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I. INTRODUCTION

It is well known that contractive type conditions play an important role in the study of fixed-point theory. The Banach
contraction mapping [1] is one of the conclusive results of analysis. He established the existence and uniqueness theorem
for a solution of an operator equation Tx = x, by using a contraction condition. It is a very popular tool in solving
problems in different areas of mathematics.
The idea of b- metric space was initiated by the works of Bourbaki [16], Bakhtin [2] and Czerwik [3] and [4], which gave
an axiom and proved the contraction mapping principle in B- metric spaces that generalized the famous Banach contraction
mapping theorem. In 1981, Gillespie and Williams [5] introduced a new class of maps where the existing constant is
greater than one. In the sequel, the concept of expansive mapping has been introduced by Daffer, P. Z. and Kaneko, H. [6]
and obtain fixed point results. After that various authors have been studied fixed point theorems in metric spaces for
expansive mappings see for instance [Daheriya, et al. [7] and Huang, X. et al. [8].

In 2015, Jain, R. et al. [9] obtained some results for fixed point and coincidence point for expansive mappings in b- metric
space. Further, in [10] he is proved that fixed point and common fixed point theorems for expansive mappings in
parametric space and parametric b- metric spaces with coincidence point.

In the same year, Mohanta, S.K. [11], obtained sufficient conditions for existence of points of coincidence and common
fixed points for a pair of self mappings satisfying expansive type conditions in b- metric spaces. We prove the coincidence
point theorem for expanding maps without assuming subjectivity of the maps there in metric spaces.

Our results extend and generalize of the results Mohanta, S.K. [11] for expansive mapping in b- metric spaces.
Il. Preliminary Notes

In this section we need to recall some basic notations, definitions, and necessary results from existing literature.

Definition 2.1 [8]: Let X be a non-empty set and s > 1 be a given real number. A function d: X X X - R* is said to be b-

metric on X, if the following condition hold:

(i) d(x,y)=0ifandonlyif x = y;
(i) d(x,y) =d(y,x), forall x,y € X;
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(iii) d(x,y) <s[d(x,z) + d(z,y)], for all x,y € X. Then the pair (X,d) is called a b- metric Space. Observe that, if
s =1, then the ordinary triangle inequality in a metric space is satisfied, however it does not hold true when s > 1.
Then the class of b- metric spaces is effectively larger than that of ordinary metric space. i.e.
Every metric space is a b- metric space but the converse need not be true. The following example illustrates the above
remarks.
Example 2.2: Let = {—1,0,1}. Defined: X x X - R* by
d(x,y) = d(y,x),
forall x,y € X, d(x,x) = 0,x € X and d(—1,0) = 3,d(—1,1) = d(0,1) = 1. Then (X, d) is a b- metric space, but not a
metric space, because the triangle inequality is not satisfied. Indeed, we have that
d(-1,1)+d(1,00=1+1
=2
<3
=d(—1,0). Itis easy to verify that
s = 3/2.
Definition 2.3 [12]: Let (X, d) be a b -metric space, x € X and {x,,} be a sequence in X. Then
(i) {x,} converges to x, if and only if il_r& d(x,,x) = 0, we denote this by

lim x, = x or x - x(n — o).

n—oo
(i) {x,}is a Cauchy sequence if and only if
lim d(x,,x,) =0.
n,m—-oco
(iii) (X, d) is complete, if and only if every Cauchy

sequence in X is convergent.

Remark 2.4[12]: Let (X, d) be a b- metric space, then the following assertions hold:

(i) A convergent sequence has a unique limit.
(i) Each convergent sequence is Cauchy.
(iii) In general, b -metric is not continuous.

Definition 2.5[11]: Let (X, d) be a metric space with the coefficient s > 1 and let T: X — X be a given mapping. We say
that T is continuous at x, € X, we have x, = x, as n — oo.If T is continuous at each point x, € X, Then we say that Tis
continuous on X.
Definition 2.6: Let (X, d) be a metric space with the coefficient s > 1. A mapping let T: X — X is called expansive if there
exists a real constant k > s such that

d(Tx,Ty) = kd(x,y), forall x,y € X.

Definition 2.7[14]: Let T and S be self-mappings of a set X. If y =Tx = Sx, for some x € X, then x is called a
coincidence point of T and S. and y is called a point of coincidence of T and S.

Definition 2.8[14]: Let S and T be a weakly compatible self-mapping of a non-empty set X. If S and T have a unique
point of coincidence y = Tx = Sx, for some x € X, then y is the unique common fixed point of coin T and S.

Definition 2.9[15]: The mapping f, g: X — X are weakly compatible, if for every x € X, the following condition holds:
f(gx) = g(fx), whenever fx = gx.
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Lemma 2.10: Suppose (X, d) be a b- metric space and {y,,] be a sequence in X such that
AWnstr Ynsz) < AV Vnst)s

Where, = 0,1,2,3,....,ande 0 < 1 < 1.

Then the sequence {y,} is Cauchy sequence in X provided by sA < 1.

3. Main Results

Theorem 3.1. Let (X,d) be a complete b- metric space with the coefficient s > 1.Suppose the mapping f,g,h: X = X
satisfying the condition
d(fx,fy) = a; d(fx, hx) + a, d(gy, hy)
+a; d(fx,hy) + a, d(gy, hx)
+as d(fx, gy) ....(3.1.1)
forall x,y € X where ay, a,, as, a,, as = 0 with @, + a, + a5 + a,, +ag > s. Assume the following hypothesis:
Q) a, +a;>s(l—ay) =ag)or
ata,>s(l—a3)=>a,)
2 fX) € h(X)and g(X) € h(X).
If f(x) or g(X) or h(X) area complete subspace of X. Then f, g and h have a point of coincidence in X. Moreover, a, +
a, + as >1and f, g and h are weakly compatible. Then f, g and h have a unique common fixed point in X.
Proof: Let x, € X, then we have fx, € f(X). Since f(X) € h(X) there exists x, € X such that fx, = hx;. From x; € X
then gx; € g(X). Since g(X) € h(X) there exists x, € Xsuch that gx; = hx,. From x, € X, then fx, € f(X). Since
f(X) € h(X), there exists x; € X such that fx; = hx;.
Now from x; € X, then gx; € g(X). Since g(X) € h(X) there exists x, € X such that gx — 3 = hx,. Continuing this
process for all having chosen x,, € X, we obtain x,,,; € X such that
[Xon = hXony and gxpnig = hXopys,
foralln =0,1,2...
In general, we can define a sequence {z,,} we have
Zyn = fX2n = hXgpyq  and
Zyn+1 = 9Xon41 = MXongg, oo (3.1.2)
foralln =0,1,2,.....
From (3.1.1) and (3.1.2), we have
d( Zyn-1,Z2n) = d(hxyp, hxzpy1)
> a,d(Fxzn, hxyy)
+ @ d(gxan+1, hxane1)
+azd(fxzn, hxane1)
+a,d(9X2n 41, WX2n)
+asd(fXon, 9%2n+1)
=a;1d(Zyn-1,2Z2n) + A (Zpn41, Zon)
+a3d(z2n, Z2n)
+ a4 d(Z2n41, Z2n) + Asd(Z2n-1, Z2n41)
> a,d(Zyn_1,22m) + A2d(Zyni1,Z2n) +a3d(Z2n, Zon) + Xad(Zone1, Zon)

+ % [d(Zon-1,Z2n) + A(Z2p 41, Z20)],
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a
2 (a’z ta,+ ?5) d(Zan+1,Z2n)

+ (a’1 + % ) d(Zyn-1,Z2n)-
Implies that,

1'(“1 + % ) Ad(Zan-1,22n) = (az +a,+ %) d(Zan+1) Z2n)

1-a;—as/s

= d(ZZn+1lZZn) = d(ZZn—l'ZZn)

s(az+as+as)

1-a;—as/s

Putr = then we have

s(az+astas)’
A(Zan41) Zan) < 1A (Z2n,0Z25) ... (3.1.3)
By induction, we get
d(Zyns1, Zon) <7T"d(29,21) .... (3.1.4)
For m,n € N with m > n, we have repeated us of (3.1.4)
d(Zyn) Zom) < S[A(Zyn) Zonsr) + A(Zons1, Zon)]
< sd(Zyn, Zons1) + 52d(Zaps1, Zansz)
+on A S™A(Zop—2) A (Zom-1)
+d(Zym—1, Z2m)]d (2o, Z1)

Ad(Zan, Zom) < [San + s2p2ntl 4 ¢3p2n42 4 4 g2Mm-2n .2m-2

+s2m=2n 4 4+52M1d (70, 24)
=sT2[ 14 sr 4 (s1)? + -+ (sr)2M™22 4 o (s1)2M 271 d( 24, 2,)
1_(Sr)2m—2n—1
sren [T] d(2o,2,)
Since 0 < sr < 1, thus we get
2n
d(Z3n, Zom) < T— d(2,21). Thus for m,n — oo. We get

d(23p,Z2m) — 0.
Hence {z,,} is a Cauchy sequence in h(X). Since h(X) is a complete in X, so there exists z* € h(X) such that
(Z3n,2") = 0..... (3.1.5)
As z* € h(X), then there exists y* € X such that

hy* = z".

We claim that f, g, and h have a coincidence point in X. Before that, we will show that
d(fy*,zzn) = 0.

From (3.1.1), we have

d(y*, z2n) = d(hy*, z,,)
=d(hy", hXn41)
= a d(fy", hy") + a;d(gxznsn hxops1)
+asd(fy”, hxanes)
=+ a,d(gXons1, fY™) + asd(fY", 9%on41)
2 a,d( Zyn, Zons1) + a3d(fy", 22,)
+a,d(Zon, fy*) + asd(fy”, z2n)
=yd(Z2n, Zone1) + (@3 + @y + as)d(fy", z2)
Implies that
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Ay d(Zyn, Zone1) + (@3 + a, + ag)d(fy*, z2,)
<dWy* zam)-.. (3.1.6)
Since 0 < r < 1. Then for n — co. We have  d(z3,, Z341) — O0... (3.1.7)
From (3.1.5), we have
d(z*,z,,) — 0, then by using (3.1.7) into (3.1.6), we get d(fy*,z,,,) = 0 ... (3.1.8)
Now, we will show that f, g and h have a coincidence point in X. By definition of b- metric space
d(fy" hy") <sld(fy",zzn) + d(z, hy™)]
= s[d(fy", z2n) + d(22n, 27)].
Thus, by using (3.1.5) and (3.1.8), we get
(fy* hy") =0
From (3.1.1.) and (3.1.2), we have
d(z*,zn-1) = d(hy",22,-4)
=d(hy*, hx,y,)
d(z", Zyp-1) =, d(fy", hy") + a,d(gxp, hxzp)
+azd(fy”, hxzn)
+ a,d(gxzn, hy™)
+asd(fy*, gxan)
d(z",z3n-1) = ¢, d(y",¥") + a,d(gX2n, Z2n_1)
+azd(y”, zzn-1)
+a,d(gx2n,y") + asd(y”, gxzn).
Thus, we have
(a0 + @3) d(Zyn1, g%on) + (@4 + A5)d(gXz0,¥7) < d(Z7, gXpn1)
Then from (3.1.5) and (3.1.8), we have
d(zZn_l, ngn) - 0... (3.1.9)
Thus, by triangle inequality of b- metric spaces
d(gy*,hy") < s[d(gy", Zan-1) + d(Zzn-1,hy")]
=5d(gy*, Zon-1) + 5d(Z2n-1,2")
Thus, by using (3.1.5) and (3.1.9), for n — oo, then we get
d(gy*,hy") = 0.
Thus, we have
fy*=hy' =z
and
fy =gy =hy"=2z".
Hence f, g and h have a coincidence point.
Now, we prove the uniqueness of the coincidence point of f, g, and h.
Suppose there exists another coincidence point w* of f, g and h such that
fx = gx = hx = w*, for some x € X.
From (3.1.1.) we have
d(z*,w*) = d(hy*, hx)
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> a,d(fy*,hy*) + a,d(gx, hx)
+asd(fy*, hx) + a,d(w*, z*)
+ asd(z*,w")
> (a3 + ay + ag)d(z*, w*).
Thus, we have
1—(as+a, +as)d(z*,w*) <0.
Since(a; + a, + ag) > 0. Then we have
d(z*,w*) =0.
Hence z* = w*. Now, we claim that f, g and h are common fixed point in X, then by using (3.1.1.), we get
d(z*,hz*) = d(hy*, hz*)
> a,d(fz*, hy*) + a,d(gz*, hz*)
+a3d(fz*, hz*) + a,d(gz*, hy*)
+asd(fz',9z")
= a,d(z*, hz*) + a,d(gz*, gz*)
+a;d(z*, hz*) + a,d(g'z*, hy™)
+asd(z*,gz")
d(z*, hz*) = a,;d(z*,hz*) + azd(z*, hz")
+a,d(z", hz")
= (¢ + a3 + a,)d(z", hz").
Thus, we get
1—(a; + a3+ a,)d(z,hz") <0.
Since 1 — (a; + a5 + a,) > 0, then we obtain
d(z*,hz*) = 0= z* = hz".
Since hz* = fz* and hz* = gz*, sowe have z* = fz* = gz* = hz".
Hence f, g and h are common fixed point.
Now we shall show that £, g and h have unique fixed point.
Suppose x* € X is another common fixed point of f, g and h. It means that fx* = gx* = hx* = x*. By using (3.1.1), we
have
d(z*,x*) = d(hz*, hx*)
> a,d(fz*, hz*) + a,d(gx*, hx*)
+a;d(fz*, hx*) + a,d(gx*, hz*)
+asd(fz", gx")
=a,d(z*,z") + a,d(gx*, hx*)
+a3d(z*, x*) + a,d(gx*, hz")
+asd(z*, gx*
> (a3 +a, + as)d(z*, x*)
Thus, we get
1-(az + a, + ag)d(z*,x*) < 0.
Since (a3 + a, + a5) > 0, therefore, we get

d(z*,x*) = 0. Thus, we have z* = x*.
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Hence f, g and h have unique common fixe point in X.

Example 3.2: Let X =[0,1) and p > 1 be a constant. We define d: X x X -» R* asd(x,y) = |x—y|? ,forallx,y €
X. Then (X, d) is a b- metric space with the coefficient s = 2P~ Let us define f, g, h: X — X defined by fx = g ,gx =
Zand hx = =

12 2

Clearly, f(X) € h(X)and g(X) < h(X),for x,y € X.

p p p p sy|P
Now, d(fx, fy) = [=2|" d(fx.h) = =2 = & dlgy. i) = |2 -2 = |2
p p
d(fx,hy) = [£=2|", d(gy, hx) = |% -2
And
x y |P
d(fx,gy) = P
P
so, d(fx,fy) = = [2-2|
EYERI 1|5_y|" E z_zr’
—6l8 6 112 6 18 2
Ly =Pty
6 112 2 618 12

> a,d(fx,hx) + a, d(gy, hy)
+a; d(fx, hy) + a, d(gy, hx)
+as d(fx, gy).
Thus, all conditions of theorem 3.1. are satisfies a; + a, + a3 + a,, +as > % Note that, 0 is unique common fixed point

of the mapping f, g and h.
Corollary 3.3. Let (X,d) be a complete b- metric space with the coefficient s > 1.Suppose the mapping f,g,: X = X
satisfying the condition

d(fx, fy) =z ay d(fx,gx) + a, d(fy,gy)

+as d(fx, gy) + a, d(gx, gy)
+as d(fy, gx) (3.3.1)

for all x,y € X where ay, @, a5, @y, a5 = 0 with a; + a, + a3 + a,,+as > s.
Assume the following hypothesis:
(1) a,+a;>s(1—ay) = as)

ora +a,>s(1—a3)=a,)
3 fX) € h(X)
(3) If f(x)or g(X)or h(X) area complete subspace of X. Then f,gandh have a point of coincidence in X.
Moreover, a, + a, + as >1 and f, g and h are weakly compatible. Then £, g and h have a unique common fixed point
inX.
Proof: Setting f = g = h in the theorem 3.3. the required above result.
Corollary 3.4: Let (X,d) be a complete b- metric space with the coefficient s > 1.Suppose the mapping f,g: X = X
satisfy the condition

d(fx,fy) = a; d(fx, gx) + a, d(fy, gy)

+a; d(gx, gy)... (34.1)
for all x,y € X where a;, @,, a3 = 0 with a; + a, + a5 > s. Suppose the following hypothesis are also satisfy
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1) a+a, >s(l—az)ora; +a, >s(1—as).
) gX) < fX).
(3) If f(x) or g(X) are a complete subspace of X. Then fand g have a point of coincidence in X. Moreover,

a, >1and f and g are weakly compatible. Then f and g have a unique common fixed point in X.
Proof: It follows by taking a; = a5 = 0 and a, = a5 in Corollary 3.3, then we get the result of Mohanta, S. K. (2016).

Corollary 3.5: Let (X,d) be a complete b- metric space with the coefficient s > 1.Suppose the mapping f,g: X = X

satisfy the condition
d(fx, fy) = a,d(gx,gy)...... (3.5.1)

for all x,y € X where a; = 0 . Suppose the following hypothesis are also satisfy

1.9 < f).
(2). If f(x)or g(X) are a complete subspace of X. Then f and g have a point of coincidence in X. Moreover, a;>1 and

f and g are weakly compatible. Then f and g have a unique common fixed point in X.

Proof: It follows by taking a; = a, = 0 and @3 = a, in Corollary 3.4, then we get the above result, which is corollary of
Mohanta, S. K. (2016).
Corollary 3.6: Let (X, d) be a complete b- metric space with the coefficient s > 1.Suppose the mapping g: X — X satisfy

the condition
d(gx, gy) < kd(x,y) (3.6.1)
for all x,y € X wherek > (0,&) .Then g has a unique fixed point in X. Furthermore, the iterative sequence {g™x}
converges to the fixed point
Proof: Setting ail =k and f = I, the identity mapping on X, in 3.5, which is b- metric version of Banach contraction
principle.
Example 3.7: Let X = Rtand d: X X X -» R* asd(x,y) = {max(x,y)}?, for all x,y € X. Then (X,d) is a b- metric
space with the coefficient s = 2. Define f, g, h: X — X defined by fx = ’Z—C ,gx = ’S—C for all x, y € X, we have d(fx, fy) =
6d(gx, gy).i.e. the condition of corollary 3.3 holds for a; = @, = @3 = a, and as= 6. Therefore, we have all hypothesis
of corollary 3.3. and 0 is the coincidence point of f and g.
Theorem 3.8: Let P, Q, R and S are four surjective mappings of a complete b — metric space(X, d) with coefficient s > 1.
Satisfying the following inequalities:
d(P(Qx),Qx) +=d(P(Qx),x) 2 ad(Qx,x) .. (3.8.1)
d(Q(Px), Px) += d(Q(Px),x) 2 Bd(Px,x) ... (38.2)
and
d(R(Sx),Sx) + = d(R(Sx), x) = yd(Sx,x) ... (3.8.3)
d(S(Rx), Rx) + = d(S(Rx),x) = ad(Rx,x)... (3.8.4)
for x € X, where a,B,y,k are non-negative real numbers with a >s+ (1 +s)k,f>s+ (1 +s)k, y>s+ 1+

s)kandA > s+ (1 + s)k. If P,Q, R and S are continuous, then P, Q, R and S have a common fixed point in X.

Proof: Let w, be an arbitrary point in X. Since P is surjective there exists w; € X such that
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w; = Pw,.
Again, Q is surjective there exists w, € X such that
wy, = Q wy.
And R is surjective there exists w; € X such that
w; = Rw,.
Also, S be a surjective there exists w, € X such that
w, = Sws.

Continuing this process. We can construct a sequence {w,,} in X such that

Wy = PWypiq... (3.8.5)
And
Want1 = QWanyz (3.8.6)
also
Wan+2=RWop 13 (3.8.7)
Wan+3=SWan4a (3.8.8)

Now from (3.8.1), we have, for n € N U {0}
K
d(P(Qwzn42), QWapy) + ;d(P(QWZnH): Want2)

> ad(QWanyz2, Wany2),

which implies that
k
d(WZn' W2n+1) + ; d(WZn: W2n+2)

= ad(Wyp i1, Wons2)

Hence, we have
ad(Wyn 1, Wanys2) < d(Wop, Wony1)
+sk[d(Wzn, Wan11)
+dWan+1,Wan+t1)

Therefore,

1+sk
a—sk

d(Wan41, Wang2) < d(Wan, Wapi1) - (3.8.9)

Now, we using (3.8.2) by argument similar to that used above, we obtain that
d(Wap, Wans1) < ;i—;’i AWy 1, Wap)... (3.8.10)
On the other hand, we have by (3.8.3)
A(R(SWin+4), SWansa) + = A(R(SWa44), Wan 1)

= yd(SWania, Wania),

which implies that
k
d(Wyp 12, Wanys) + 5 d(Wap 12, Wan44)

> yd(Wani2, Wanta)

Hence, we have

YAd(Wani2:Wansa) < dWopioWony3)

+Sk[d(W2n+2: W2n+3)
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+d(Wan43 Wanta)
Therefore,

1+sk

d(Wapi3,Wangsa) < I d(Wyn 12, Wanys) - (3.8.11)

Next, we using (3.8.4) by an argument similar to that used above, we obtain that,

1+sk
d(Wapi2,Wanys) < % d(Wan42) Wans3) - (3.8.12)

Leté = max{

1+sk 1+sk 1+sk 1+sk} 1
a-sk’ B-sk 'y-sk ~ A-sk

s
Combining (3.8.9), (3.8.10), (3.8.11) and (3.8.12), we get
d(Xyn, Xoni1) < 6d(Xopn—_1,Xn)
&

d(Xgn41, X2n42) < 6d(Xap, Xon+1)

Where § € [0&) for all n € N U {0}. By repeating this process, we have
d(Xan41) Xan+2) < 0™d(xg, X1).
Then by Lemma 2.10, {x,,,} is a Cauchy sequence in complete b-metric space. Then there exists w* € X such that
Wy, = W*asn — oo,
Therefore, w,, ., = w* and w,,,,, = w* asn — oo. The continuity of P, Q,R and S.
implies that, Pw,,,,, = Pw*. But Pw,,, ., = w,, > w*asn — o, Thus Pw* = w*.
Now, since @ is continuous, then Qw,,,,; = Qw*asn — co.But Qw,,,q = Wypyp1 = W™
Thus, Qw* = w*.
Similarly, R and S are continuous, so, Rw,,,3 = Rw* and Sw,,,, = SW* as n - . i.e. Wy, = PW* , Wy, —
QW*, Wy, 2 = Rw* and w,,, .5 = Sw* asn — oo. The uniqueness of limit yields that
w*=Pw* = Qw* = Rw* = Sw".

Hence, w* is a common fixed point of P, Q,R and S.
Corollary 3.9: Let P and R are two surjective mappings of a complete b —metric space(X, d) with coefficient s > 1.
Satisfying the following inequalities:

d(P?x, Px) +~d(P?,x) 2 ad(Px,x) ... (3.9.1)

and

d(R?x,Rx) + = d(R?*x,x) 2 Bd(Rx,X)...... (3.9.2)
For x € X, where a, 8,k > 0 with a > s(1 + s)k,
B > s(1+ s)k. Then P and R have a common fixed point in X.
Proof: It follows from theorem 6.2.8 by taking @ = P,S = R and 8 = @ and A = y = . Then we get the above result.
Corollary 3.10: Let P: X — X bea surjective mappings on a complete b — metric space(X, d) with coefficient s > 1.
Satisfying the following inequalities:

d(P?x, Px) +~d(d(P?x, x) 2 ad(Px,x).... (310.1)
For x € X, where @, k > 0 with @ > s(1 + s)k .Then P has a unique fixed point in X.
Example 3.11: Let X = [0,0) and define d: X x X —» R* by d(x,y) = |x — y|?, for all x,y € X. Then (X,d) is a

complete b — metric space with s = 2. Define P: X — X by Px = 2x. Now
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d(P?x, Px) + = d(d(P?x,x) = d(4x, 2x) + d(4x, x)

= |4x — 2x|? + |4x — x|?
=4x? + 9x2

=13x2

> 12x2

=12|2x — x|?

= 12d(Px, x).

Forallx € X.Hence k =1 and a = 12.

Clearly, 12=a > s(1 + s)k

= 6.

Thus, P satisfies all the hypothesis of corollary 6.2.10 and 0 is the unique fixed point of P
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