝜇−1

2
) (1 − 𝛿)2𝑘𝑏0

2] = (1 − 𝛽)𝑝2. (19) 

 From equation (16) and equation (18), we get  

 ℎ1 = −𝑝1 (20) 

 and  

 2(𝜇 − 𝜆)2(1 − 𝛿)2𝑘𝑏0
2 = (1 − 𝛽)2[ℎ1

2 + 𝑝1
2]. (21) 

 Therefore, From equation (21), we get  

 𝑏0
2 =

(1−𝛽)2[ℎ1
2+𝑝1

2]

2(𝜇−𝜆)2(1−𝛿)2𝑘 (22) 

 Since ℜ(ℎ(𝑧)) > 0 in △, the function ℎ(1/z) ∈ 𝒫 and hence the coefficients ℎ𝑙 and similarly the coefficients 𝑝𝑙 of the 

function ℎ and 𝑝 satisfy the inequality in Lemma 1.1. Hence |ℎ𝑙| ≤ 2, |𝑝𝑙| ≤ 2 and apply on (22), we get  

 |𝑏0| ≤
2(1−𝛽)

(𝜆−𝜇)(𝛿−1)𝑘. 

 Taking product of equations (17) and (19),we get  

 𝑏1
2 =

(𝜇−1)2(1−𝛿)4𝑘𝑏0
4

4(1−2𝛿)2𝑘 −
(1−𝛽)2ℎ2𝑝2

(1−2𝛿)2𝑘(𝑢−2𝜆)2. (23) 

 By using equation (22) in equation (23) and by Lemma 1.1, |ℎ𝑙| ≤ 2, |𝑝𝑙| ≤ 2, we get 

 

 |𝑏1| ≤
2(1−𝛽)

(2𝛿−1)𝑘 √
(1−𝜇)2(1−𝛽)2

(𝜆−𝜇)4 +
1

(2𝜆−𝜇)2. 

 This complete the proof.  

If we take 𝑘 = 0 in Theorem (2.3), then we get following corollary: 

Corollary 2.4. [6] Let function 𝑓(𝑧) of the form (1) be in the class Σ𝑀
∗ (𝜇, 𝜆, 𝛽).Then  

 |𝑏0| ≤
2(1−𝛽)

(𝜆−𝜇)
 

 and  

 |𝑏1| ≤ 2(1 − 𝛽)√
(1−𝜇)2(1−𝛽)2

(𝜆−𝜇)4 +
1

(2𝜆−𝜇)2. 

If we take 𝑘 = 0, 𝜇 = 0, 𝜆 = 1 in Theorem (2), then we get following corollary: 

Corollary 2.5. [4] Let function 𝑓(𝑧) of the form (1) be in the class Σ𝑀
∗ (𝛽). Then  

 |𝑏0| ≤ 2(1 − 𝛽)    and    |𝑏1| ≤ (1 − 𝛽)√4𝛽2 − 8𝛽 + 5. 

Theorem 2.6. Let function 𝑓(𝑧) of the form (1) be in the class Σ𝑀
∗ (𝑘, 𝛿, 𝜇, 𝜆, 𝛼).Then  

 |𝑏0| ≤
2𝛼

(𝜆−𝜇)(𝛿−1)𝑘 (24) 

 and  

 |𝑏1| ≤
2𝛼2

(2𝛿−1)𝑘 √
(1−𝜇)2

(𝜆−𝜇)4 +
1

(2𝜆−𝜇)2. (25) 

   

Proof. From conditions (6) and (7), we have  

 (1 − 𝜆) (
𝐷𝛿

𝑘𝑓(𝑧)

𝑧
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑓(𝑧))

′
(

𝐷𝛿
𝑘𝑓(𝑧)

𝑧
)

𝜇−1

= [ℎ(𝑧)]𝛼 , (𝑧 ∈△) (26) 

 and  

 (1 − 𝜆) (
𝐷𝛿

𝑘𝑞(𝑤)

𝑤
)

𝜇

+ 𝜆(𝐷𝛿
𝑘𝑞(𝑤))

′
(

𝐷𝛿
𝑘𝑞(𝑤)

𝑤
)

𝜇−1

= [𝑝(𝑤)]𝛼 , (𝑤 ∈△), (27) 

 where ℎ(𝑧) and 𝑝(𝑤) are functions such that it’s real part positive in △ and have forms  
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 ℎ(𝑧) = 1 +
ℎ1

𝑧
+

ℎ2

𝑧2 +
ℎ3

𝑧3 + ⋯ (28) 

 and  

 𝑝(𝑤) = 1 +
𝑝1

𝑤
+

𝑝2

𝑤2 +
𝑝3

𝑤3 + ⋯. (29) 

 Now, equating the coefficients in equations (26) and (27), we obtain  

 (𝜇 − 𝜆)(1 − 𝛿)𝑘𝑏0 = 𝛼ℎ1, (30) 

  

 (𝜇 − 2𝜆) [(1 − 2𝛿)𝑘𝑏1 + (
𝜇−1

2
) (1 − 𝛿)2𝑘𝑏0

2] =
1

2
[𝛼(𝛼 − 1)ℎ1

2 + 2𝛼ℎ2], (31) 

  

 −(𝜇 − 𝜆)(1 − 𝛿)𝑘𝑏0 = 𝛼𝑝1 (32) 

 and  

 (𝜇 − 2𝜆) [−(1 − 2𝛿)𝑘𝑏1 + (
𝜇−1

2
) (1 − 𝛿)2𝑘𝑏0

2] =
1

2
[𝛼(𝛼 − 1)𝑝1

2 + 2𝛼𝑝2]. (33) 

 From equation (30) and equation (32), we get  

 ℎ1 = −𝑝1 (34) 

 and  

 2(𝜇 − 𝜆)2(1 − 𝛿)2𝑘𝑏0
2 = 𝛼2[ℎ1

2 + 𝑝1
2]. (35) 

 Therefore, From equation (35), we get  

 𝑏0
2 =

𝛼2[ℎ1
2+𝑝1

2]

2(𝜇−𝜆)2(1−𝛿)2𝑘 (36) 

 As discussed in the proof of Theorem 2.3, by Lemma 1.1, |ℎ𝑙| ≤ 2, |𝑝𝑙| ≤ 2 and apply on (36), we get  

 |𝑏0| ≤
2𝛼

(𝜆−𝜇)(𝛿−1)𝑘. 

 Now, squaring and adding equations (31) and (33),we get  

 
2(2𝜆 − 𝜇)2 [4(1 − 2𝛿)2𝑘𝑏1

2 + (𝜇 − 1)2(1 − 𝛿)4𝑘𝑏0
4] = 𝛼2(𝛼 − 1)2[𝑝1

4 + 𝑞1
4] +

4𝛼2[𝑝1
2 + 𝑞1

2] + 𝛼2(𝛼 − 1)[𝑝1
2𝑝2 + 𝑞1

2𝑞2]
. (37) 

 From equation (36) and equation (37), we get  

 𝑏1
2 =

𝛼2(𝛼−1)2[𝑝1
4+𝑞1

4]+4𝛼2[𝑝1
2+𝑞1

2]+𝛼2(𝛼−1)[𝑝1
2𝑝2+𝑞1

2𝑞2]

8(𝜇−2𝜆)2(1−2𝛿)2𝑘 −
(𝜇−1)2𝛼4[𝑝1

2+𝑞1
2]2

16(1−2𝛿)2𝑘(𝑢−𝜆)4 . (38) 

 By Lemma 1.1, |ℎ𝑙| ≤ 2 and |𝑝𝑙| ≤ 2. Hence  

 |𝑏1| ≤
2𝛼2

(2𝛿−1)𝑘 √
(1−𝜇)2

(𝜆−𝜇)4 +
1

(2𝜆−𝜇)2  . 

 This complete the proof.  

If we take 𝑘 = 0 in Theorem (2.6), then we get following corollary:  

Corollary 2.7. [6] Let function 𝑓(𝑧) of the form (1) be in the class Σ𝑀
∗ (𝜇, 𝜆, 𝛼).Then  

 |𝑏0| ≤
2𝛼

(𝜆−𝜇)
      and    |𝑏1| ≤ 2𝛼2√

(1−𝜇)2

(𝜆−𝜇)4 +
1

(2𝜆−𝜇)2. 

  If we take 𝑘 = 0, 𝜇 = 0, 𝜆 = 1 in Theorem (2.6), then we get following corollary: 

Corollary 2.8.  [4] Let function 𝑓(𝑧) of the form (1) be in the class Σ𝑀
∗ (𝛼).Then  

 |𝑏0| ≤ 2𝛼    and    |𝑏1| ≤ √5𝛼2. 
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