
International Journal of Mathematics Trends and Technology                                                                    Volume 67 Issue 6, 81-89, June, 2021 

ISSN: 2231 – 5373 /doi:10.14445/22315373/IJMTT-V67I6P510                                                         © 2021 Seventh Sense Research Group® 

 

 This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/) 

Fekete-Szego Inequality for Certain Classes of 

Analytic  Functions using (p,q)-Ruscheweyh 

Derivative   

P. Nandini#1, M.Ruby Salestina*2 and S.Latha#2 

#1Department of Mathematics, JSS Academy of Technical Education, Srinivaspura, Bengaluru-560-060, India. 

#2Department of Mathematics, Yuvaraja’s College, University of Mysore, Mysuru-570-005, India. 

 

Abstract – In the present work, we investigate the Fekete-Szego inequalities for certain classes of analytic functions by using 

(p,q)-Ruscheweyh derivative  and also the estimates on the coefficients for second and third coefficients of these classes are 

discussed. 
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I. INTRODUCTION  

 

          Let A denote the class of functions of the form 

                                                                 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑛𝑧
𝑛∞

𝑛=2   ,    𝑎𝑛 ≥ 0                                                                           (1.1) 

 

which are analytic  in the open unit disc 𝑈 = {𝑧 ∈ 𝐶 ∶ |𝑧| < 1}. 
For any two analytic functions 𝑓 and 𝑔 in 𝐷, we say that  𝑓 is subordinate to 𝑔 in 𝐷  i.e 𝑓 ≺ 𝑔, if there exists a Schwarz 

function 𝑤, which is analytic in 𝐷 with 𝑤(0) = 1 and |𝑤(𝑧)| < 1 such that 𝑓(𝑧) = 𝑔(𝑤(𝑧)), 𝑧 ∈ 𝐷 (see[4]). 

For  0 < 𝑞 < 𝑝 ≤ 1, the (𝑝, 𝑞)-integer number is defined as [6] 

[𝑛]𝑝,𝑞 =
𝑝𝑛 − 𝑞𝑛

𝑝 − 𝑞
 

and  (𝑝, 𝑞) −factorial  of  integer number 𝑛 is given by [6] 

[𝑛]𝑝,𝑞! = {
[𝑛]𝑝,𝑞[𝑛 − 1]𝑝,𝑞 . . . . [1]𝑝,𝑞 ,    𝑛 = 1, 2, .  .

1                                          𝑛 = 0.
 

The (𝑝, 𝑞) −analogue of Jackson derivative of the function 𝑓 is given by 

𝐷𝑝,𝑞𝑓(𝑧) =
𝑓(𝑝𝑧)−𝑓(𝑞𝑧)

(𝑝−𝑞)𝑧
, (𝑧 ≠ 0, 0 < 𝑞 < 𝑝 ≤ 1). 

For 𝛿 ≥ 0, the Ruscheweyh  type (𝑝, 𝑞) −differential operator 𝑅𝑝,𝑞
𝛿 : 𝐴 → 𝐴  is given by  

                                               𝑅 𝑝,𝑞
𝛿 𝑓(𝑧) = 𝑧 + ∑

[𝑛+𝛿−1]𝑝,𝑞!

[𝛿]𝑝,𝑞![𝑛−1]𝑝,𝑞!
𝑎𝑛𝑧

𝑛 .∞
𝑛=2                                                              (1.2) 

 

We note that  𝑅𝑝,𝑞
0 𝑓(𝑧) = 𝑓(𝑧),    𝑅𝑝,𝑞

1 𝑓(𝑧) = 𝑧𝐷𝑝,𝑞𝑓(𝑧),      𝑅𝑝,𝑞
𝛿 𝑓(𝑧) =

𝑧𝐷𝑝,𝑞
𝛿 (𝑧𝛿−1𝑓(𝑧))

[𝛿]𝑝,𝑞!
. 

We observe that, for 𝑝 = 1 and 𝑞 → 1, the (𝑝, 𝑞) − integer number [𝑛]𝑝,𝑞 reduces to the ordinary number 𝑛  and 

(𝑝, 𝑞) −Ruscheweyh differential operator reduces to the  the Ruscheweyh differential operator defined by Ruscheweyh in [9]. 

Using the concept of subordination and Ruscheweyh differential operator, we define the following subclasses of analytic 

functions 

Definition 1.1. A  function 𝑓 ∈ 𝐴  is said to be in the class 𝑆𝑝,𝑞
∗ (𝛿, 𝛷) if it obeys the condition 

                                                   
𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧))

𝑅𝑝,𝑞
𝛿 𝑓(𝑧)

≺ 𝛷(𝑧)      (0 < 𝑞 < 𝑝 ≤ 1),                                                        (1.3) 

where 𝛷(𝑧)  is analytic in 𝐷 with 𝑅𝑒{𝛷(𝑧)} > 0, 𝛷(0) = 1  and 𝛷′(0) > 0. 
 

Definition 1.2. A  function 𝑓 ∈ 𝐴  is said to be in the class 𝐶𝑝,𝑞(𝛿, 𝛷) if it satisfies the condition  
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𝐷𝑝,𝑞(𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧)))

𝐷𝑝,𝑞(𝑅𝑝,𝑞
𝛿 𝑓(𝑧))

≺ 𝛷(𝑧)      (0 < 𝑞 < 𝑝 ≤ 1),                                                (1.4) 

where 𝛷(𝑧)  is analytic in 𝐷 with 𝑅𝑒{𝛷(𝑧)} > 0, 𝛷(0) = 1  and 𝛷′(0) > 0. 
The classes 𝑆𝑝,𝑞

∗ (𝛿, 𝛷) and  𝐶𝑝,𝑞(𝛿, 𝛷) contains many well- known classes  of analytic functions such as : 

i) 𝑆𝑝,𝑞
∗ (0, 𝛷) = 𝑆𝑝,𝑞

∗ (𝛷)  and 𝐶𝑝,𝑞(0, 𝛷) = 𝐶𝑝,𝑞(𝛷), defined by Srivastava [2]. 

ii) 𝑆1,𝑞
∗ (0, 𝛷) = 𝑆,𝑞

∗ (𝛷)  and 𝐶1,𝑞(0, 𝛷) = 𝐶𝑞(𝛷),  introduced by Cetinkaya [1]. 

iii) 𝑆1,1
∗ (0, 𝛷) = 𝑆∗(𝛷)  and 𝐶1,1(0, 𝛷) = 𝐶(𝛷), studied by Ma-Minda [8]. 

We require the following lemma to prove our main results: 

Lemma 1.3.[8]  If  𝑝(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧
2 +.   .    .  is a function with 𝑅𝑒{𝑝(𝑧)} > 0  and μ∈ 𝐶, then 

|𝑐2 − μ𝑐1
2| ≤ 2max {1, |2μ − 1|. 

The result is sharp for the functions 𝑝(𝑧) given by  

𝑝(𝑧) =
1+𝑧2

1−𝑧2
  and  𝑝(𝑧) =

1+𝑧

1−𝑧
. 

 

   

II. MAIN RESULTS 

In this section we  obtain  the  Fekete-Szego inequalities  for the classes 𝑆𝑝,𝑞
∗ (𝛿, 𝛷) and  𝐶𝑝,𝑞(𝛿, 𝛷). 

Thereom 2.1. Let  𝛷(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧
2+ .   .      .   with 𝐵1 ≠ 0. If  𝑓 is given by (1.1) belongs to the class 𝑆𝑝,𝑞

∗ (𝛷, 𝑏), then 

                        |𝑎3 − 𝜇𝑎2
2| ≤

[2]𝑝,𝑞!|𝐵1|

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
 𝑚𝑎𝑥 {1,   |

𝐵2

𝐵1
+

𝐵1

[2]𝑝,𝑞−1
 (1 −

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]𝑝,𝑞−1)
 𝜇)|},              (2.1) 

Where    𝐵1  ,   𝐵2 .  .    .  ∈ 𝑅, 𝜇 ∈ 𝐶  𝑎𝑛𝑑  0 < 𝑞 < 𝑝 ≤ 1. The result is  sharp. 

Proof.  Let  𝑓 ∈ 𝑆𝑝,𝑞
∗ (𝛿, 𝛷),  then by definition 1.1 and from subordination  principle , there exists a Schwarz function 𝑤 

such that    

                                                                    
     𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧))

𝑅𝑝,𝑞
𝛿 𝑓(𝑧)

= 𝛷(𝑤(𝑧)).                                                                          (2.2) 

Define the function  

                                                                 𝑝(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧
2 +.   .    .                                                                         (2.3)   

In terms of the function 𝑤(𝑧) as 

𝑝(𝑧) =
1+𝑤(𝑧)

1−𝑤(𝑧)
, 

which  gives  

                                                                           𝑤(𝑧) =
𝑝(𝑧)−1

𝑝(𝑧)+1
                                                                                          (2.4)   

From equations (2.3) and (2.4), we obtain 

                  𝛷(𝑤(𝑧)) = 𝛷 (
𝑐1𝑧+𝑐2𝑧

2+.   .    .

2+𝑐1𝑧+𝑐2𝑧
2+  .    .    .    .

) = 𝛷 (
1

2
[𝑐1𝑧 + (𝑐2 −

𝑐1
2

2
) 𝑧2 + (𝑐3 − 𝑐1𝑐2 +

𝑐1
2

4
) 𝑧3 +  .  .   .  ]).            (2.5) 

Since    𝛷(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧
2+ .   .      .   , the equation (2.5) gives 

                                      𝛷(𝑤(𝑧)) = 1 + 
𝐵1𝐶1

2
 𝑧 + [

𝐵1

2
(𝑐2 −

𝑐1
2

2
) +

𝐵2𝐶1
2

4
] 𝑧2 + .  .    .   .                                                     (2.6) 

Thus the equation (2.2) becomes     

                                   
     𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧))

𝑅𝑝,𝑞
𝛿 𝑓(𝑧)

= 1 + 
𝐵1𝐶1

2
 𝑧 +  [

𝐵1

2
(𝑐2 −

𝑐1
2

2
) +

𝐵2𝐶1
2

4
] 𝑧2 + .  .    .    

Equationg the coefficients  of   𝑧2  and   𝑧3  on both  sides of the equations and  on simplification, we get 

                                                                                        𝑎2 =
𝐵1𝑐1

2[𝛿+1]𝑝,𝑞([2]𝑝,𝑞−1)
                                                                             (2.7) 

and   

                                                          𝑎3 =
[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
(𝑐2 −

1

2
(1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
) 𝑐1

2).                                         (2.8) 

For   μ∈ 𝐶   from  the  equations (2.7) and  (2.8), we have  
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           𝑎3 − 𝜇𝑎2
2 = 

[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
(𝑐2 −

1

2
[1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
(1 −

[𝛿+2]𝑝,𝑞(3𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]𝑝,𝑞−1)
𝜇)] 𝑐1

2).                        (2.9) 

If we put  

                                          𝑣 =  
1

2
[1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
(1 −

[𝛿+2]𝑝,𝑞(3𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]𝑝,𝑞−1)
𝜇)] ,                                                         (2.10)     

Then the equation (2.9) becomes  

                                                 | 𝑎3 − 𝜇𝑎2
2| =   

[2]𝑝,𝑞!|𝐵1|

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
|𝑐2 − 𝑣𝑐1

2| .                                                       (2.11) 

Hence on application of Lemma 1.3 to the   equation (2.11), we get  the  Fekete-Szego inequality given by the equation 

(2.1) for the  class  𝑆𝑝,𝑞
∗ (𝛿, 𝛷). 

Further  the equality holds , when 𝑝(𝑧) = 𝑝1(𝑧) =
1+𝑧

1−𝑧
= 1 + 2𝑧 + 2𝑧2 + .   .   .   and  the  equation (2.2), gives  

                                           
   𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧))

𝑅𝑝,𝑞
𝛿 𝑓(𝑧)

= 𝛷 (
𝑝1(𝑧)−1

𝑝1(𝑧)+1
) = 𝛷(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧

2 + .  .   .                                            (2.12)       

      Comparing  the equations  (2.6) and (2.12), we get 𝑐1 = 2 and 𝑐2 = 2 , then the equation (2.9) gives the  equality sign  

in the place of inequality in (2.1). 

Similarly,  for    𝑝(𝑧) = 𝑝2(𝑧) =
1+𝑧2

1−𝑧2
= 1 + 2𝑧2 + .   .   .   , equation (2.2) gives 

                                                
   𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧))

𝑅𝑝,𝑞
𝛿 𝑓(𝑧)

=  𝛷 (
𝑝2(𝑧)−1

𝑝2(𝑧)+1
) = 𝛷(𝑧2) = 1 + 𝐵1𝑧

2  + 𝐵2𝑧
4 + .   .   .                                   (2.13) 

So, we get 𝑐1 = 0 and 𝑐2 = 2  by comparing (2.6) and (2.13). Hence  the equation (2.9) gives the  equality sign  in  the place  

of inequality in (2.1) . 

Thereom 2.2. Let  𝛷(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧
2+ .   .      .   with 𝐵1 ≠ 0. If  𝑓 is given by (1.1) belongs to the class 𝐶𝑝,𝑞(𝛿, 𝛷), then 

                        |𝑎3 − 𝜇𝑎2
2| ≤

[2]𝑝,𝑞!|𝐵1|

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
 𝑚𝑎𝑥 {1,   |

𝐵2

𝐵1
+

𝐵1

[2]𝑝,𝑞−1
 (1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]𝑝,𝑞−1)

 𝜇)|},             (2.14) 

     Where    𝐵1  ,   𝐵2 .  .    .  ∈ 𝑅, 𝜇 ∈ 𝐶  𝑎𝑛𝑑  0 < 𝑞 < 𝑝 ≤ 1. The result is  sharp. 

Proof.  Let  𝑓 ∈ 𝐶𝑝,𝑞(𝛿, 𝛷), then by definition 1.2 and from subordination  principle , there exists a Schwarz function 𝑤 

such that    

                                                   
𝐷𝑝,𝑞(𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧)))

𝐷𝑝,𝑞(𝑅𝑝,𝑞
𝛿 𝑓(𝑧))

=  𝛷(𝑤(𝑧)),                                                                                      (2.15) 

From the equations (2.15) and (2.6), we have 

                                                   
𝐷𝑝,𝑞(𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧)))

𝐷𝑝,𝑞(𝑅𝑝,𝑞
𝛿 𝑓(𝑧))

= 1 + 
𝐵1𝐶1

2
 𝑧 + [

𝐵1

2
(𝑐2 −

𝑐1
2

2
) +

𝐵2𝐶1
2

4
] 𝑧2 + .  .    .   . 

Equating the coefficients of 𝑧  and  𝑧2 on both sides  and  on simplification, we get 

                                                                                                  𝑎2 =
𝐵1𝑐1

2[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]𝑝,𝑞−1)
                                                          (2.16) 

and  

                                          𝑎3 =
[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
(𝑐2 −

1

2
(1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
) 𝑐1

2).                                           (2.17) 

For   μ∈ 𝐶   from  the  equations (2.16) and  (2.17), we have  

           𝑎3 − 𝜇𝑎2
2 = 

[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
(𝑐2 −

1

2
[1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
(1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞(3𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]𝑝,𝑞−1)

𝜇)] 𝑐1
2)                  (2.18) 

If we put  

                                                       𝑣 = 
1

2
[1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
(1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞(3𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]𝑝,𝑞−1)

𝜇)],                                            (2.19) 

Then the equation (2.18) becomes, 

                                                       | 𝑎3 − 𝜇𝑎2
2| =   

[2]𝑝,𝑞!|𝐵1|

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
|𝑐2 − 𝑣𝑐1

2|                                         (2.20) 

Hence on application of Lemma 1.3 to the   equation (2.20), we get  the  Fekete-Szego inequality given by the equation 
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(2.14) for the  class  𝐶𝑝,𝑞(𝛿, 𝛷). 

Further  the equality holds , when 𝑝(𝑧) = 𝑝1(𝑧) =
1+𝑧

1−𝑧
= 1 + 2𝑧 + 2𝑧2 + .   .   .   and  the  equation (2.15), gives  

                                       
𝐷𝑝,𝑞(𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧)))

𝐷𝑝,𝑞(𝑅𝑝,𝑞
𝛿 𝑓(𝑧))

    = 𝛷 (
𝑝1(𝑧)−1

𝑝1(𝑧)+1
) = 𝛷(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧

2 + .  .   .                               (2.21)                                   

      Comparing  the equations  (2.6) and (2.21), we get 𝑐1 = 2 and 𝑐2 = 2 , then the equation (2.18) gives the  equality sign  

in the place of inequality in (2.14). 

Similarly,  for    𝑝(𝑧) = 𝑝2(𝑧) =
1+𝑧2

1−𝑧2
= 1 + 2𝑧2 + .   .   .   , equation (2.15) gives 

                                                
𝐷𝑝,𝑞(𝑧𝐷𝑝,𝑞(𝑅𝑝,𝑞

𝛿 𝑓(𝑧)))

𝐷𝑝,𝑞(𝑅𝑝,𝑞
𝛿 𝑓(𝑧))

=  𝛷 (
𝑝2(𝑧)−1

𝑝2(𝑧)+1
) = 𝛷(𝑧2) = 1 + 𝐵1𝑧

2  + 𝐵2𝑧
4 + .   .   .                      (2.22) 

So, we get 𝑐1 = 0 and 𝑐2 = 2  by comparing (2.6) and (2.22). Thus the equation (2.18) gives the  equality sign  in  the place  of 

inequality in (2.14) . 

 

III. COEFFICIENT BOUNDS 

In  this section, we investigate the estimates on the coefficients for second and third coefficients of the  classes  𝑆𝑝,𝑞
∗ (𝛿, 𝛷) 

and  𝐶𝑝,𝑞(𝛿, 𝛷). 

In  order to  prove our results we need the following lemma 

Lemma 3.1.[8]  If  𝑝(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧
2 +.   .    .  is a function with 𝑅𝑒{𝑝(𝑧)} > 0, then   

                                                     |𝑐2 − 𝑣𝑐1
2| ≤ {

−4𝑣 + 2, 𝑖𝑓  𝑣 ≤ 0 ;
2,       𝑖𝑓        0 ≤ 𝑣 ≤ 1

4𝑣 − 2     𝑖𝑓      𝑣 ≥ 1.
;                                                         (3.1) 

Also, the upper bound is sharp, and  it can be improved as follows when  0 < 𝑣 < 1; 

                                                              |𝑐2 − 𝑣𝑐1
2| + 𝑣|𝑐1|

2 ≤ 2     (0 < 𝑣 ≤
1

2
)                                               (3.2) 

and  

                                                         |𝑐2 − 𝑣𝑐1
2| + (1 − 𝑣)|𝑐1|

2 ≤ 2     (
1

2
≤ 𝑣 < 1).                                         (3.3) 

Theorem 3.2. Let  𝛷(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧
2+ .   .      .   with 𝐵1 > 0 and  𝐵2 ≥ 0. Let  

                                                                 η1 =
[δ+1]p,q[2]p,q([2]p,q−1)[B1

2+([2]p,q−1)(B2−B1)]

[δ+2]p,q([3]p,q−1)B1
2 ,                                        (3.4) 

                                                                 η2 =
[δ+1]p,q[2]p,q([2]p,q−1)[B1

2+([2]p,q−1)(B2+B1)]

[δ+2]p,q([3]p,q−1)B1
2                                        (3.5) 

                                                                  η3 =
[δ+1]p,q[2]p,q([2]p,q−1)[B1

2+([2]p,q−1)𝐵2]

[δ+2]p,q([3]p,q−1)B1
2                                               (3.6) 

If  𝑓 as in (1.1) belongs to the class  𝑆𝑝,𝑞
∗ (𝛿, 𝛷), then  

 

|𝑎3 − 𝜇𝑎2
2| ≤   

{
  
 

  
 

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
[
𝐵2

 𝐵1
+

 𝐵1

([2]p,q−1)
(1 −

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]p,q−1)
𝜇)]      𝑖𝑓     𝜇 ≤  η1

 
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
                                                                𝑖𝑓               η1 ≤ 𝜇 ≤  η2

   
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
[−

𝐵2

 𝐵1
−

 𝐵1

([2]p,q−1)
(1 −

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]p,q−1)
𝜇)]   𝑖𝑓  𝜇 ≥  η2.

                 (3.7) 

Further,  if  η1 < 𝜇 ≤  η3,  then 

|𝑎3 − 𝜇𝑎2
2| +

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞!([2]p,q−1)
2

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)𝐵1
2 [𝐵1 − 𝐵2 −

𝐵1
2

([2]𝑝,𝑞−1)
(1 −

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]p,q−1)
𝜇)] |𝑎2|

2 ≤
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
,     (3.8) 

and  if  η3 ≤ 𝜇 <  η2 , then  
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  |𝑎3 − 𝜇𝑎2
2| +

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞!([2]p,q−1)
2

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)𝐵1
2 [𝐵1 + 𝐵2 +

𝐵1
2

([2]𝑝,𝑞−1)
(1 −

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]p,q−1)
𝜇)] |𝑎2|

2 ≤
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
.    (3.9) 

Proof.  For 𝑣 ≤ 0, equation (2.10), gives 

𝜇 ≤ 
[δ+1]p,q[2]p,q([2]p,q−1)[B1

2+([2]p,q−1)(B2−B1)]

[δ+2]p,q([3]p,q−1)B1
2 . 

Let  η1 =
[δ+1]p,q[2]p,q([2]p,q−1)[B1

2+([2]p,q−1)(B2−B1)]

[δ+2]p,q([3]p,q−1)B1
2 ,  then the above expression becomes  𝜇 ≤  η1. 

Let 𝑝(𝑧) given by (2.3) with  𝑅𝑒{𝑝(𝑧)} > 0  and 𝑓(𝑧) given by (1.1) belongs to the class  𝑆𝑝,𝑞
∗ (𝛿, 𝛷), then equation (2.11) 

holds. Thus apply Lemma 3.1 for 𝑣 ≤ 0, to the equation (2.11), we get 

|𝑎3 − 𝜇𝑎2
2| ≤ 

[2]𝑝,𝑞!𝐵1

2 [𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
 (−4𝑣 + 2), 

from equation (2.10), we have  

                           |𝑎3 − 𝜇𝑎2
2| ≤   

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
[
𝐵2

 𝐵1
+

 𝐵1

([2]p,q−1)
(1 −

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]p,q−1)
𝜇)],                                 (3.10)   

where 𝜇 ≤ η1 . 

Further,  for 0 ≤ 𝑣 ≤ 1, equation(2.10) gives, 

η1 ≤ 𝜇 ≤
[δ+1]p,q[2]p,q([2]p,q−1)[B1

2+([2]p,q−1)(B2+B1)]

[δ+2]p,q([3]p,q−1)B1
2 , 

where  η1 given by (3.4). 

Let   η2 =
[δ+1]p,q[2]p,q([2]p,q−1)[B1

2+([2]p,q−1)(B2+B1)]

[δ+2]p,q([3]p,q−1)B1
2 , then  the above relation becomes   η1 ≤ 𝜇 ≤  η2. 

Now apply Lemma 3.1 for  0 ≤ 𝑣 ≤ 1 to the equation (2.11), we obtain 

|𝑎3 − 𝜇𝑎2
2| ≤   

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
, 

which gives the second inequality of Assertion (3.7). 

Further for 𝑣 ≥ 1, equation (2.10), gives that  𝜇 ≥  η2. Now apply Lemma 3.1 for  𝑣 ≥ 1 to the equation(2.11), we have 

|𝑎3 − 𝜇𝑎2
2| ≤ 

[2]𝑝,𝑞!𝐵1

2 [𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
 (4𝑣 − 2), 

from the equation (2.10), we have  

                                   |𝑎3 − 𝜇𝑎2
2| ≤

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
[−

𝐵2

 𝐵1
−

 𝐵1

([2]p,q−1)
(1 −

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]p,q−1)
𝜇)],                     (3.11) 

which gives the third inequality of Assertion (3.7). 

Further if 0 < 𝑣 ≤
1

2
, then from equation (2.10), we have 

                                                     0 <   
1

2
[1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
(1 −

[𝛿+2]𝑝,𝑞(3𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]𝑝,𝑞−1)
𝜇)] ≤

1

2
, 

which on simplification, we get 

                                                               η1 <  𝜇 ≤
[δ+1]p,q[2]p,q([2]p,q−1)[B1

2+([2]p,q−1)𝐵2]

[δ+2]p,q([3]p,q−1)B1
2                                                         (3.12) 

where   η1 given by (3.4). 

Let   η3 =
[δ+1]p,q[2]p,q([2]p,q−1)[B1

2+([2]p,q−1)𝐵2]

[δ+2]p,q([3]p,q−1)B1
2 , then from relation (3.12), we have  η1 < 𝜇 ≤  η3. 

Now using equations (2.7), (2.8) and (3.4), we have 

|𝑎3 − 𝜇𝑎2
2| + (𝜇 −   η1)|𝑎2|

2 = |𝑎3 − 𝜇𝑎2
2| + (𝜇 −

[δ+1]p,q[2]p,q([2]p,q−1)[B1
2+([2]p,q−1)(B2−B1)]

[δ+2]p,q([3]p,q−1)B1
2 )

𝐵1
2|𝑐1|

2

4[𝛿+1]𝑝,𝑞
2 ([2]𝑝,𝑞−1)

2, 

On using equation (2.11), we get 

|𝑎3 − 𝜇𝑎2
2| + (𝜇 −   η1)|𝑎2|

2 =
[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
(|𝑐2 − 𝑣𝑐1

2| +
1

2
[1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
(1 −

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]𝑝,𝑞−1)
𝜇)] |𝑐1|

2).  

(3.14) 
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Using the equation (2.10) in (3.14), we get 

|𝑎3 − 𝜇𝑎2
2| + (𝜇 −   η1)|𝑎2|

2 =
[2]𝑝,𝑞! 𝐵1

2[𝛿 + 1]𝑝,𝑞[𝛿 + 2]𝑝,𝑞([3]𝑝,𝑞 − 1)
(|𝑐2 − 𝑣𝑐1

2| + 𝑣|𝑐1|
2), 

from the inequality (3.2) we have 

                                                            |𝑎3 − 𝜇𝑎2
2| + (𝜇 −   η1)|𝑎2|

2 ≤ 
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
 .                                          (3.15)      

Hence      

|𝑎3 − 𝜇𝑎2
2| + (𝜇 −

[δ+1]p,q[2]p,q([2]p,q−1)[B1
2+([2]p,q−1)(B2−B1)]

[δ+2]p,q([3]p,q−1)B1
2 )  |𝑎2|

2 ≤ 
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
, 

where  η1 < 𝜇 ≤  η3. Thus on simplification, we obtain the Assertion (3.8). 

Similarly, if  
1

2
≤ 𝑣 < 1, from equation (2.10), we have 𝜂3 ≤ 𝜇 < 𝜂2. Where  𝜂2  and  𝜂3 are given by  equations (3.5) and (3.6) 

respectively. 

Now, using equations (2.7) and (3.5), we get  

|𝑎3 − 𝜇𝑎2
2| + (  η2 − 𝜇)|𝑎2|

2 = |𝑎3 − 𝜇𝑎2
2| + (

[δ+1]p,q[2]p,q([2]p,q−1)[B1
2+([2]p,q−1)(B2+B1)]

[δ+2]p,q([3]p,q−1)B1
2 − 𝜇)

𝐵1
2|𝑐1|

2

4[𝛿+1]𝑝,𝑞
2 ([2]𝑝,𝑞−1)

2.              (3.16) 

Using equations (2.11) in (3.16), we get 

|𝑎3 − 𝜇𝑎2
2| + (  η2 − 𝜇)|𝑎2|

2 =
[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
(|𝑐2 − 𝑣𝑐1

2| +
1

2
[1 +

𝐵2

𝐵1
+

𝐵1

[2]𝑝,𝑞−1
(1 −

[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞([2]𝑝,𝑞−1)
𝜇)] |𝑐1|

2), 

                                                                                                                                                                                                 (3.17) 

On using  equation (2.10), we have 

                |𝑎3 − 𝜇𝑎2
2| + (  η2 − 𝜇)|𝑎2|

2 =
[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
(|𝑐2 − 𝑣𝑐1

2| + (1 − 𝑣)|𝑐1|
2),                                          (3.18) 

Since 
1

2
≤ 𝑣 < 1, from the inequality (3.3) of Lemma 3.1 , we have  

                                        |𝑎3 − 𝜇𝑎2
2| + (  η2 − 𝜇)|𝑎2|

2 ≤ 
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
.                                                                (3.19) 

Thus  

                |𝑎3 − 𝜇𝑎2
2| + (

[δ+1]p,q[2]p,q([2]p,q−1)[B1
2+([2]p,q−1)(B2+B1)]

[δ+2]p,q([3]p,q−1)B1
2 − 𝜇) |𝑎2|

2 ≤ 
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞([3]𝑝,𝑞−1)
. 

Where  𝜂3 ≤ 𝜇 < 𝜂2. Finally on simplifying the above  inequality , we obtain  the Assertion (3.9). 

 

Theorem 3.3. Let  𝛷(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧
2+ .   .      .   with 𝐵1 > 0 and  𝐵2 ≥ 0.  Let  

                                                                 𝜒1 =
[δ+1]p,q[2]𝑝,𝑞

3 ([2]p,q−1)[B1
2+([2]p,q−1)(B2−B1)]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2 ,                                        (3.20) 

                                                                𝜒2 =
[δ+1]p,q[2]𝑝,𝑞

3 ([2]p,q−1)[B1
2+([2]p,q−1)(B2+B1)]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2                                         (3.21) 

                                                                  𝜒3 =
[δ+1]p,q[2]𝑝,𝑞

3 ([2]p,q−1)[B1
2+([2]p,q−1)𝐵2]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2                                               (3.22) 

If  𝑓 as in (1.1) belongs to the class  𝐶𝑝,𝑞(𝛿, 𝛷), then  

 

|𝑎3 − 𝜇𝑎2
2| ≤   

{
  
 

  
 

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
[
𝐵2

 𝐵1
+

 𝐵1

([2]p,q−1)
(1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]p,q−1)

𝜇)]      𝑖𝑓     𝜇 ≤  χ1
 

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
                                                                𝑖𝑓               𝜒1 ≤ 𝜇 ≤  χ2

   
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
[−

𝐵2

 𝐵1
−

 𝐵1

([2]p,q−1)
(1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]p,q−1)

𝜇)]   𝑖𝑓  𝜇 ≥  χ2.

                 (3.23) 

Further,  if  χ1 < 𝜇 ≤  χ3,  then 
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|𝑎3 − 𝜇𝑎2
2| +

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]p,q−1)

2

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)𝐵1
2 [𝐵1 − 𝐵2 −

𝐵1
2

([2]𝑝,𝑞−1)
(1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]p,q−1)

𝜇)] |𝑎2|
2 ≤

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
.    

                                                                                                                                                                                          (3.24) 

 If  χ3 ≤ 𝜇 <  χ2 , then  

  |𝑎3 − 𝜇𝑎2
2| +

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]p,q−1)

2

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)𝐵1
2 [𝐵1 + 𝐵2 +

𝐵1
2

([2]𝑝,𝑞−1)
(1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]p,q−1)

𝜇)] |𝑎2|
2 ≤

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
.     

                                                                                                                                                                                            (3.25) 

Proof .  For 𝑣 ≤ 0, equation (2.19) gives 

𝜇 ≤ 
[δ+1]p,q[2]𝑝,𝑞

3 ([2]p,q−1)[B1
2+([2]p,q−1)(B2−B1)]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2 ,  

then the above expression becomes  𝜇 ≤  χ1. 

Let 𝑝(𝑧)  be a function given by (2.3) with  𝑅𝑒{𝑝(𝑧)} > 0  and 𝑓(𝑧) given by (1.1) belongs to the class  𝐶𝑝,𝑞(𝛿, 𝛷), then 

equation (2.20) holds. Thus using  Lemma 3.1 for 𝑣 ≤ 0, to the equation (2.20), we get 

|𝑎3 − 𝜇𝑎2
2| ≤ 

[2]𝑝,𝑞!𝐵1

2 [𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
 (−4𝑣 + 2), 

now by using  (2.19), we have  

                           |𝑎3 − 𝜇𝑎2
2| ≤   

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
[
𝐵2

 𝐵1
+

 𝐵1

([2]p,q−1)
(1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑎
3 ([2]p,q−1)

𝜇)],                    (3.26)                           

where 𝜇 ≤ χ1 . Which gives the first inequality of  Assertion (3.23). 

For, 0 ≤ 𝑣 ≤ 1, equation(2.19) gives, 

χ1 ≤ 𝜇 ≤
[δ + 1]p,q[2]𝑝,𝑞

3 ([2]p,q − 1)[B1
2 + ([2]p,q − 1)(B2 + B1)]

[δ + 2]p,q[3]𝑝,𝑞([3]p,q − 1)B1
2

 

Let   χ2 =
[δ+1]p,q[2]𝑝,𝑞

3 ([2]p,q−1)[B1
2+([2]p,q−1)(B2+B1)]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2 , then  the above relation becomes   χ1 ≤ 𝜇 ≤ 𝜒2, where   χ1 is  given by 

(3.20). 

Now ,Using Lemma 3.1 for  0 ≤ 𝑣 ≤ 1 to the equation (2.20), we get 

|𝑎3 − 𝜇𝑎2
2| ≤   

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
, 

which gives the second inequality of Assertion (3.23). 

Next, if  we  take  𝑣 ≥ 1, then  (2.19) gives  𝜇 ≥ 𝜒2. Now  using  Lemma 3.1 for  𝑣 ≥ 1  in (2.19), we get 

|𝑎3 − 𝜇𝑎2
2| ≤ 

[2]𝑝,𝑞!𝐵1

2 [𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
 (4𝑣 − 2), 

from the equation (2.19), we have  

                                   |𝑎3 − 𝜇𝑎2
2| ≤

[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
[−

𝐵2

 𝐵1
−

 𝐵1

([2]p,q−1)
(1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]p,q−1)

𝜇)],              (3.27)                    

 where 𝜇 ≥ 𝜒2 which gives the third inequality of Assertion (3.23). 

Further  0 < 𝑣 ≤
1

2
, we get  

                                                     0 <   
1

2
[1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
(1 −

[𝛿+2]𝑝,𝑞[3]𝑝,𝑞(3𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞⌈2⌉𝑝,𝑞
3 ([2]𝑝,𝑞−1)

𝜇)] ≤
1

2
, 

Which implies that 

                                                             𝜒1 <  𝜇 ≤
[δ+1]p,q[2]𝑝,𝑞

3 ([2]p,q−1)[B1
2+([2]p,q−1)𝐵2]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2                                                         (3.28) 

Let   χ3 =
[δ+1]p,q[2]𝑝,𝑞

3 ([2]p,q−1)[B1
2+([2]p,q−1)𝐵2]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2 ,  then from  above expression , we have  χ1 < 𝜇 ≤  χ3, where  χ1 is given by 

(3.20). Now using (2.16)  and  (3.20), we get 

|𝑎3 − 𝜇𝑎2
2| + (𝜇 −   χ1)|𝑎2|

2 = |𝑎3 − 𝜇𝑎2
2| + (𝜇 −

[δ+1]p,q[2]𝑝,𝑞
3 ([2]p,q−1)[B1

2+([2]p,q−1)(B2−B1)]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2 )

𝐵1
2|𝑐1|

2

4[𝛿+1]𝑝,𝑞
2 [2]𝑝,𝑞

2 ([2]𝑝,𝑞−1)
2,       (3.29)    
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From (2.20), we have 

|𝑎3 − 𝜇𝑎2
2| + (𝜇 −   χ1)|𝑎2|

2 =
[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
(|𝑐2 − 𝑣𝑐1

2| +
1

2
[1 −

𝐵2

𝐵1
−

𝐵1

[2]𝑝,𝑞−1
(1   −

                                                                                                                         
   [𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]𝑝,𝑞−1)

𝜇)] |𝑐1|
2).                                    (3.30) 

Using  (2.19) in above equation, we get 

|𝑎3 − 𝜇𝑎2
2| + (𝜇 −   χ1)|𝑎2|

2 =
[2]𝑝,𝑞! 𝐵1

2[𝛿 + 1]𝑝,𝑞[𝛿 + 2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞 − 1)
(|𝑐2 − 𝑣𝑐1

2| + 𝑣|𝑐1|
2), 

from the inequality (3.2) we have 

                                                            |𝑎3 − 𝜇𝑎2
2| + (𝜇 −   χ1)|𝑎2|

2 ≤ 
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
 .                                    (3.31)                                     

Thus,     

|𝑎3 − 𝜇𝑎2
2| + (𝜇 −

[δ+1]p,q[2]𝑝,𝑞
3 ([2]p,q−1)[B1

2+([2]p,q−1)(B2−B1)]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2 )  |𝑎2|

2 ≤ 
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
, 

 Simplifying  the  above inequality, we obtain the Assertion (3.24). 

Similarly,  for   
1

2
≤ 𝑣 < 1, from (2.19), we have 𝜒3 ≤ 𝜇 < 𝜒2 

Using (2.16)  and (3.21), we  have   

|𝑎3 − 𝜇𝑎2
2| + (  χ2 − 𝜇)|𝑎2|

2 = |𝑎3 − 𝜇𝑎2
2| + (

[δ+1]p,q[2]𝑝,𝑞
3 ([2]p,q−1)[B1

2+([2]p,q−1)(B2+B1)]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2 − 𝜇)

𝐵1
2|𝑐1|

2

4[𝛿+1]𝑝,𝑞
2 [2]𝑝,𝑞

2 ([2]𝑝,𝑞−1)
2.       (3.32)    

Using equations (2.20) in (3.32) and  on simplification we get 

|𝑎3 − 𝜇𝑎2
2| + (  χ2 − 𝜇)|𝑎2|

2 =
[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
(|𝑐2 − 𝑣𝑐1

2| +
1

2
[1 +

𝐵2

𝐵1
+

𝐵1

[2]𝑝,𝑞−1
(1 −

                                                                                           
[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)

[𝛿+1]𝑝,𝑞[2]𝑝,𝑞
3 ([2]𝑝,𝑞−1)

𝜇)] |𝑐1|
2), 

                                                                                                                                                                                                (3.33)    

which  on   using  equation (2.19), gives 

                |𝑎3 − 𝜇𝑎2
2| + (  χ2 − 𝜇)|𝑎2|

2 =
[2]𝑝,𝑞!𝐵1

2[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
(|𝑐2 − 𝑣𝑐1

2| + (1 − 𝑣)|𝑐1|
2).                               (3.34) 

  Now, since  
1

2
≤ 𝑣 < 1, from the inequality (3.3) of Lemma 3.1 , we have  

                                        |𝑎3 − 𝜇𝑎2
2| +(𝜒2−μ)|𝑎2|

2 ≤ 
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
.                                                                

(3.35) 

Thus,  

                |𝑎3 − 𝜇𝑎2
2| + (

[δ+1]p,q[2]𝑝,𝑞
3 ([2]p,q−1)[B1

2+([2]p,q−1)(B2+B1)]

[δ+2]p,q[3]𝑝,𝑞([3]p,q−1)B1
2 − 𝜇) |𝑎2|

2 ≤ 
[2]𝑝,𝑞!𝐵1

[𝛿+1]𝑝,𝑞[𝛿+2]𝑝,𝑞[3]𝑝,𝑞([3]𝑝,𝑞−1)
. 

Where  𝜒3 ≤ 𝜇 < 𝜒2 Thus  on  simplification, we obtain  the Assertion (3.25). 

 

Remark 3.4. 

i) Setting  𝛿 = 0  in Theorem 2.1, Theorem 2.2, Theorem 3.2 and Theorem 3.3 respectively, we obtain the 

corresponding results for the classes  𝑆𝑝,𝑞
∗ (𝛿, 𝛷) and  𝐶𝑝,𝑞(𝛿, 𝛷) defined by Srivastava [2]. 

ii) Setting 𝑝 = 1 and 𝛿 = 0, in Theorem 2.1, Theorem 2.2, Theorem 3.2 and Theorem 3.3 respectively, we get the 

corresponding results for the classes  𝑆𝑞
∗(𝛷) and  𝐶𝑞(𝛷) introduced by  Cetinkays and Polatoglu [1]. 

iii) Letting 𝑝 = 1, 𝑞 → 1− and 𝛿 = 0 in Theorem 2.1, Theorem 2.2, Theorem 3.2 and  Theorem 3.3 respectively, we 

obtain the corresponding results for the classes  𝑆∗(𝛷) and 𝐶(𝛷) studied by Minda [8]. 
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