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I. Introduction 

 Let f  be a 2  periodic function and let 1.],[0,2  pLf p   The fourier series of f  at x  is 

given by  
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 The conjugate series of (1.1) is given by  

 ).cossin(
1=

kxbkxa kk

k




 (1.2) 

 Let )(
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xS n  be the nth partial sum of conjugate series (1.2) given by [Zygmund [6]] 
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 where  
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 and the conjugate Dirichlet kernel is defined by 

 

 kttD
n

k

n sin=)(
~

1=

  

t

tn
t

2

1
sin2

)
2

1
(cos

2
cos

=


 (1.5) 

 

 

 

Let )(
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xtn  be the Riesz transform of the conjugate series (1.2); that is  
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It is known ([6]) that for any integrable f  the function f
~

 exists almost everywhere. It is easy to 

see that  
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Using (1.3) in (1.6) and there after making use of notations given in (1.7),(1.8), (1.9) and (1.11), we 

get 
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II. Definitions and Notations 

 Modulus of Continuity: 

Let RbaRRA  ],[,=  or T  (which usually taken to be R  with identification of points modulo 

2 ). 

The modulus of continuity )(=),( twtfw  of a function f  on A  can be defined as  
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Modulus of Smoothness: 

The thk  order modulus of smoothness [2] of a function RAf :  is defined by 
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 For ),(1,= 1 tfwk  is called the modulus of continuity of f . The function w  is continuous at 0=t  if 

and only if f is uniformly continuous on A, that is )(~ Acf  . The thk  order modulus of smoothness of 

 <<),0( pALf p  or of  =),(~ ifpAcf  is defined by  

 0,||),(||sup=),(
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 if 1=1,kp  , then pp tfwtfw ),(=),(1  is a modulus of continuity (or integral modulus of continuity). If 

1=,= kp   and f  is continuous then pk tfw ),(  reduces to modulus of continuity ),(1 tfw  or ),( tfw . 

Lipschitz Space: 

If )(~ Acf   and  

 1<),0(=),( tOtfw  (2.4) 

 then we write Lipf  . If )(=),( tOtfw  as 0t  (in particular (1.9) holds for 1> ) then f  

reduces to a constant. 

If  <<),0( pALf p  and  

 1<),0(=),( tOtfw p  (2.5) 

 then we write 1<0,<<0),,(   ppLipf . 

The case 1>  is of no interest as the function reduces to a constant, whenever  

  0as)(=),( ttOtfw p  (2.6) 

 

We note that if =p  and )(Acf  , then ),( pLip   class reduces to Lip  class. 

Generalized Lipschitz Space: 

Let 0>  and suppose that 1][= k . For  <<0),( pALf p , if  

 0>),(=),( ttOtfwk

  (2.7) 

 

then we write  

  ppLipf <00,>),,(*   (2.8) 

 and say that f  belongs to generalized Lipschitz space. The seminorm is then  
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It is known ([2], p-52) that the space ),(*

pLLip   contains ),( pLLip  . For 1<<0   the spaces coincide, 

(for =p , it is necessary to replace L  by c~  of uniformly continuous function on A). For 1<<0   
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and 1=p  the space ),(*

pLLip   coincide with Lip . 

For =1,= p , we have  

 1=)~(1, LipcLip  (2.9) 

 but  

 zcLip =)~(1,*  (2.10) 

 is the Zygmund space [5] which is characterized by (2.7) with 2=k . 

Holder (H  ) Space: 

For 1<0  , let  
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It is known [3] that H  is a Banach Space with the norm ||||   defined by  
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H ),( p  Space: 

For 1<0  , let  
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 and introduce the norm ),(|||| p  as follows  
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 .||=|||||| )(0, pp ff  

It is known [1] that ),( pH   is a Banach space for 1p  and a complete p -normed space for 1<<0 p . 

Also  

 1.<,0),(),(   ppp LHH  (2.16) 

 Note that ),( H  is the space H  defined above. 

 

 

For study of degree of approximation problems the natural way to proceed to consider with some 

restrictions on some modulus of smoothness as prescribed in H  and ),( pH   spaces. As we have seen 

above only a constant function satisfies Lipschitz condition for 1> . However for generalized Lipschitz 

class there is no such restriction on  . We required a finer scale of smoothness than is provided by 

Lipschitz class. For each 0>  Besov developed a remarkable technique for restricting modulus of 

smoothness by introducing a third parameter q  (in addition to p  on  ) and applying q  norms 

(rather than ,  norms) to the modulus of smoothness pk fw ),(   of f . 
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Besov space: 

Let 0>  be given and let 1][= k . For qp,<0 , the Besov space ([2], p-54) )( pq LB  is 

defined as follows:  
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It is known ([2], p-55) that ),(||),(|| qk fw   is a seminorm if  qp,1  and a quasi-seminorm in other 

cases. 

The Besov norm for )( pq LB  is  
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We know ([2], p-56, [4], p-236) the following inclusion relations. 
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 Special cases of Besov space: 
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 for every 0>  with 1][= k . 

 

For the special case when )(1,<<0 pLB   space reduces to ),( pH   space due to Das et al. [1] 

and the corresponding norm is given by  
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 For 1= , the norm is given by  
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 For =1,= p , the norm is given by  
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 which is different from 1|||| f  and )(1

 LB  includes the 1H  space. 

 

III. Main Result: 

 We prove the following theorem. 

Theorem : Let 2<<0   and  <0  . If 1),(  pLBf pq

  and q<1  and let )(
~

xtn  be 

the Riesz transformation of the conjugate series, then 
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IV. Additional Notations and Lemmas: 

 We need the following additional notations for the proof of the theorem.  
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 Using (4.3) and definition of pk tfw ),( , we have  
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 We need the following Lemmas to prove the theorem. 
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Applying Minkowski’s inequality to (??), we get for 1p   
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Applying Minkowski’s inequality to (4.7), we obtain for 1p   
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 Proof: Applying Lemma 1(i), we get  
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Applying Lemma 1(ii), we get  
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 As the first integral on the above is finite by hypothesis. Third part and 4th part of the Lemma follows from 
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V. Proof of Theorem 

  Case 1: For )<<(1 q  

We first consider the case <<1 q . 

We have for 1p  and 2<<0  , by use of Besov norm defined in (2.17) for )( pq LB  is 

 qkp
p

L
q

B
fwff ,)(

||),
~

(||||
~

=||||
~

||    (5.1) 

 qnkpn

p
L

q
B

n TwTT ,
)(

||),
~

(||||)(
~

=||||)(
~

||    (5.2) 

Applying Lemma 1(iii) in equation (5.2), we have  

 duuHuduuKuT np

n

np
n

pn |)(|||)(||
1

|)(
~

|||)(||
1

||)(
~

||
0

   











 

 













  duufwuHduufwuK pkn

n

pkn
n ),(|)(|),(|)(

~
|

2

0








 

 Applying H o lder’s inequality, we have 

 


















































































qq

q

pkn

q
q

q

q
n

n
pn du

u

ufw
duuuKT

1

10

1
1

11

0

),(
|)(

~
|

2
||)(

~
||






 

 

















































































qq

q

pk

n

q
q

q

q

n

n

du

u

ufw
duuuH

1

1

1
1

11
),(

|)(|








  

 















































q
q

q

q
n

n duuuKO

1
1

11

0
|)(

~
|(1)=



 (5.3) 



Madhusmita Mohanty & Sanghamitra Beuria / IJMTT, 67(6), 145-166, 2021 

 

157 

 















































q
q

q

q

n

n

duuuH

1
1

11

|)(|


  

   )(,(1)= sayJIO   (5.4) 
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Applying Lemma 4 in J of (5.3), we have 
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 Using (5.5)and (5.6) and we have from (5.3),  
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 By using Besov space, we have  
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 by Minkowski’s inequality. 

Again applying Minkowski’s inequality, we get  
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 By generalized Minkowski’s inequality, we get  

 

q

q

q

pp

n
n

t

dt
dudxuKutxI

1

1

1

000
)(

~
),,(=






















































 






  

 

qq

q

npn dt

t

duuKutx

1

100

|)(
~

|||),,(||
=









































 

 

 Again applying generalized Minkowski’s inequality, we get  
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 Applying Lemma 2(i)  
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Applying Lemma 4, we get  
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Applying Lemma 2(ii)  
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From (5.10), (5.11) and (5.12), we get  
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 Proceeding as above as in I  .  
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Applying Lemma 2(iii)  
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 Now  
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 Proceeding as in '1J , we have  
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 From (5.10), (5.13) and (5.18), we get 
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From (5.2),(5.15) and (5.19), for <<1 q , 1),(2,<<  pLBfo pq
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 This completes the proof of Case 1. 

Case 2 ( =q ) 

Now, we consider the case =q .  
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 Applying Minkowski’s inequality, we have  
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Applying Generalized Minkowski’s inequality, we have  
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Using Lemma 3 and Lemma 4, we have  
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 From (5.22), (5.23) and (5.24), we have  
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 Applying Lemma 1(iii), we have  
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 From (5.27), (5.28) and (5.29), we have  
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 From (5.25) and (5.30), for =q , 2<<0  , 
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This completes the proof of Case 2. 

Combining the Case 1 and Case 2, we obtain the proof of the theorem. 
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