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Abstract — In this paper, a method for constructing a near optimal normal basis for algebraic extensions of a finite field is
described. In each extension, except for the squares of the basis elements, the product of two distinct elements in the normal
basis can be expressed as a linear combination of those two basis elements, with coefficients in a much smaller subfield.

Keywords — Finite fields; Algebraic field extensions; Normal basis; Optimal normal basis.

I. INTRODUCTION

In this paper, a method for constructing a near optimal normal basis for an algebraic extension of specific dimension
(degree) over a finite field is described. The optimality criteria are that the multiplication tables have as few nonzero entries as
possible. The extensions can be classified as either Artin-Schreier extensions, where the degree of extension is the same the
characteristic of the finite field, or other extensions, where the degree of extension is relatively prime with the characteristic of
the finite field. Previous results on optimal normal bases for finite field extensions are mostly based on those studied in [4].
Algorithms for construction of finite fields of specified number elements are described in [1, 6], and randomized algorithms in]
5, 7], while permutation polynomials and irreducible polynomials over a given finite field are presented in [2].

Il. ARTIN-SCHREIER EXTENSIONS OF FINITE FIELDS

A. Normality of the Basis Elements Produced by Artin-Schreier Extensions

Throughout the paper, let p be a fixed prime number as well as the characteristic of a finite field IF, and Z,, be the prime
field, with elements represented by 0,1, ...,p —2 and p — 1, and equipped with arithmetic operations of addition and
multiplication modulo p. The lemma below plays an important role in the results that follow:

Lemma 1. Let IF and E be finite fields containing p™ and p™" elements, respectively, for some prime number p and positive

integers m and n, such that m > 2.. Let {6?’”1 :0<i<m- 1} be a basis for [E as an extension field IF, for some § € E.
Then, for every d € T, such that [md + Z}’;‘Ol Spj"] # 0, the set {(6 + d)”m :0<i<m- 1} is also a basis for E as an
extension field of F.
Proof. The linear span of the set {(6 + d)”i" 1 0<i<sm- 1} is the same as that of {(6+d)} U {(6 + d)pm -
+d): 1<i<m- 1} , Which, in turn, is the sane as that of {(§ + d)} U {(8 + d)pm -6+ d)p(i_l)n r1<i<sm-
1} ={(+d)}u {6pin "M 1<i< m- 1}. If d =0, the set {Spm —? M 1<i<m- 1} is linearly
independent over F, by the hypothesis. Now, for some sequence of elementsc; €F, 1< i< m-1, if (§+d) =
e (@+adr" @+ P ") = IRyt (67" - 67 ), then d = —(1+c)8 + (e — can) 67 +
cn_167" " However, since d = d ( pNire 5”“1)_1 ymstsp™ s the unique expression for d , as a linear combination of
sP" for 0<i<m-—1, it follows that ¢; = —(1+1), ¢4y =¢;—7, for 1< i< m—2, and ¢,,_, =7, Where 7=
d ( PNire 5”in)_1. By induction on i, it can be deduced from the first two requirements that ¢; = —(1 +it), for1 <i<m—

1, and for the last requirement, c,,,; = T to be consistent with ¢,,_; = —(1 4+ (m — 1)7), as deduced from the previous
requirements, mt = —1, which is contrary to the hypothesis on m and d. Thus, the coefficientsc; €F, 1 < i < m — 1, such

that (6 +d) = X727 ¢ ((5 +d)P" — (6 + d)”(i_l)n) cannot exist, assuming that the set {(Spi" :0<i<m-— 1} is
linearly independent over F. ]
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The following result allows construction of many normal elements in an Artin-Schreier extension of a finite field:

Theorem 1. (Normal Bases of the Artin-Schreier-Extensions)

Let F be a finite dimensional extension field of Z,, of vector space dimension n, for some positive integer n. Let a €
F \ {0} be such that the polynomial x? — x — « is irreducible over F, and E = F[B]/(B” — B — «). Then, for every c €

F, the set { (BP D +c) 0<i<p- 1} is a basis for E as an extension field of F.

(BPV4c):1<i<p-— 1}. Now, B»' —p = Yz} (ﬁpi“ - /31") = Yi(pP —p)P = Yila?', for0<l<np-1.

Lets, = X!} a?' foro<l< np—1,andh =YX} aP'. Since the polynomial xP — x — « is irreducible over F, it follows

that h € 7, \ {0}, by Theorem 3.78 and Corollary 3.79 in [3]. Now, s,,; = s; + ih and BP"" = B + s, = B +5; + ik,

for 0<j<n—1 and0<i<p—1, and P~DP" — g-1 = (g 4 jp)P-D — p-1) = Zi;}ﬁ(ih)"ﬂ@‘l‘“,

for 1<i<p-—1.The (p—1) x 1 column vector with entries S®-DP™ — B®=1) in the i-th row, for 1 <i < p — 1, can be

seen as obtained by applying the linear operator corresponding to the matrix with entries (ih)* in the i-th row and k-th

(p-1)!

k,(p_l_k),ﬁ(”_l‘k) as the entry in

column, for 1 <i,k<p-—1, on the (p —1) x 1 ccolumn vector with basis element

the k-th row, for 1 <k <p —1. Now, there exists a primitive elementp € Z, \ {0}, such that for each i € Z, \ {0},
satistying i = p*i, for a distinct index k; € Z, \ {0}, and hence the matrix with entries (i2)* in the i-th row and k-th

column, for 1 <i,k <p—1, can be expressed as the product of a (p — 1) X (p — 1) permutation matrix and a (p — 1) X

(p-1)!

(p — 1) Vandermonde’s matrix. Since the Vandermonde’s matrix is invertible and e

#0,for 1<k<p-—-1,it
follows that the linear span of the (p — 1) elements S®-DP™ — g@=D for 1 < i < p — 1, is the same as that of the (p — 1)
elements =17 for 1 < k < p — 1, and so, the linear span of {(B® +¢)}u { (B(’"l))pm —-pPV:1<i<p- 1} is
the same as that of {(B®D +c)}U{B: 0 <i < p— 2}, which is the same as that of {#: 0 < i < p — 1}. It may also be

observed that if X7 g@~DP™ = g, for some g € F, then Zf;ll( p-LP™ _ ﬁ(p‘l)) = (o —pP D -3 lpr-D) =g
Thus, the set { (B(p‘l) + c)p :0<i<p- 1} forms a basis for E as an extension field of F. Lemma 1 can also be applied

withs = @D d =candm =p. [

B. Optimality of the Normal Basis Produced by Artin-Schreier Extensions

In the theorem just proved, with ¢ = —1, the element a8~ is a normal element in E, for the extension of degree n over F.
Thus, the element 8~ is a normal element in E for the extension over F and satisfies the equation x™® — x~! — @ = 0, so that
its minimal polynomial is x? + a~1x®~D —q~1, Let§~1 = B~1 — b € E, for some b € F. It is convenient to choose b € Z,,
like maybe b = 1. Substituting 8~ = §~1+ b in the equation (8~1)? + a~1(B~1)®~V — o~1 = 0, it may be found that
(61+bP+a (57 + )PV —qt=0, and so (§)P +a? zi;;%bk(a-l)@-l-“ + bP —a~t=0. Now,
(— Zf;ol(c‘;‘l)”in) = o' and ((—1)7’ -, 61’“1) = bP +a 1p® D — =1 % 0, for b € F, obviously, since 57" # 0, for
0<i<p-1.

The element g satisfies the equation ﬁ”in — B = ih, also, where h = Y} P, and multiplying both sides of the last

equation by (ih)=1(B=1)P"+1, (B~1)P"+1 = (ih)~1 ((,3-1) -~ (ﬁ‘l)pin>, 1<i<p-—1. Substituting =2 = 6~1+b, it
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can be found that (8- + b)P"+1 = (jh)~1 ((6‘1 +b)— (671 + b)Pin) = (ih)? (6‘1 - S‘Pi"). Simultaneously, it also
holds  that (857 +b)P"+1 = (871 +b)(8 " + b)P" = (6=®"+V + b (671 + 677") +b?), yielding the multiplication

formula §-®™+1) = ((ik)~* — b)6~1 — ((ih)~! + b)5~P™ — b2, for 1 < i < p — 1. Thus, whenb = 1, the constant 1 is also
taken as an extra element, for performing the calculations quickly and efficiently. The expansion for §=2 in the normal basis

can be obtained from the equations that ( AN 6‘1’m) §1=6"%+ (Zf:_f 6—(Pi"+1)) =§2+30) (((ih)‘1 —b)st -
((iR)~ + b)s—P™ — bZ) = 572+ X7 ((ih)~t — b)6~1 — X7 ((ih)~* + b)6 ™ + b2, and observing that (Zf;ol S—Pi”) =
—a~' is the trace of 571 in Efor the extension over F and that (X?_yd)=—d, for d€F, 6 2=—(a'+b+
Y T)S T + X ()T + b)) P — b2 = — (@t + b+ X0 ) ) ST+ XV () TSP + b (zf;f 5p‘l") —

i=1
b = —(at +b+Z0 () )6 + I )P + b [(Z2) 6P ) = b] = —(at + b+ ZT ) )6t +
YR8 4 b[—amt =67t —b] = (a7t + 2b + 3P (W)L )61 + 2P (i) 16" + b[—a~! — b]. Forp =3,
since YR =hTtYP it =htYPli=0, it follows that §2=—(a~+2b)6t + 3P (W) TSP +
b[—a~' — b]. The remaining coefficients (ih)~!in the expansion of §~(*"+1), for 1 <i<p—1, are in Z,. It may be
observed that, when p divides n, the element a=* may have been chosen to be a normal element in a manner similar to that of

&1, for the Artin-Schreier extension of [F over its subfield of p(F) elements. For this purpose, it must be checked that the trace

of & is nonzero, for inductively applying Theorem 1, subsequently. Since (§71)? + a~! Zi;é%bk(&l)(p‘l‘” +

bP — a1 = 0 is the minimal degree equation for §~1, it follows that, whenever b # 0, the trace of § is indeed nonzero, as
may be found out by comparing the coefficient of =1 in its minimal polynomial. Thus, for the purpose of speeding up the
multiplication operation, the redundant element b = 1 is also included together with the normal basis, for multiple Artin-
Schreier extensions. If the element 1 is already present in the basis of the subfield F, then the element is not redundant in the
basis for E, but the representation for the multiplication table is not necessarily in terms of only the normal elements of the
current extension.

Corollary 1. (Inductive Construction of Multiple Normal Bases of the Artin-Schreier-Extensions)

Let IF be a finite dimensional extension field of Z,, of vector space dimension nn = mp, for some positive integer m. Let a €
F \ {0} be such that the polynomial x? —x — « is an irreducible Artin-Schreier polynomial over F, and ¢~ is a normal
element in F over the subfiled of p™ elements, and let E = F[B]/(B? — f — a). Then, the element 6 *=p"1—1is a
normal element for [E as an extension field of [F, and the polynomial x? — x — & is an irreducible Artin-Schreier polynomial.
Moreover, the multiplication table of 6~ is nearly optimal, with the inclusion of 1 as an extra (redundant) element, if so
needed.

Proof. Follows form the discussion in the preceding paragraph, with b = 1. [

I1l. OPTIMAL NORMAL BASES IN OTHER FINITE FIELD EXTENSIONS

Let p and g be distinct prime numbers, [ be the least positive integer, such that q | (p* — 1), and r be the largest positive
integer such that g™ | (p' — 1). Let F be a finite field of p* elements, ¢ € F be a primitive q”-th root of 1, and s be a positive
integer not larger than r. The polynomial x@° — ¢ is irreducible over F : there is no element € F, such that n?° = &, and the
polynomial x4° — ¢ splits into distinct linear polynomials, over every extension of [ containing a root , such that n?° = ¢,

More precisely, the sequence of polynomials xf = ¢ and xf =x;_q, for2 <i <s,whens > 2, is a tower of extensions, and

I
so the minimal polynomial of x; over F with indeterminate x is given by x¢° —¢. Letm = (pq—rl) , so that gcd(m,q) = 1,
and let E = Fla]/(a?° —&). Now, a?'~1) = gma" = gma™™ = ¢ for some( € F, such that¢? = 1, and the smallest
positive integer k , for which the equality (¥ = 1 holds, is when k = g*. If ¢°|(p —1) , then { € Z, \ {0,1}. Thus, af' =

{a, and ar' — {la=0,for 1<i<q*—1 Letp=a—b, for someb € F\ {0}, such that b9° # £. It is convenient and
preferable to choose b € Z, \ {0}, such that b9° # &, whenever possible, by setting, for example, b = 1. The result is stated
without loosing generality, but specific assumptions regarding its choice are needed to hold.

=S
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Now, pP" = a?"' —b=la—b=C(B+b)—b=JB+(( —1)b, for0<i<gqs—1. Lety= 1, so that (J'—
Dby?"+1 =y — iy and P+ = b (= D7 (y = IyP") with ¢, b, ((P— Db EF\{0},{i# 1, for 1< i< g -
1. Since the minimal polynomial of a over Fis x9° — ¢ and that of B is (x 4+ b)?" — ¢, it follows that the minimal polynomial
of y over Fis (1 +bx)? — &x?° , except for the multiplication by (b9° — ¢), and Zji;l yP = —gb(b” — &) For y?,
the formula ( ji(_)l y?’ﬂ)y =y2+ Z;i;l yPIH =2 4 pt Zj:l((f -1 (y — {fypjl) yields —q*b(b?" — {)_1;/ =
y2+b 1t Zj?:l((f -1t (y - (fypﬂ), from which 2 can be expressed as a linear combination of y?", for0 <i < q° — 1.
Ifb=1,since ¢ = &ma"™ (-1 = (ffmq(r_s) - 1)_1, and the identity (1 — ffmq(r_s)) 1-9"1= i’:g(r_S)_lf"
can be utilized, but there are no obvious simplifications.

Recalling that B?’” =a? —p= ¢l — b, by inverting both sides, [?‘p” = ((lfa=b) ' =b Y ({lab™ ' — 1), for0<i <
g* — 1. For 7 in the algebraic closure of F, such that 79° # 1, from the identity (rqs -1)=0G-1) Z?jglﬂ, the inversion
formula (t —1)7! = (¢« — 1)‘12;{5111' holds. Now, witht = Clab™t, 1% = ({lab ™) = (ab )T =¢b 7 %1,
for 0 <i < q°—1, by the choice of the parameters. Thus, ({'ab™! —1)~* = (¢b9° — 1)_12;’;1({iab‘1)1’, for0<i<
q® — 1. By the invertibility of the (g5 — 1) x (¢° —1) Vandermonde matrix, with coefficients ¥ in the (i + 1)-th row

and (j + 1)-th column, for 0 < i,j < q° — 1, and the linear independence of (ab~1)/, for 0 < j < ¢° — 1, the elements ypil,
for 0 < i<q®—1, are linearly independent over F, forming a normal basis for E. If b =1, then the coefficients are
guaranteed to remain only in IF, even for subsequent extensions of E and thereupon.

IV. CONCLUSIONS

In this paper, the minimal polynomial of a normal element of a finite field over a subfield is described. From the generating
element of an extension, normal basis elements can be easily obtained. It is then shown that the multiplication tables satisfy an
optimality property.
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