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Abstract:
This paper deals with the brief introduction and some existing results in G-metric space as the usual notion of a metric space

. In fact, this study generalizes some recent results in the literature about metric space. We also study some fixed point
theorems for contraction mapping in the context of G-metric space as the further extension and generalization of metric space.
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I. Introduction

So far, there have been several endeavors to generalize the definition of a metric space to obtain various fixed point results.
Also, the development of the fixed point theory in these generalized metric spaces may be a consequence of the fixed point
theory in previously generalized metric spaces. Moreover, the generalized metric spaces are topologically equivalent to
previously generalized metric spaces. In different times different generalizations of the usual notion of a metric space were
proposed by several mathematicians such as Dutta and Chaudhary [2], Gahler [5] proposed 2-metric spaces as the
generalization of classical metric spaces. Ha, Cho and White [2] have pointed out that the results cited by Gahler are
independent, rather than generalizations of the corresponding results in metric space. Also Mustafa and Sims [10] and  Naidu.,
Rao and Raw [7] demonstrated that most of the claims concerning the fundamental topological structures of D-metric spaces
are incorrect. Alternatively Mustafa and Sims introduced more appropriate notion of generalized metric space which is called
G-metric space and obtained some topological properties.

The concept of G-metric space was introduced by Mustafa and Sims in order to extend and generalize the notion of metric
spaces. There is closed relation between a usual metric space and G-metric space. In fact the nature of a G-metric is to
corresponding the geometry of three points instead of two points. Since then many fixed point results have been developed by
different authors in G-metric spaces.

Later Mustafa, Obiedat and Awawdeh [12], Mustafa and Sims [11], Shatanwi [8] and Mustafa , Shanta and Bataineh [13]
obtained some fixed point theorems for a single map in G-metric space. Many results are obtained by contractive condition.
Further Gupta [1] in 2014 introduced the notion of F-contraction and Chauh ,Kadian, Rani and Rhoods [4] have studied
Property P in G-metric space.

The propose of this paper is to study the development of fixed point theory in G-metric space.
Il. Preliminaries
First we begin by briefly some basic definitions, properties and fixed point theorem in G-metric space.

Definition 2.1 : G-metric space: See [10]:

Let X be anonempty set and G: X x X x X > [* be a function satisfying the following properties.
G1:G(x,y,2)=0ifx=y=z

G2:G(X,Y,2) VXV, zZeXwithx £y

G3: G(X, X, Y)<G((X VY, 2) VX, VY, ze Xwithy £z

Gs:G(XY,2)=G(X, 2, y) =Gy, z,X) = ...=... (Symmetry in all three variables.
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Gs:G(x,y,2)<G(x,a a)+G(a,y,2),V XY,ze X (Rectangle inequality)
Then the function G is called a generalized metric or more specially a G-metric on X and the pair (X, G) is a G-metric
space.
A G-metric space (X, G) is called symmetric if

G(X, Y, Y)=G(Y, X, X) VX, y eX.
Example 2.1 : (See [10])

Let | be the set of real numbers. Define G: |x [x [ |* by
G, y,2)=x-y|+ly-z|+|z-X VX, y,zellX.

Then it is clear that (|, G) is a G-metric space.

Proposition 2.1:( See[10]) :-
Let (X, G) be a G-metric space. Then for any x, y, zand a € X, it follows that
(i) IfG(x,y,z)=0thenx=y=z;
(i) G(x,v,2) <G((x x,Y) +G(X X, 2);
(iii) F(X, v, y) < 2G (Y, X, X);
(iv) G(x,y,2)<G(x a,2)+G(aVY,2);

v) G(x,v,2) 5% G(x, Yy, a) + G(x, a,2) + G(a, Y, 2); and
(vi) G(x,y,2)<G(x,a,a)+G(y,a a)+G(za a).

Definition 2.2 G-convergent: See[10]:-
Let (X, G) be a G-metric space and let {x»} be a sequence of points of X. We say that {x,} is G-convergentto x € X
if
lim  G(x, Xn, Xm) = 0.

n, m—oo

Proposition 2.2 : see [10]:
Let (X, G) be a G-metric space. Then the following are equivalent:
(i) {xn}is G-convergent to x

(i) lIm G(xn, x, x) =0
(iii) Lim G(Xn, Xn, X) =0

(iv) lim  G(x, Xm X) =0
n, m—oo

Definition 2.3 G-Cauchy: (see ([10]):-
Let (X, G) be a G-metric space. A sequence {x.} is called a G- Cauchy sequence if for any & > 0, there is Ne | such
that G(Xn, Xm, X1) < € for all n, m >N, that is
G(Xn, Xm, X)) > 0asn, m, | - .

Proposition 2.3: (See [10]):-
Let (X, G) be a G-metric space. Then the following statements are equivalent:
(i) the sequence {x,} is Cauchy
(i) V&>0,01N e |such that G(X,, Xm, Xm) <&, ¥m, n >N,
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Lemma 2.1: (See [10]):-
Every G-metric space (X, G) will define a metric space (X, dg) by
ds(x, y) =G(X, ¥, ¥) + Gy, X, X), VX, ¥y € X.
Definition 2.4 G-complete: See[11]:
A G-metric space (X, G) is called G-complete if every G-Cauchy sequence is G-convergent in
X, G)

Example 2.2: Let X = [0, ), G: X x X x X > [* be defined by
G(xy,2)=0ifx=y=z
and G(x, y, z) = max{x,y,z},otherwise.

Then (X, G) is a complete G-metric space.

Proposition 2.4 : (See [11]):-
A G-metric space (X, G) is complete < (X, dg) is a complete metric space.

Definition 2.5 G-continuous: (see [10]):-
Let (X, G) and (X', G') be G-metric spaces and let f: (X, G) > (X', G) be a function.
Then f is said to be G-continuous function at a point a X if
Ve>0,0a 6§>0suchthatx,y € X, G(a,x,y)<d = G (f(a),fX),f(y))<e
A function f is G-continuous on X if and only if it is G-continuous V aeX.

Proposition 2.5: (See [10]) :-
Let (X, G) be a G-metric space. Then the function G(x, y, z) is continuous in all variables.

Definition 2.6. Contraction mapping: (See[9]) :-
Let (X, G) be a G-metric space and let S: X = X be a mapping. Then it is called contraction mapping in X if
G(Sx, Sy, Sz) <A G(X, Y, 2) VX, Y, Z eX and whenever 0 <A < 1.

Definition 2.7. Fixed point:-
Let (X, d) be a metric space and S: X - X be a mapping. Then any x eX is called fixed point of S if Sx =x.

. . 3 . .
In particular, the function Ssuchthat S(x) =4x (1 —x)hasx=0and x = 2 e the fixed points.

I11. Some Generalized Fixed Point Theorems in G - Metric Space

In this section we shall present some fixed point theorems for self - mapping satisfying various contractive conditions in
complete G - metric space introduced by Mustafa, Obiedat and Awawdeh (2008). This idea has been fascinated by many
workers and various types of fixed point theorems for mappings on G-metric spaces have been studied and generalized. The

proofs of these results seem more difficult than the proof of fixed point theorems for maps on ordinary metric spaces.

Theorem 3.1: Let (X, G) be a complete G-metric space, and let S : X — X be a mapping. Then S has a unique fixed point in X

if S satisfies the condition :

G(Sx, Sy, Sz) < A max {G(x, Sx, Sx), G(y, Sy, Sy), G(z, Sz, S2)} V x,y,z € X ...(1)
whenever 0 <A < 1.
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Proof :
Suppose that S satisfies condition (1), then V x,y € X, we have

G(Sx,Sy,Sy) <A max {G(x,Sx,5x), G(y,Sy,Sy)}
and G(Sy,Sx,Sx) <A max {G(y,Sy,Sy), G(x,Sx,Sx)}
Suppose that (X,G) is symmetric, then by the definition of the metric (X,dg) and given condition, we get
da(Sx,Sy) <A max {ds(X,Sx), ds(y,Sy)} V X,y € X.

Since 0 < A < 1, then the existence and uniqueness of the fixed point in metric space (X,ds). However, if (X, G) is not

symmetric, then by the definition of the metric (X,dg), we get

4
ds(Sx,Sy) f_g max {da(X, SX), da(y,SY)},VX, y € X.

. . . . . . . 45 . . .
This metric condition gives no information about this map since 3 need not be less than 1, but we will prove it by G-meric.

Let xo € X be arbitrary point and define the sequence {x,} by x» = S"(x»). By given condition we can verify
that

G(Xn, Xn+1, Xn+1) < A Max {G(Xn-1,Xn,Xn), G(Xn, Xn+1, Xn+1) }
= A G(Xn-1, Xn, Xn) SiNCE 0 <A < 1.
Continuing in the same argument, we will find

G(Xn, Xn+1, Xn+1) < A" G(Xo, X1, X1)
Now V n, m € |, n<m, we have by rectangle inequality that
G(Xn, Xm, Xm) < G(Xn, Xn+1, Xn+1) + G(Xn+1, Xn+2, Xn+2) + G(Xn+2, Xn+3, Xn+3) + ..t G(Xm»l, Xm, Xm)

ST+ A+ L+ ™) G(Xo, X4, X1)

n

<

=1 G(Xo, X1, X1).

Then, lim  G(Xn, Xm, Xm) = 0, and thus {x»} is G-Cauchy sequence.

n, m—oo

Since (X,G) is complete, [l u X such that lim x, =u.

N—so0
Suppose that S(u) # u, then
G(Xn+1, Su, SU) <k max { G(Xn+1, Xn+2, Xn+2), G(U, Su, Su)}
Taking the limit as n — oo, and using the continuity of G ,we get

G(u, Su, Su) < A G(u, Su, Su).
This contradiction implies that u = Su.
Finally to prove uniqueness, suppose that u # v such that S(v) = v, then we have

G(u, v, v) < A max {G(v, v, v), G(u, u, u)} =0
Which implies that u = v. Hence the proof is complete. O

There are bulk numbers of fixed point theorems for mapping on G-metric spaces which have been proved complicatedly by
using various contraction conditions. Now we show that the proofs of these results may be simplified by using the metric dg, as
follows analogously to introduced by Mustafa, Obiedat and Awawdeh [8].
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Theorem 3.2: Let (X, G) be a complete G-metric space and let S : X — X be a mapping. Then S has a unique fixed point in X
if S satisfies the following condition:

G(Sx, Sy, Sz) <A max {G(x, Sy, Sy), G(y, Sx, Sx), G(y, Sy,Sy)} ... (1)
V X, Y,z eX where Ae [0,1).
Proof :

Suppose that S satisfies the given condition (1), then all x,y € X
G(Sx, Sy, Sy) <1 max {G(x, Sy, Sy), G(y, Sx, Sx), G(y, Sy, Sy)}

G(Sy, S, Sx) <t max { G(x, Sy, Sy), G(y, Sx, Sx), G(x, Sx, SX)}
Suppose that (X, G) is symmetric, then by the definition of the matric (X, dg) we have

do(Sx, Sy) <= max { da(x, Sy), de(y, Sx), da(y, Sy)} + = max { da(x, Sy), da(y, S¥), de(x, Sx)}

<A max { da(y, SX), da(X, Sx), da(y, SY)} VX, yeX.
Since 0 <\ <1, then the existence and uniqueness of fixed point theorem follows from metric space (X, dg). However, if (X,G)

is not symmetric, then by definition of the metric (X, dg) and we have,
d(Sx, Sy) <2 max { da(x, Sy), da(y, SX), do(y, Sy)} + = max { da(x, Sy), da(y, SX), do(x, SX)}

vVXYyelX.

. . . . .4 . .
Then the metric space (X, dg) gives no information about the map since 3 need not be less than 1. But we will prove it by G-

metric.

Let xo € X be arbitrary point and define the sequence {xn} by X, = S "(xo).
Then by given condition and using A <1, we deduce that

G(Xn, Xn+1, Xn+1) <A MaxX {G(Xn-1, Xn+1, Xn+1), G(Xn, Xn+1, Xn+1) }
= AG(Xn-1, Xn+1, Xn+1)

S0, G(Xn, Xn+1, Xn+1) < AG(Xn1, Xn+1, Xn+1)
and using,

G(Xn-1, Xn+1, Xn+1) <A Max { G(Xn-2, Xn+1, Xn+1), G(Xn, Xn-1, Xn-1), G(Xn, Xn+1, Xn+1)}
Then,

G(Xn, Xn+1, ¥n+1) <AZmMax { G(Xn-2, Xn+1, Xn+1), G(Xn, Xn-1, Xn-1)}

Continuing in this procedure, we will have

G(Xn, Xns1, Xns1) < A" G(Xo, X1, X1) ¥Vn,me |, n<m.
Then by triangle inequality, we have

G(Xn, Xm, Xm) < G(Xn, Xn+1, Xn+1) + G(Xn+1, Xn+2, Xn+2) + G(Xn+2, Xn+3, Xn+3) + ... + G(Xm-1, Xm, Xm)
<"+ A+ LA™Y G(Xo, X1, X1)

n

G(Xo, X1, X1)

<k
- 1-A

This proves that lim  G(Xn, Xm, Xm) =0.
n, m—oo
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Thus {x»} is G-Cauchy sequence. Since (X, G) is G-complete, then [1u e X such that {x,} is G-convergent to u.
Suppose that S(u) # u, then

G(Xn, Su, Su) <A max {G(u, Su, Su), G(uU, Xn+1, Xn+1), G(u, Su, Su)}
Taking the limit as n — oo and using the fact that the function G is continuous, we get
G(u, Su, Su) <A G(u, Su, Su).
This contradiction implies that u = Su.
To prove uniqueness, suppose that « # v such that S(v) =v.
Then by given condition we have

G, v, v) < A max{G(u, v, V), G(v, u, u)}.
This implies that G(u, v, V) < AG(v, u, u).
Again we will find G(v, u, u) < A G(u, v, v). So G(u, v, v) < A2G(u, v, v)

Since A <1, implies that u = v. This completes the proof.

There is an another theorem, its proof follows from previous theorem.
Theorem 3.3 :
Let (X, G) be a complete G-metric space, and let S : X — X be a mapping. Then S has a unique fixed point if:
G(Sx, Sy , Sy) < A max{ G(x, Sy, Sy), G(y, Sx, SX)}
VX, y € Xwhere A € [0, %).

0

We overview some further fixed point theorems without proof for self mapping satisfying various contractive conditions
in complete G - metric spaces.

Theorem 3.4 (See [6]):-
Let (X, G) be a complete G-metric space, and let S : X - X be such that

G(Sx Sy, Sz) <aG(x, y, z) + bG(x, Sx, Sx) + ¢G (y, Sy, Sy) + dG (z, Sz, S2)
+ e max G(x, Sy, Sy, G(y, Sx, Sx), G(y, Sz, Sz), G(z, Sy, Sy), G(z, Sx, Sx), G(x,Sx, Sx)}
VXY, zeXwherea b,c,de>0witha+b+c+d+2e<l.

Then S has a unique fixed point (say p) in X and S is G-continuous at p.

There is another a theorem, its proof follows from previous theorem.

Theorem 3.5.(See [6]):-
Let (X, G) be a complete G-metric space and let S: X->X be a mapping which satisfies the following condition:

Vv Xy, zeX and A e [0, %).

G(Sx, Sy, Sz) < A max{G(x, Sx, Sx), G(y, Sy, Sy), G(,Sz, Sz), G(y, Sx, Sx), G(y, Sz, Sx), G(z, Sx, Sy),
G(x, Y, Sz), G (v, z, SX), G(x, Sy), G(x, Y, 2)}.

Then S has a unique fixed point (say p) in X and is continuous at p. O
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By similar arguments as in the proof in the metric space, we may prove that many contraction conditions for maps
on G-metric spaces reduce to certain contraction conditions for maps on metric spaces.

Theorem 3.6 (See [4]):-
Let (X, G) be a complete G-metric space and let: S: X=X be a mapping which satisfies the following conditions:
G(Sx, Sy, Sz) <A max {G(x, y, z) + G(X, Sx, Sx), G(y,Sy,Sy) G(x,Sy,Sy), G(y, Sx, Sx), G(z, Sz, Sz)}
VXY, zeXand 0<A<l.
Then S has a unique fixed point (say (p)). O

Conclusion
In this work, we have introduced some existing results in G-metric space as the the usual notion of a metric space. Besides this,
we have studied some of the generalizations of some recent works in metric space. In fact, this work extends many other
authors existing literature and can be used for further research work in fixed point theory in Metric space.
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