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Abstract - In this paper, we introduce two new subclasses of meromorphic and bi-univalent functions defined by Al-Oboudi
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I. INTRODUCTION
Let X be the class of functions f of the form
w b
f@)=2z+32 %, )
which are meromorphic univalent in the domain A= {z € C: 1 < |z| < o}. Since every function f belong to T has an inverse
function £~ exist. Inverse function satisfies conditions:

[ @) =2z (z €n),

FfFTw) =wwea M<|w|<owo,M>0),

and

where

2 2
f_l(w) — q(w) =w— bo _ l:v—l _ bz‘;}bzobl _ b3+2b0b‘2”‘;b0b1+b1 + v, (2)

If f and f~'are meromorphic univalent in A then f € ¥ is said to be meromorphic bi-univalent in A. The class of
meromorphic bi-univalent functions of the form (1) in A is denoted by %,,.
Recently, several researcher has been studied various subclasses of meromorphic univalent functions and estimates the bounds
of coefficients of meromorphic univalent functions and inverse of meromorphic univalent functions in A ([2], [3], [5], [9], [10],
[11]).
Let A be the class of functions h of the form
h(z) = z+ 52, a,7! (3)
which are analytic in the open unitdisc U = {z € C: |z| < 1}.
Now, Al-Oboudi [1] introduced the Al-Oboudi operator Df: A — A and defined as
D¥h(z) =Dfh(z) =z+ X2, [1 + (I — 1)8]*a,z', k €N, =NU{0},8 =0, where h € A of the form (3).
Amol Patil et.al. [7] extend the Al-Oboudi operator Df: ¥ — £ and defined as
D¥f(z) =Dff(z) =z+ (1 —8)* by + X2, [1— (1 +1)6)%bz7Y, keN,=NuU{0},6 >1,
where f € X of the form (1).
In 2014, H. Orhan et.al. [6] define the subclass X}, (u, A, ) consisting of meromorphic functions f(z) of the form (1)
satisfies the following conditions:

z)\* , z)\*1
feED, R [(1 -0 (12) +2r0 (12) ] >pB (z€n),
and
aw)\* aw)\#!
R [(1 - (L) + g’ w) (12) ] >B (wen),
whered > 1,A>pu,u>0,0<p <1and q is function given by (2).

Also, H. Orhan et.al. [6] define the subclass X}, (u, 4, @) consisting of meromorphic functions f(z) of the form (1) satisfies the
following conditions:
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f€Zy

arg [(1 -0("2) + 252 (@)H” << (zew),
and

u pu-1
arg [(1 -0 (L) + 29" w) (£2) ” <Z (wen),
whereA>1,A>u,u=>0,0 < a <1and q is function given by (2).
Motivated from above work, we introduced new subclasses of bi-univalent and meromorphic functions by using Al-
Oboudi Differential operator. Also obtain the coefficient bounds |b,| and |b, | for functions in this new subclasses.
Lemma 1.1. [8] If p € P then |p,| < 2 (n € N), where P is the family of all analytic functions p(z) in U, for which
Rp() >0 (z€U) and p(z) =1+ pz+pz2+p3z3+-- (z€el).

I1. COEFFICIENT ESTIMATES
Definition 2.1. A function f(z) of the form (1) is said to be in the class Z,,(k, 8, u, 4, B), if

fezM.sﬂ[(l—A) (D) 1 2@ (B2) |55 @ea) @
and
k U , k u—1
3|1 -2 (BL2) 4+ a(Dfgw)) (BL2) | > wen), (5)

wherek e Ny =NU{0LA1=>1,A>pu=>0,8 >1and0<p < 1.
If we put k = 0 in the class Xy, (k, 6, 1, 4, B), then we get class Xy, (u, A, B), studied by H. Orhan et.al.[6] .
Ifweputk =0,u=0,1=1Iintheclass X, (k, &, u, A B), then we get class Z,, (), studied byHalim et. al. [4].
Definition 2.2. A function f(z) of the form (1) is said to be in the class =, (k, §, u, A, ), if
pkr@)" k ey (Phr@ )
feSylargla-2 (—) + A(DEF(2) ( ! )

amn

< (z€n), (6)

and

< ? (w €n), (7

s (422 aosa) (222

wherek e Ny =NU{0},A=21,A>pupu=20,>1and0<a <1.

If we put k = 0 in the class X, (k, §, u, A, @), then we get class Xy, (i, A, @), studied by H. Orhan et.al [6] .

Ifwe putk = 0,u = 0,1 = 1inthe class X}, (k, 6, u, A, a), then we get class X, (a), studied by Halim et. al. [4]
Theorem 2.3. Let function f(z) of the form (1) be in the class X}, (k, 6, 1, A, 8).Then

2(1-8)
d 1bol = Gmo-or ®
an
201-p) [a-w?(1-p)? 1
Ib] < (26—1)k\/ A-py* @i-w? ©
Proof. From conditions (4) and (5), we have
okr@)" ' (v
-2 (222) +a(r ) (BL2) =g+ -Hhe), (2 €n) (10)
and
k u . sk u-1
(=2 (B2L2) 4 2(0fg) (ZL2)" = g+ (1 - Hpw), w €n) (a1)
where h(z) and p(w) are functions such that it’s real part positive in A and have forms
h(Z)=1+2+2+% 4. (12)
and
pw) =1+2 4224 58 .. (13)
Implies
pkr@\" krony (PEro) A-hy , =Rz , 1=k
1-2) (—) + 2Dk (@) (—) =1 U O OBy zen) gy
and
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a1-2 (@)# + A(DEqw)) (@)W -1+ (1—£)p1 + (1—‘52)192 + (1—‘53)173 + - (W EA). (15)
Now, equating the coefficients in equation (14) and (15), we obtain
(=D =8)by = (1 = B)hy, (16)
(=22 [(1 = 28)%by + (52) (1 = 8)*B3] = (1 = Pz, (17)
—(u =)A= 6)*by = (1= B)py (18)
and
(=22 [~ (1 = 28)%b, + (“52) (1 = 8)%*bF| = (1 - p)p». (19)
From equation (16) and equation (18), we get
hy = —py (20)
and
2(n = D*(1 = 8)*bg = (1 - B)*[A; + il (21)

Therefore, From equation (21), we get

5 _ (A-p)?hi+pd]

0 = 2(u-n)2(1-5)%k (22)
Since R(h(z)) > 0 in A, the function i(1/z) € P and hence the coefficients /; and similarly the coefficients p, of the
function h and p satisfy the inequality in Lemma 1.1. Hence |/;| < 2, |p;| < 2 and apply on (22), we get

2(1-8)

Ibol < (A-w(E-DK

Taking product of equations (17) and (19),we get
2 _ =?-**b§  (1-p)*hap,
bi = 4(1-28)2k (1-26)2k (u-22)2" (23)

By using equation (22) in equation (23) and by Lemma 1.1, || < 2, |p;] < 2, we get

b, | <

2(1-8) \/(1—:4)2(1—;%)2 I

(26-1)k @a-w* @a-w¥

This complete the proof.

If we take k = 0 in Theorem (2.3), then we get following corollary:

Corollary 2.4. [6] Let function f(z) of the form (1) be in the class Z,, (1, A, 8).Then

byl <2428

and

_py [amw2a-py? 1
Il = 201 ﬁ)\/ ot @

If we take k = 0,u = 0,4 = 1 in Theorem (2), then we get following corollary:
Corollary 2.5. [4] Let function f(z) of the form (1) be in the class Z,,(8). Then

lbol <2(1—p) and [b;] < (1—B)/4B% — 8B +5.
Theorem 2.6. Let function f(z) of the form (1) be in the class X, (k, 6, 1, A, ). Then

2a

5 |bol < TGk (24)
an
byl < o J9T4 2 (25)
U= @s-vk\a-p* * @A-p?
Proof. From conditions (6) and (7), we have
pkrao\ ke (PEF@VT .
A= (=2—=) +2UDif(@) (=) =I[h@)]% (2 €n) (26)
and
k H , k u—1
(-2 (2L2) 4 2(fgw)) (222) = pw)), w ea), (27)

where h(z) and p(w) are functions such that it’s real part positive in A and have forms
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h(Z)=1+2+2+% 4. (28)
and
pw) = 1+2 4224 20 4. (29)
Now, equating the coefficients in equations (26) and (27), we obtain
(u =1 =8)by = ahy, (30)
(=20 |1 = 26)%b, + (22) (1 — 6)2B3| = 2 [a(a — DIZ + 2ath), (31)
—(u=(A = 6)*by = ap, (32)
and
(=2 [~(1 = 28)b, + (157) (1 = 80| = ; [a(a — 1)p} + 2ap,]. (33)
From equation (30) and equation (32), we get
hl = —pl (34)
and
2k = H*(1 - 8)**bg = a®[h1 + pi]. (35)
Therefore, From equation (35), we get
2 _ a?[hf+p3] (36)

As discussed in the proof of Theorem 2.3, by Lemma 1.1, |/;| < 2, |p;| < 2 and apply on (36), we get

2a
ol < G

Now, squaring and adding equations (31) and (33),we get

2021 —)?  [4(1 - 28)%*b7 + (u — 1)2(1 — 6)*bi] = a*(@ — 1)[p{ + qf] +

@37
_ 4a?[pt + qi] + a® (a — D[pip, + 4iq,]
From equation (36) and equation (37), we get
p2 = a?(a—1)?[p} +qil+4a? P +afl+a? (@-Dpipo +afaz]  (w-D*a*i+af]? (38)
2 =

8(u—21)2(1-28)2k 16(1-28)2ku-1)4 "

By Lemma 1.1, |#;| < 2 and |p;| < 2. Hence

2a? (1-p)? 1
@5-Dk @-w*  @A-w? 7

b, | <

This complete the proof.

If we take k = 0 in Theorem (2.6), then we get following corollary:

Corollary 2.7. [6] Let function f(z) of the form (1) be in the class Z,, (1, A, @).Then

2a

A~

(1-p? 1
@a-w* " A-w?

[bol < and |b,| < 2a?

If we take k = 0,u = 0,4 = 1 in Theorem (2.6), then we get following corollary:
Corollary 2.8. [4] Let function f(z) of the form (1) be in the class 2, (a).Then

[1]
[2]

(31
[4]
(5]
[6]
(71
(8]

[]
[10]

[11]

|bol <2a and |b,| <V5a2.
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