International Journal of Mathematics Trends and Technology Volume 67 Issue 6, 145-166, June, 2021
ISSN: 2231 5373 /d0i:10.14445/22315373/IIMTT-V6716P517 © 2021 Seventh Sense Research Group®

Degree of Approximation of Conjugate Fourier
Series of Functions in Besov space by Riesz Mean

Madhusmita Mohanty*, Sanghamitra Beuria*

Department of Mathematics, Utkal University, Vani-Vihar, Bhubaneswar-751004, India.
Department of Mathematics, College of Basic Science & Humanities, OUAT, Bhubaneswar-751003, India

Abstract: The paper studies the degree of approximation of functions by their Conjugate Fourier series in the Besov space by
Riesz mean and this generalizing many known results.

AMS classification:41A25;42A24.

Keywords. Besov space, Holder space, Lipschitz space, Riesz mean, Modulus of smoothness.

I. Introduction
Let f bea 27 periodic function and let f e L [0,27], p>1. The fourier series of f at X is

given by

% a, +Y_(a, cosnx+b, sin nx) (1.1)
n=1
The conjugate series of (1.1) is given by
> _(a sin kx—b, coskx). (1.2)
k=1

Let Sn(x) be the nth partial sum of conjugate series (1.2) given by [Zygmund [6]]

Sa(x)= 2+ [v. Da ()dt (1.3)
T
where

w, () = F(x+1)— f(x-1) (1.4)
and the conjugate Dirichlet kernel is defined by

oS o cos(n+ ;)t

Dn(t) = Y sinkt =—2 : (1.5)
k=1 2sin Et

Let t (x) be the Riesz transform of the conjugate series (1.2); that is

£00= 2 3b,5: (16)

We write

HSE)
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K, (t) = Zb D\ (t) (1.7)

nkl

n cos(k+ )t
H, ()= Zb t (1.8)

nkl 25|ni
2

___j O3 cot—dt £>0 (1.9)

?(x) =1lim s-0 f~(x;g) , Whenever the limit exists.

-Fn(X) =t (x)— F(x;%) (1.10)

It is known ([6]) that for any integrable f the function f exists almost everywhere. It is easy to
see that

lzn(t):%cot%—Hn(t) (1.12)

Using (1.3) in (1.6) and there after making use of notations given in (1.7),(1.8), (1.9) and (1.11), we
get

L0 =2 [, 0K, 0ct
R Ep 1 leotl_
_—;jowx(t)Kn(t)dt - j:wx(t){zcotz Hn(t)}dt.

-1 jzij (t) +~<n(t)dt fTeTy+L [ow OH, @)dt.
7T Y0 n Ty

Now

To(x) = —% joy/ (U)K (U)du +% [o, (WH, @)
: (1.12)

1. Definitions and Notations
Modulus of Continuity:
Let A=R,R+[a,b]Jc R or T (whichusuallytakentobe R with identification of points modulo
2r).
The modulus of continuity w(f,t) =w(t) ofafunction f on A can be defined as
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w(t) =w(f, 0= sup | ()= F(y)|t=0

Modulus of Smoothness:
The k™ order modulus of smoothness [2] of a function f:A— R is defined by

w, (f,t) = sup {sup | A (f,x)|: x,x+khe A}, t>0 (2.1)
where 7
AS(F,X) = Zk:(—l)k‘i(ﬂ f (x+ih),k e N. (2.2)

For k=1,w,(f,t) is called the modulus of continuity of f . The function w is continuous at t=0 if
and only if f is uniformly continuous on A, that is f eC(A). The k™ order modulus of smoothness of
fel (A),0<p<ow orof fec(A),ifp=oco isdefined by

W (£,1), = sup || 45(F )20 (2:3)

O<h<t
if p>1,k=1,then w(f,t), =w(f,t), isamodulus of continuity (or integral modulus of continuity). If

p=oo,k=1and f iscontinuousthen w,(f,t) reducesto modulus of continuity w,(f,t) or w(f,t).

Lipschitz Space:
If fec(A) and

w(f,t)=0(t"),0<a<l (2.4)
then we write f eLipa. If w(f,t)=0() as t—>0+ (in particular (1.9) holds for a>1) then f
reduces to a constant.
If felL,(A),0<p<oo and
w(f,t), =0(t“),0<a<1 (2.5)
then we write f e Lip(a, p),0< p<o,0<a<l.

The case « >1 is of no interest as the function reduces to a constant, whenever
w(f,t), =O(t)ast -0+ (2.6)

We note that if p=< and f ec(A),then Lip(«, p) class reducesto Lip « class.

Generalized Lipschitz Space:
Let o >0 and suppose that k =[a]+1.For f el (A),0<p<ow,if

w, (f,1) =0@t*),t >0 (2.7)

then we write
f elip’(a,p),a>0,0< p<oo (2.8)
and say that f belongs to generalized Lipschitz space. The seminorm is then
| 1 =sup (t™"w, (f,1),).

Lip*(a,Lp) >0
It is known ([2], p-52) that the space Lip” («,L.) contains Lip(e,L ). For 0<a <1 the spaces coincide,
(for p=oo, it is necessary to replace L, by ¢ of uniformly continuous function on A). For 0<a <1
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and p=1 thespace Lip“(e,L,) coincide with Lipe.
For o =1, p =, we have
Lip(1,¢) =Lip1l (2.9)
but
Lip"(1,C) =z (2.10)
is the Zygmund space [5] which is characterized by (2.7) with k = 2.
Holder (H ) Space:
For O0<a<1, let
H, ={f €C,_ :w(f,t)=0(t")}. (2.11)

It is known [3] that H_ is a Banach Space with the norm ||-||, defined by

| fl,=Il fll. +supt™“w(t),0<a<1 (2.12)
t>0
£ 1lo=I1 1l
and
H,cH,cC,,,0<f<a<l (2.13)
H ., Space:
For O0<a<1, let
H..p, ={f €L,[027]:0< p<oo,w(f,t), =O(t“)} (2.14)
and introduce the norm |-|,.,, as follows
I f o=l T, +stu0pt‘“w(f 1), 0<a<l (2.15)
I E oy =l F I, -
It is known [1] that H, , isa Banach space for p>1 and acomplete p-normed space for 0< p<1.
Also
Hen SHp,y L, 0<B<a<l, (2.16)

Note that H , ., isthe space H, defined above.

For study of degree of approximation problems the natural way to proceed to consider with some
restrictions on some modulus of smoothness as prescribed in H, and H, , spaces. As we have seen
above only a constant function satisfies Lipschitz condition for « >1. However for generalized Lipschitz
class there is no such restriction on «. We required a finer scale of smoothness than is provided by
Lipschitz class. For each « >0 Besov developed a remarkable technique for restricting modulus of
smoothness by introducing a third parameter g (in addition to p on «) and applying «-q norms

(rather than «, co norms) to the modulus of smoothness w, (f,-), of f.

148



Madhusmita Mohanty & Sanghamitra Beuria / IJMTT, 67(6), 145-166, 2021

Besov space:
Let >0 be given and let k =[a]+1. For 0< p,q<oo, the Besov space ([2], p-54)B; (L,) is
defined as follows:

B(L,)={fel, 1 fl, =W (f)ll.qis finite}

Bg‘(l_p)

where

. dt,

(tw (f,t))*—)? 0<g<w
Il Wi (F3) ey = 'L ‘ Tt

sup t™“w, (f,t),, q = oo.

t>0
It is known ([2], p-55) that || w, (f,)||,q isa seminorm if 1< p,q<c and a quasi-seminorm in other

cases.
The Besov norm for Bf(L,) is

IE e, =l + W (o)l (2.17)

Bg‘(l_p)

1
It is known ([4], p-237) that for 2 -periodic function f , the integral I:(t’“wk(f ,t)p)q%)q is

1
replaced by jo”(r“wk (f,1),)° %)q .
We know ([2], p-56, [4], p-236) the following inclusion relations.

For fixed o and p
B(;Z(Lp) - B;(Lp)!q < ql'

For fixed p and q
B;’(Lp)chﬂ(Lp),ﬂ<a.

For fixed o and q
Bc:z(l—p) - B(;Z(Lpl)! pl < p
Special cases of Besov space:

For g=o,B(L,),@>0,p>1 is same as Lip"(a, L,) the generalized Lipschitz space and the

corresponding norm ”'”Bm ) is given by
©*Tp
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Il

forevery >0 with k =[a]+1.

=[| I, +supt™w, (f,t), (2.18)
t>0

BDaO(Lp)

For the special case when 0<a <1,B7(L,) space reducesto H, , space due to Das et al. [1]
and the corresponding norm is given by

I llge =0T ey =l T 1l +sUpTw(T,1),,0 < <1. (2.19)
©*p t>0
For « =1, the norm is given by
Ell,,, (=l Tl +supt™@w, (1), (2.20)
Boo(Lp) t>0

Note that || f ||Bl ) is not same as || f||,, and the space Bjo(Lp) includes the space
TP

H(1, p), p=>1. If we further specialize by taking p =o0, BY,0<«a <1, coincides with H_, space due to
Prossodorf [3] and the norm is given by

It e =l =L +Stu0pt“W(f 1), 0<a <l (2.21)
For =1, p =, the norm is given by
0, =l Il +supt™wy (1), a =1 (2.22)
Boo(l‘oo) t>0

which is different from || f ||, and B}(L,) includesthe H, space.

I11. Main Result:
We prove the following theorem.

Theorem : Let O<a <2 and 0<f<a. If feBj(L,),p>1and 1<g<o and let t (x) be

the Riesz transformation of the conjugate series, then
Case 1:(For 1<q<x)

q-1
- 1 1)< B,
ITa@)ll , =0 ﬂmt{—}?%
q

5 =
Bq (Lp)

Case 2:(For q=)

- A1 1 \& By,
||Tn(-)||B£(Lp)—0(naﬂj+O[B—JZka—ﬂ

n /k=1

IV. Additional Notations and Lemmas:
We need the following additional notations for the proof of the theorem.
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Vst (U) —Wy (U)
Vi (t) —Y, (t), O<axl

w(xt,u)= (4.1)
Vo (W) +y, (U) -2y, (U)
Wi O+, () -2y, (), 1<a<2
For k =[a]+1, we have for p>1
w(f,t),, O<a<l
fr)y, =4 °F 4.2
W (T, 0y {Wz(f,t)p, 1<a <2 4.2)
Let
Tn(X+t)+Tn(X—t)—2Tn(X) 1<a<?2
Using (4.3) and definition of w, (f,t) , we have
Wy (T, 1), =l Ta GO (4.4)

Using (1.12) and (4.1) respectively for the expressions T (x) and w(X,t,u), we have
- ~1% - 1 cr
To(xt)= — j (X, t,U) Ko (U)du + = .[ﬁl//(X,t, u)H, (u)du (4.5)
7w 90 Ty

We need the following Lemmas to prove the theorem.
Lemmal Let 1<p<ow and O<a<2.If felL,[027],thenfor O<tu<z
) llyC.tu)ll,<2w (f,1),
(i) ly G tu)ll,<2w (f,u),
(iii) [y u)ll,<2w(f,u),,
where k =[a]+1.

Proof: We first consider the case 0<a <1.
Clearly k =1 and we can express by virtue of (4.1)

l//xﬁ (U) _V/x (U)
1t’ =
l//(x U) {WHU Yy (t)
as follows:

{{f(x+t+u)— f(x+t—u)}—{f (x+u)— f(x—-u)}
w(Xtu)=
{f(x+t+u)— f(x+u—t)}—{f (x+t)— f(x-t)}

_{{f(x+t+u)— f(x+u)}—{f(x-u+t)— f(x—-u)}

= (4.6)
{f(x+t+u)— f(x+0)}—-{f(x—t+u)— f(x-t)}

Applying Minkowski’s inequality to (??), we get for p =1
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lyGtull sl Fe+t+u)—FC+u)ll, +I FE+t=u)—fF(C-u)ll,
<2w(f,t),, 0<a<l

Similarly applying Minkowski’s inequality to (??), we get
for p>1

Iy tu)ll<2w(f,u),.
When 1<a <2, clearly k=2 and we can write

{f(x+t+u)— f(x+t—u)}+{f (x-t+u)
() = + f(x—-t—-u)}-2{f (x+u)— f(x—u)}
{f(x+t+u)— f(x—t+u)}+{f (x+t—-u)
+ f(x—t—u)}-2{f (x+t)—- f(x-t)}
{f(x+t+u)+ f(x+u—-t)-2f(x+u)}
_ —{f(x-u+t)+ f(x—t—u)—-2f(x—-u)} “.7)
{f(x+t+u)+ f(x+t—u)—2f (x+1)} '
—{f(x-t+u)+ f(x—-t—u)-2f(x-t)}

Applying Minkowski’s inequality to (4.7), we obtain for p>1
lwCGtu <l fe+t+u)+ FEru-t)-2F(¢+u)l,
+H fFC—u+t)+ fF(—t-u)-2f(-u),
<2w,(f,1),
Similarly, applying Minkowski’s inequality to (4.7), we obtain for p>1
Iy tu)ll,<2w,(f,u),

and this completes the proof of part (i) and (ii).
The proof of (iii) follows from

w.(u) ={f(+u)-FO)F—{F(-u)- ()}
Lemma2 Let O<a<2, 0<p<a.lf feBj(L,),
p>1,1<q<oo,then

1
1 q q

t,u) || i ~ a-L
(i) f IK (u )IU ”l//(t—qu)”(ﬂ du =0(1) IO”[u“ﬂIKn(u)IJ du

1

t,u g Tl a-p+= il !
(i) f IK (u )I[_f ”V/(t—q)“itj u=0(Q) L{u & IK (u)IJ du
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(iii) _f |H,(u )|Uu“l//(t%)”dt} u =0(1) _[Z( “r Q|H (u)|} du

() - IH, ){j Mdt] u =0() L’f{ e, (“)'J

Proof: Applying Lemma 1(i), we get

I IK ()I(Iu”yj('ﬂq’ﬂ)”pdt} d

1

_o(1)j |K (u ){j[ k(f Vs j t“‘ﬁ)q%Jqdu

= O [ [ Kn(u) Ut [Lu e %}qd“

=0(1) jo’ | K (u) [u“?du
the inner integral being finite as f € By (L) . Applying Holders

inequality
1
1—a 1

=o@{[r [|K ) [u“ ﬁ’] du Uo”lwu)q

R
AR

Lo
H
o

=0(1) j (|K (u)|u‘ /f)] du

Applying Lemma 1(ii), we get

1

J‘ |K ()l[jﬂl'l//(’ﬂq’+l)||pdt}qdu

_o(l)f Ko ()I{j( (tfﬂu) j tFolu

=

153
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=0 [ 1 Kn (W) 1w, (1,0) du[ fqtlj

:0(1)LF|Kn(u)|wk(f,u)pu—ﬂdu
fou), | ess =
_0(1)j W (.U), ) u 9 Ka(u)|du
U q
Applying Holder’s inequality

k( ) u i % a-f a il q
_0(1){j[ — jT} jo(u |K(u)|J du

1
q 1‘5

= o() j{ K, (“)'J o

As the first integral on the above is finite by hypothesis. Third part and 4th part of the Lemma follows from

above replacing Kn(u) by H_ (u).
Lemma3 Let 0<a <2.Supposethat 0<pg<a.If feB/(L,)), p=1 and q=oo, then
sup t7 [yt u) [l,= O(u“™”)

O<t,usz

Proof: For 0<t<u <, applying Lemma 1(i), we have
sup 7 ¢t u) = sup @ gL u) )

0<t<u<7z 0<'[<u<7r

<4u“sup (t*w, (f,1),)
t

=0@U*”), by the hypothesis.
Next for 0<u <t <, applying Lemma 1(ii), we get
sup t7 || (. t,u) ||, < 4w, (F,u), sup t”’
0<u<t<7r 0<u<t<;z

<4u“sup (uw, (f,u),)

=0@u“”), by the hypothesis
and this completes the proof.

Lemma 4 Let b, >0 and non-increasing and kernel K.(u) and H, (u) of the conjugate

Fourier series be defined as in (1.7) and (1.8). Thenfor O<u <z and m= {%}
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;(’n (U) = O(lj
u

— Bm
Hn(u) - O[uanJ

Proof. From (1.7), we have

}zn(u) Zb Dk (u)

nkl

= OGJ 3 kZ;b [smce Dy (u) = O[l)]
= O[%)(since Binkz:bk = 1}

Now, from (1.8), we have Again

1@ cos(k+;)u
Hn(u):B_Zbk

n k=t sin —
2

n

jbk cos(k + %)u

k=1 k=m+l

Bn sin {
2

m

2+

k=1

>

k=m+1|

}bk cos(k + %)u

where

1
“)u
5)

%
k=1

1
cos(k +=)u
(k+2)

IA >
Ma 1"
O =~

~ X

I

=~
1l

Z b, cos(k + )u

k=m+1

(as b, is monotonically decreasmg )

_ o(bm %j

<b, max z cos(k +—)u

Now
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H, () I< O[ij(m B)
uB,

=0 ij|:Bm _+_b_m}
uB, u

=of e Jeof 2|
uB, u°B,

=0l ¢ j(':nb <B,,m<n)

n n

V. Proof of Theorem
Case 1: For (1<q<x)

We first consider the case 1< q <.
We have for p>1 and 0< 8 <a <2, by use of Besov norm defined in (2.17) for By (L) is

Il f IIBg(LprI Flly T wi (F) g (5.1)

ITo Ol Tl + W T 1) (5.2)
Applying Lemma 1(iii) in equation (5.2), we have

1T O = =7 Il @)l Ko@) Tdu+2 [y @), H, @) du
/4 T,

sglﬁ rzn(u)|wk(f,u)pdu+j,f| Hn(u)lwk(f,u)pdu}
7T | Y0 N

Applying Holder’s inequality, we have

1
K T g

-1 -l w, (f,u
J du jn M du
0

i +
n

1T, 2 L{H?n(unu“
T

o

4 0”1 q-1 7 f,
" j,,(|Hn(u)|u qj aub ([ Mo | g,

n

0

- 0(1) jz[| Ko (W) | ua+quldu (5.3)
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=0[1+J] (say) (5.4)
By using Lemma 4 in | of (5.3), we have

| = {If(l Kn(u)lumq)‘”du}

7 gl )t
=0(1) jon u o du

_ o[iaj (5.5)
n

Applying Lemma 4 in J of (5.3), we have

1L

. Ver |
J= I{|Hn(u)|u q} du

1-=
1 n-1 7 i—l ( 172).%1 q
=0| — _[5[ Bl u ¢ “du
Bn k=1 k+1
1-=
1 n_ .7 ‘11 i_l(a—l)—l g
=0| — j Kk By ut du
Bn k=1"k+1
1-=
1 n il z ql(a—l)—l g
=0l - Y B [Lu™  du
Bn k=1 k+1
1
1-=
1) & 1 !
=0 — B
B, ; ki &(aﬂm
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1| B
s )52

- a-=
n k=1 q

Using (5.5)and (5.6) and we have from (5.3),

gq-1
- 1 1 )| B,
ITn() ||p:0[n—aj+0(B—J 2 —

By using Besov space, we have

10, (T ) = jo”[tﬂwk(ﬂ,t)p} a

0 t?

= b

1ier dt | ¢r
S; jo tﬂQ+1 jo

dt
tﬂq+l

1| ¢#
:;L

1w, T o) o= = |

by Minkowski’s inequality.

ANTaCOl, | dt| _| )7, = P dt
<[] ~| = [ ITa 00t 1P dx it

=L [ 0, K @)+ [y (6 LM, (el
T 0 e

J:r:l//(,t, U) }z n (U)du + Igl//(’t’ u)H ] (U)du

q q 1
d 9 q

- e

p

dx

o |l

p
T
n

_Ez,y(x,t,u) Izn(u)du + [y (L u)H, (u)dul dx

ok

q

p

; | J.(fl//(-,t,u) Kan(u)dull, +] E‘//(',I,U)Hn(u)du I,

dt
tﬁq+1

0 ﬁ+1
t q

Again applying Minkowski’s inequality, we get

158
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q

I vt Ko @l
W, (o)l 2 | 8 .

t

[ e CtwH, @dull,
+; J.O f e dt
t q

=0OQ)[I'+J7], (say)

| v Gt Kadull,
B IO [,ql
q

t

- |a

p

dx dt

t pa+1

dx } oL
1
q

ﬁ//(x,t,u) Izn (u)du

= bk

By generalized Minkowski’s inequality, we get

INIRIN

v (X,t, u)K (u)

a

_ Jn J’QIIV/(X,LU)IIPIKn(U)IdU
o) do s+t
t q

Again applying generalized Minkowski’s inequality, we get

|,<I rlll//(XtU)IIqIK @I

tﬂq+1

1

Ay (xtu)lly
j |K (u) | du (j Td]

159
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1

<f IK ()%thﬁggﬁlﬂﬂdq du+j u<( H[I

by the inequality (x+y)" <x"+y",0<r<1.
I"=1"+l,", (say)
Applying Lemma 2(i)

1t
q

1,'=0(1) j {|K (u)|u“ﬂ] ldu

Applying Lemma 4, we get

L

, _0(1){j (u “ﬁ'l)qldu} q
—O(l){J‘”UqL( -p- )du} q
—0(1){j e du} q

1

=0 a_ﬁ_i
q

n

1

= [k ()|[j””‘”(tx;,+)”pdtj du

Applying Lemma 2(ii)

1
O '

a-pil |ot
,'=0(1) j £|K )| u q] du

Applying Lemma 4, we get

160
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1
© ap T
=0(1) j u du

:o(nj_ﬂj (5.12)
From (5.10), (5.11) and (5.12), we get
I'=0 ! T +O( alﬂj =0 L - (5.13)
a-p—— n a-p-=
n n ¢

IEZQEDEROLT
)= — dt

0 ﬂ_,_l
q

t
- J-oﬂ[ 0” g

Proceeding as above asin 1’.

y<LIH, )|U Nl ;qil>||pdtJ o =[[ 1,0 )|U ”W(txﬂ: u)npdtJ i

1M, )|U —”W(Xtu)”pdtJ "

=J,4J,", (say) (5.14)

q

P \p
dt
dx} v

Now
1

ully (x,tu) I}
j IH,(u )|U t—dtj du

Applying Lemma 2(iii)

1
1-=
- q
= O(l){jﬁ(l H, (u)] ua—ﬁ)qldu} q
Applying Lemma 4, we get

1
o —
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1
LV (g yera)igy)
O[B_]{k 1'[k%1(Bmu ﬁ 2)q 1du}

-t

n 7 q
=o(ij{ [ (Bmu“‘ﬁ‘z)qldu} q (5.15)
Bn k=1"k+1

q
Let g(u):(Bmu“‘ﬁ‘z)qfl and G(u) isa primitive of g(u), then

J.%L(Bmu“‘/"2 )ﬁ du= ﬁlg(u)du

k+1 k+1

ool

VA T
= =———1g(c forsome—<c<_
( jg( ) k+1

k k+1 k
q a
a9 q-1
— 1( By Yot _ B,.
= O(l) F(K“—ﬁlzj - O(l) a_—ﬁig
k q
A
g-1
J1'=o(8ij > Lﬂz (5.16)
n /)| k=a1 k“‘ﬂ‘a

Now

Ay xtuls e
j IH,(u )|(j Tdt} du

Applying Lemma 2(iv), we get
1

1-=

a q

3,'=0(1) j,’,’(|Hn(u)|u“‘ﬂ+quldu

Applying Lemma 4, we get

g
1
L 1 7 a-f-2+ v -1
J, _O(B_n] I{Bmu J du
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-t

q
P 1\g-1
n a-p-2+=
:Oi ij B u 91 du
B S
n k=1 k41

Proceeding as in J,', we have

=

(1)< B,

1= (B_J 3| B (5.17)

n /)| k=1 k“‘ﬁ‘a

PRt
n a1

( J S| S (5.18)

n k=1 a— ﬁ -

k

From (5.10), (5.13) and (5.18), we get

~ 1 1\l B
W, (Tn,)l;q=0 3 +O(B_j D45
n ¢ .
(5.19)

From (5.2),(5.15) and (5.19), for 1<q<w, 0<f<a <2 feB/(L,), p=1, we have

A1 q
1 el B, [T
= k+1
20l 20— +O(BJ 5] B
n q q
(5.20)
This completes the proof of Case 1.
Case2 (g=x)
Now, we consider the case q=.
IToO Ny Tl + 1T (5.21)
- [TaC O
W, (Thn, L=su AL R
W (T o) = sUp =5
1
t_ﬂ b z - b3 P P
=sup — j —I”w(x,t,u)Kn(u)du +jﬂw(x,t,u)Hn(u)du dx
t>0 & |0 0 o
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Applying Minkowski’s inequality, we have

=

P p

- I -
||Wk(Tn,.)||ﬂ’wSS;le)7 jo joz//(x,t,u)Kn(u)du dx

1
¥ P P
+ [ dx}
0

Applying Generalized Minkowski’s inequality, we have

[ (x L U)H, (u)du

1

I, (T, IIﬁ,w=stgg% jf(jﬂw(x,t,u)ﬁ K (W] dx]pdu+ j,’,’[jo”|w(x,t,u)|" IH(u)|? dxj"du

t>0

z 1, 7 1,
5 i{ [ 1K1 (Sﬂt’ Txs ol ”deu SHERC] (ﬁ‘i‘é’ TAxs Ol de}

Using Lemma 3 and Lemma 4, we have

—sup—{j TICRALS (u)|du+j Iyt |H(u)|du}

1, (o) .. O | K@) [u”du-+O) £ | H, (u) | u”du

=O)[1"'+J], (say) (5.22)

e O(l)jf' Kn(u) [u“"du

=0(1) joﬁua-ﬁ-ldu

. O(no‘l‘ﬁj (5.23)

J' =0(1) E| H, (u) |u“du

=0 L ”B u“’du
B,
1\t 2
=0| — > |k B, u“”*du
L
-0 Bi { k+1} (5.24)
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From (5.22), (5.23) and (5.24), we have

- _ 1 1 |&( B,.
nwdTmme_O&F7J+ofajgiig%j (5.25)
Now,
- 102 - 1pr
IITn(-)IIpS—IOn Iy ) 1] K (u) | du+= [ [Ty @) ], H, (u) ] du
7 G (5.26)
Applying Lemma 1(iii), we have

IT0ll,< 2 j"wk<f W, [Kn() | du+ 2 jwk<f u), | H, () | du

= 0(1)j0?ua | Kn(u) | du+O(1)Eu“ |H_(u)|du

=1"+J", (say) (5.27)

| :O(l).[):u“ | Izn(u)|du

- 0(1) L:u“-ldu - o(niaj (5.28)

= O(1)[;u” | H,(u) | du

” -2
Bnu“"du

n

Sl
Bl

3 Bes (5.29)

=i

From (5.27), (5.28) and (5.29), we have

1T O, = o[nij . o[iJi[ Bkj (5.30)

From (5.25) and (5.30), for q=ow, 0<f<a <2,
f eB/(L,), p=1, we have

1 1 |& By,
RO (naﬂjm(B_Jzk;;

n /k=1

||—\ 3W||—\ 3W||—\ 307||—\

=0

o

=}
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This completes the proof of Case 2.
Combining the Case 1 and Case 2, we obtain the proof of the theorem.
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