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Abstract: In Chemical Graph Theory, several degree based topological indices were introduced and studied 

since 1972. Recently, Gutman considered a class of novel graph invariants of which the Sombor index was 

defined. In this paper, we introduce some new Sombor indices: the second, third, fourth and neighborhood (or 
fifth) Sombor indices of a graph. Furthermore, we compute the Sombor and  neighborhood Sombor indices and 

their exponentials of some important nanostructures which appeared in nanoscience. 
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I. Introduction 

 

 In Chemical Graph Theory, concerning the definition of the topological index on the molecular graph and 

concerning chemical properties of drugs can be studied by the topological index calculation, see [1]. Several 

degree based indices of a graph have been appeared in the literature, see [2, 3, 4, 5] and have found some 

applications, especially in QSPR/QSAR study, see [6, 7]. 

          Let G be a finite, simple, connected graph with vertex set V(G) and edge set E(G). The degree dG(u) of a 

vertex u is the number of vertices adjacent to u. Let  
GS u be the sum of the degrees of all  vertices adjacent to 

vertex u. For undefined term and notation, we refer the book [8]. 

          The Sombor index of a graph G was introduced by Gutman in [9] and defined it as 

      
 

2 2
.G G

uv E G

SO G d u d v


   

 Considering the Sombor index, Kulli introduced the Sombor exponential [10] of a graph G, defined as 

  
   

 

2 2

, .




  G Gd u d v

uv E G

SO G x x  

              Motivated by the previous research in Sombor index and its applications, we now introduce the second, 

third and fourth Sombor indices of the molecular graph as follows: 

              The second Sombor index of a molecular graph G is defined as  

 
 

2 2

2 u v

uv E G

SO G n n


   

where the number nu of vertices of G lying closer to the vertex u than to the vertex v for the edge uv of a graph 

G. 
The third Sombor index of a molecular graph G is defined as  

 
 

2 2

3 u v

uv E G

SO G m m


   

where the number mu of edges of G lying closer to the vertex u than to the vertex v for the edge uv of a graph G. 

The fourth Sombor index of a molecular graph G is defined as  

https://www.ijmttjournal.org/archive/ijmtt-v67i5p512
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2 2

4

uv E G

SO G u v 


   

where the number (u) is the eccentricity of vertex u. 

            The neighborhood Sombor index of a molecular graph G is defined as  

     
 

2 2
.G G

uv E G

NSO G S u S v


   

            Considering the neighborhood Sombor index, we introduce the neighborhood Sombor exponential of a 
graph G and defined it as 

                            
   

 

2 2

, .G GS u S v

uv E G

NSO G x x




   

Recently some Sombor and Sombor type indices were studied, for example, in [11, 12, 13, 14, 15, 16, 17, 18, 

19, 20, 21, 22, 23, 24] and some neighborhood indices were studied, for example, in [25, 26, 27, 28, 29, 30, 31, 

32]. 

 In this paper, we compute the Sombor index, Sombor exponential, neighborhood Sombor index, 
neighborhood Sombor exponential of some important nanostructures such as dominating oxide networks, 

regular triangulate oxide networks, H-Naphtalenic nanotubes and nanocones. 

 

II. RESULTS FOR DOMINATING OXIDE NETWORKS DOX(n) 

 

 In this section, we consider the graph of a dominating oxide network DOX(n), see Figure 1. 

 

 
Figure 1 

 

Let G be the graph of DOX(n). By calculation, we obtain that G has 54n2−54n +18 edges. Also by calculation, 
there are two types of edges in G based on the degrees of end vertices of each edge as follows:  

             E1 = {uv  E(G) | dG(u) = 2, dG(v) = 4},  |E1| = 24n−12. 

 E2 = {uv  E(G) | dG(u) = dG(v) = 4},  |E2| = 54n2−78n +30. 

 
The partition of the edges with respect to their sum degree of end vertices of dominating oxide networks is 

given in Table 1. 

 (Su, Sv)  (8, 12) (8, 14) (12, 12) (12, 14) (14, 16) (16, 16) 

Number of edges 12n 12n–12 6 12n–12 24n–24 54n2– 114n+60 

Table 1 . Edge partition of DOX(n) based on SG(u), SG(v) 

 

In the following theorem, we compute the Sombor index and its exponential of DOX(n). 

 

Theorem 1. Let DOX(n)  be the family of dominating oxide networks. Then 

(i)     2216 2 48 5 312 2 24 5 120 2.SO n nDOX n     
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(ii)     2 5 2 4 2, (24 12) 54 78 30 .SO x n x n nDOX n x       

Proof: Let G be the molecular graph of DOX(n). By using the definitions and cardinalities of the edge partition 
of DOX(n), we deduce 

(i)        
 

2 2

G G

uv E G

SO d u d vDOX n


   

                             
1 1

2 2 2 2 22 22 4 (24 12) 4 4 (54 78 30).n n n        

After simplification, we get the desired result.  
 

(ii)           
   

 

2 2

, G Gd u d v

uv E G

DOX nSO x x




    

                                     
   

1 1
2 2 2 22 22 4 2 4 4(24 12) (54 78 30) .n x n n x       

After simplification, we obtain the desired result. 
  
               In the following theorem, we compute the neighborhood Sombor index and its exponential of  

DOX(n). 
 

Theorem 2. Let DOX(n)  be the family of dominating oxide networks. Then 

(i)     2864 2 48 13 24 65 24 85 48 113 1824 2DOXNSO n nn        

                     
24 65 24 18 24 85 48 113 960 2.    

 
(ii)     4 13 2 65 4 18 2 85, 12 (12 12) 6 12 12DOX nNSO x nx n x x n x        

                          2 113 2 16 2(24 24) 54 114 60 .n x n n x      

Proof: Let G be the molecular graph of DOX(n). By using the definitions and Table 1, we deduce 

(i)        
 

2 2

G G

uv E G

NSO S u S vDOX n


   

        
1 11 1

2 2 2 2 2 2 2 22 22 28 12 12 8 14 (12 12) 12 12 6 12 14 (12 12)n n n           

                
1 1

2 2 2 2 22 214 16 (24 24) 16 16 (54 114 60).n n n        

After simplification, we get the desired result.  
 

(ii)           
   

 

2 2

, G GS u S v

uv E G

NSO DOX x xn




    

             
       

1 1 1 1
2 2 2 2 2 2 2 22 2 2 28 12 8 14 12 12 12 1412 (12 12) 6 (12 12)nx n x x n x          

             
   

1 1
2 2 2 22 214 16 16 16(24 24) (54 114 60) .n x n n x       

After simplification, we obtain the desired result.  
  

III. RESULTS FOR REGULAR TRIANGULATE OXIDE NETWORKS RTOX(n) 

              In this section, we consider a family of regular triangulate oxide networks which is denoted by 

RTOX(n) , n3. The graph of RTOX(5) is shown in Figure 2. 
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Figure 2 

 

             Let G be the graph of RTOX(n). By calculation, we obtain that G has 3n2+6n edges. Also by 

calculation, there are three types of edges in G based on the degrees of end vertices of each edge as follows:  

             E1 = {uv  E(G) | dG(u) = dG(v) = 2},  |E1| =2. 

 E2 = {uv  E(G) | dG(u) = 2,dG(v) = 4},  |E2| = 6n . 
             E3 = {uv  E(G) | dG(u) = dG(v) = 4},  |E4| = 3n2−2. 

 

 The partition of the edges with respect to their sum degree of end vertices of regular triangulate oxide 
networks is given  in Table 2. 

 (Su, Sv)  (6,6) (6,12) (8,12) (8,14) (12,12) (12,14) (14,14) (14,16) (16, 16) 

Number of edges 2 4 4 6n–8 1 6 6n–9 6n–12 3n2– 12n+12 

Table 2. Edge partition of RTOX(n) based on SG(u), SG(v) 

 

In the following theorem, we compute the Sombor index and its exponential of RTOX(n). 

 

Theorem 3. Let RTOX(n)  be the family of regular triangulate oxide networks. Then 

(i)    212 2 12 5 4 2.SO n nRTOX n     

(ii)     2 2 2 5 2 4 2, 2 6 3 2 .RTOSO x x nx nX n x      

Proof: Let G be the molecular graph of RTOX(n). By using the definitions and cardinalities of the edge partition 
of RTOX(n), we deduce 

(i)        
 

2 2

G G

uv E G

SO d u d vRTOX n


   

                                 
1 1 1

2 2 2 2 2 2 22 2 22 2 2 2 4 6 4 4 (3 2).n n        

After simplification, we get the desired result.  

(ii)           
   

 

2 2

, G Gd u d v

uv E G

RTOX nSO x x




    

                                       
     

1 1 1
2 2 2 2 2 22 2 22 2 2 4 2 4 42 6 (3 2) .x nx n x       

After simplification, we obtain the desired result. 
 
               In the following theorem, we compute the neighborhood Sombor index and its exponential of  
RTOX(n). 

 

Theorem 4. Let RTOX(n)  be the family of  regular triangulate oxide networks. Then 

(i)     248 2 12 65 12 98 12 113 192 2RTONSO nX n n      

                     
204 2 24 5 16 13 16 65 4 18 12 85 18 98 24 113.       

 
(ii)    6 2 6 5 4 13 2 65 4 18 2 85, 2 4 4 (6 8) 6RNSO x x x x n x x xTOX n          

                          2 98 2 113 2 16 2(6 9) (6 12) 3 12 12 .n x n x n n x        
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Proof: Let G be the molecular graph of RTOX(n). By using the definitions and Table 2, we deduce 

(i)        
 

2 2

G G

uv E G

NSO S u S vRTOX n


   

           
1 11 1 1 1

2 2 2 2 2 2 2 2 2 2 2 22 22 2 2 26 6 2 6 12 4 8 12 4 8 14 (6 8) 12 12 12 14 6n              

      
1 1 1

2 2 2 2 2 2 22 2 214 14 (6 9) 14 16 (6 12) 16 16 (3 12 12).n n n n           

After simplification, we get the desired result.  
 

(ii)           
   

 

2 2

, G GS u S v

uv E G

NSO RTOX n x x




    

             
           

1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 26 6 6 12 8 12 8 14 12 12 12 142 4 4 (6 8) 6x x x n x x x             

             
     

1 11
2 2 2 2 2 22 2214 14 14 16 2 16 16(6 9) (6 12) (3 12 12) .n x n x n n x          

After simplification, we obtain the desired result. 
 

IV. Results for H-Naphtalenic Nanotubes 

 

In this section we consider a family of H-Naphtalenic nanotubes. This nanotube is a trivalent decoration having 
a sequence of C6, C6, C4, C6, C6, C4, … in the first row and a sequence of C6, C8, C6, C8, … in other row. This 

nanotube is denoted by NHPX[m, n], where m is the number of pair of hexagons in first row and n is the number 

of alternative hexagons in a column as shown in Figure 3. 

 
Figure 3 

 

Let G be a graph of a nanotube NHPX [m, n]. By calculation, G has 10mn vertices and 15mn – 2m 

edges. We obtain that G has two types of edges based on the degrees of end vertices of each edge as follows: 

E1 = {uv  E(G) | dG(u) = 2, dG(v) = 3},  |E1| = 8m. 

E2 = {uv  E(G) | dG(u) = dG(v) = 3},  |E2| = 15mn – 10m. 

 
The partition of the edges with respect to their sum degree of end vertices of H-Naphtalenic nanotubes is given 

in Table 3. 

 (Su, Sv)  (6, 7) (6, 8) (8, 8) (7, 9) (8, 9) (9, 9) 

Number of edges 4m 4m  2m  2m  4m 15mn– 18n 

Table 3. Edge partition of NHPX[m, n] based on SG(u), SG(v) 

 

             In the following theorem, we compute the Sombor index and its exponential of NHPX[m, n].   
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Theorem 5. Let NHPX[m, n]  be the family of  H-Naphtalenic nanotubes Then 

(i)     45 2 8 13 3,  0  2 .SO mnNHPX mm n   
 

(ii)     13 3 2, 8 15 10,   . SO x mxNHPX m mn n m x     

Proof: Let G be the molecular graph of NHPX[m, n]. By using the definitions and cardinalities of the edge 

partition of NHPX[m, n], we deduce 

(i)        
 

2 2
,    G G

uv E G

NHSO d u d vPX m n


   

                    
1 1

2 2 2 22 22 3 8 3 3 (15 10 )m mn m      

After simplification, we get the desired result.  

(ii)           
   

 

2 2

,   , G Gd u d v

uv E G

NHP m nSO x xX




    

                             
   

1 1
2 2 2 22 22 3 3 38 (15 10 ) .mx mn m x     

After simplification, we obtain the desired result. 
 
                In the following theorem, we compute the neighborhood Sombor index and its exponential of 

NHPX[m, n] . 

 
Theorem 6 . Let NHPX[m, n]  be the family of  H-Naphtalenic nanotubes. Then 

(i)     135 2 4 85 40 2 130 4 145 14,    6 2 .NHPXNSO mnm n m       

(ii)    85 10 8 2 130 145 9 2, 4 4 2 2 4 (15 18  ) .,  NNSO x mx mx mx mx mx mnHPX xn mm          

Proof: Let G be the molecular graph of NHPX[m, n]. By using the definitions and Table 3, we deduce 

(i)        
 

2 2
,    G G

uv E G

NSO S u S vNHPX m n


   

        
1 1 1 1

2 2 2 2 2 2 2 22 2 2 26 7 4 6 8 4 8 8 2 7 9 2m m m m         

                
1 1

2 2 2 22 28 9 4 9 9 (15 18 ).m mn m      

After simplification, we get the desired result.  

(ii)           
   

 

2 2

 ,,   G GS u S v

uv E G

NSO x xNHPX m n




    

             
           

1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 26 7 6 8 8 8 7 9 8 9 9 94 4 2 2 4 (15 18) .mx mx mx mx mx mn x             

After simplification, we obtain the desired result.  
 

V. RESULTS FOR NANOCONES Cn[k] 

 

 In this section, we consider nanocones Cn[k]. The molecular structure of C2[4] is shown in Figure 4. 

                                                       
                                                                   Figure 4 
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Let G be the molecular structure of Cn[k]. By calculation, G has n(k+1)2 vertices and 
23 5

2 2
nk nk n   

edges. . We obtain that G has three types of edges based on the degrees of end vertices of each edge as follows: 

              E1 = {uv  E(G) | dG(u) = dG(v) = 2},  |E1| = n. 

             E2 = {uv  E(G) | dG(u) =2, dG(v) = 3},  |E2| = 2nk. 

E3 = {uv  E(G) | dG(u) = dG(v) = 3},  |E2| = 23 1

2 2
nk nk . 

Also by calculation, we obtain that G has five types of edges based on SG(u) and SG(v) the degree of end 
vertices of each edge as given in Table 4. 

 

SG(u), SG(v) \ uv  E(G) Number of edges 

(5, 5) n 

(5, 7) 2n 

(6, 7) 2(k– 1)n 
(7, 9) nk 

(9, 9) 
 3 1

2

nk
k   

Table 4 . Edge partition of Cn[k] based on SG(u), SG(v) 

 
                In the following theorem, we compute the Sombor  index and its exponential of Cn[k]. 
 

Theorem 7. Let Cn[k] be the family of nanocones. Then 

(i)    29 3
13 2 2 .

2
 

2
nSO nk n nC k nk k

 
    

 
 

(ii)    2 2 13 2 3 23
 

1
, .

2 2
nSO x nxC nkx nk nk xk

 
    

 
  

Proof: Let G be the molecular graph of Cn[k].  By using the definitions and cardinalities of the edge partition of 

Cn[k], we deduce 

(i)        
 

2 2
  G G

uv E G

nSO d u d vC k


   

      
1 1 1

2 2 2 2 2 2 22 2 2
3 1

2 2 2 3 3 3 .
2 2

n nk nk nk
 

       
 

 

After simplification, we get the desired result.  

(ii)           
   

 

2 2

,  G Gd u d

uv E G

n
v

C kSO x x




    

            
     

1 11
2 2 2 2 2 22 222 2 2 3 2 3 33 1

.
2 2

nx nkx nk nk x   
    

 
 

After simplification, we obtain the desired result. 
 

In the following theorem, we compute the neighborhood Sombor index and its exponential of Cn[k].  

     
Theorem 8. Let Cn[k]   be the family of nanocones. Then 

(i)     227 9
2 85 130 5 2 2 74 2 85

2
  .

2
nNSO nkC nk nk

 
       

 
     

(ii)       5 2 5 74 85 130 9 2   2 –  , 2 3 1 .
2

1n

nk
NSO x nx nx x nkx kC k k n x        

               

Proof: Let G be the molecular graph of Cn[k]. By using the definitions and Table 4, we deduce 
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(i)        
 

2 2
  G G

u G

n

v E

NSO S u S vC k


   

              
1 1 1 1 1

2 2 2 2 2 2 2 2 2 22 2 2 2 22 –5 5 5 7 2 6 7 7 9 9 9 3 1 .
2

 1
nk

n n nk kk n            

 After simplification, we get the desired result.  

(ii)           
   

 

2 2

,  G GS u
n

S v

uv E G

NSO x xC k




    

             
   

 
       

1 1 1 1 1
2 2 2 2 2 2 2 2 2 22 2 2 2 25 5 5 7 6 7 7 9 9 922 3 1 .

2
–  1

nk
nx nx x nkx k xk n         

 

After simplification, we obtain the desired result.   

 

Conclusion 
             In this study, we have introduced some new Sombor indices: the second, third, fourth and neighborhood 

Sombor indices of a graph. Furthermore, we have computed the Sombor and neighborhood Sombor indices and 

their exponentials of some important nanostructures such as dominating oxide networks, regular triangulate 

oxide networks, H-Naphtalenic nanotubes and nanocones. 
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